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Abstract: Well integrity depends on the mechanical stability
of the casing-cement-formation system under thermo-mechanical
loads induced by variations in temperature, pore pressure, and
in-situ stresses. This study develops a numerical model for eval-
uating stress evolution in pre-stressed cased and cemented wells
using a thermoporoelastic formulation. Two limiting loading con-
ditions are examined: a newly created well, where the initial stress
state is primarily governed by the cementing stage and volumetric
shrinkage; and a late-life stage of the well’s lifecycle, where both
the cement sheath and the surrounding formation undergo domi-
nant creep. The model accounts for poroelastic material behavior,
thermal stresses, in-situ stress anisotropy, and casing eccentric-
ity. To verify the implemented numerical algorithm, a closed-form
analytical solution for the steady-state creep of an incompressible
viscous medium around a circular cavity has been derived. Numer-
ical simulations identify potential failure zones using the Drucker-
Prager criterion. The results show that stresses established in the
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early stage are substantially reduced during creep-driven relax-
ation. In the case of long-term creep, the size of the potential fail-
ure zones decreases, reducing the risk of interfacial debonding or
cracking. By explicitly incorporating the multi-stage construction
history to define the initial stress state, the framework highlights
the critical importance of a consistent initial-state formulation.

Keywords: thermoporoelasticity, well integrity, cased and cemen-
ted well, multi-stage loading

1 Introduction

Maintaining the integrity of cased and cemented wells is a fundamental
requirement for the safe operation of oil and gas wells as underground facili-
ties. Loss of cement sheath mechanical stability can result in fluid leakage
and the formation of high-risk zones |1, 2]. The importance of such analyses
is further amplified in the context of contemporary engineering operations,
including hydraulic fracturing, enhanced oil recovery methods, and COg in-
jection for geological storage. The casing and cement sheath play a critical
role in ensuring zonal isolation and preventing cross-formational fluid migra-
tion [25].

Extensive research has focused on modeling the mechanical behavior of
cementitious materials and surrounding formations [4, 5|. Thermoporoelastic
formulations enable the analysis of stress and strain distributions in the
near-wellbore region under variable pressure and temperature conditions.
Although more advanced models include plasticity and damage evolution,
linear elastic and thermoporoelastic formulations remain common because
they are computationally efficient and still capture the key physics of the
casing—cement-rock system [6.

The key component of well integrity analysis is the use of a multi-stage
modeling framework. The stress state established during drilling and cemen-
ting defines the initial conditions that determine the subsequent mechanical
behavior of the system |7, 8]. Operational loads are applied to this initial
state and lead to additional stress redistribution. This approach enables
consistent representation of both newly created and late-life wells.

Immediately after placement, the cement sheath is prone to hydration-
induced shrinkage, which can create micro-annuli along the casing-cement
and cement-rock interfaces. Over longer timescales, the creep behavior of
both the cement and the formation becomes increasingly important. Experi-
mental studies show that cement undergoes stress relaxation and progressive
strain accumulation, particularly under combined thermal and moisture con-
ditions [9, 10|. Formations, including shales, also exhibit creep even in dry
environments, and this time-dependent deformation can markedly modify
the stress state over relatively short periods [11]. These processes act to
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redistribute and partially equilibrate stresses between the cement and the
formation while maintaining the in-situ stress contrast.

Thermal gradients and cyclic loading during well operations generate sub-
stantial stresses. These stresses arise from processes such as cooling during
COg2 injection or temperature variations during operational cycles. Ther-
mal cycling is known to induce repeated casing expansion and contraction,
potentially leading to debonding at the casing-cement and cement-formation
interfaces. This process facilitates the creation of micro-annuli and crack
development within the cement sheath, ultimately compromising its sealing
capacity and increasing the risk of leakage [12, 5]. Critical parameters con-
trolling these effects are the magnitude of the temperature change, the rate
of thermal loading, and the duration of the thermal cycles [13]. Furthermore,
thermomechanical coupling, such as from pre-injection cooling, significantly
alters stability predictions and failure criteria. This underscores the necessity
of incorporating thermal effects even in simplified models [14, 15].

In this study, we develop a thermoporoelastic model in which the mechani-
cal and pore-pressure fields are fully coupled, while the thermal field is
treated within a semi-coupled manner. The coupled and decoupled formula-
tions yield similar results under simplifying assumptions [16]. This provides
a useful basis for adopting the semi-coupled approach without significant
loss of accuracy. We examine two representative scenarios. The first reflects
a newly created well in which the initial stress state is primarily governed by
the cementing stage and volumetric shrinkage. The second corresponds to a
late-life well in which both the cement sheath and the surrounding formation
undergo dominant creep. In the long-term creep scenario, the formation and
cement behave like an incompressible viscous fluid. Comparing these sce-
narios illustrates how initial stress conditions and time-dependent relaxation
processes influence long-term wellbore stability. We also investigate the ef-
fect of casing eccentricity on stress distribution in the near-wellbore region.

2 Formulation of the wellbore loading problem

This paper considers the deformation of a cased and cemented well dur-
ing fluid injection. Figure 1 shows a schematic of the well construction.
The casing string is installed during drilling to stabilize the borehole and
ensure isolation between different geological layers. At the next stage, the
annular space between the casing and borehole is filled with cement slurry.
The primary objective of cementing is to create a reliable protective bar-
rier around the wellbore that prevents the vertical migration of reservoir
fluids and gases, as well as the contamination of aquifers. Cementing en-
sures long-term wellbore stability and safety operation, which are crucial in
hydrocarbon production.

A right-handed Cartesian coordinate system is introduced, where the z-
axis points vertically along the wellbore axis, while the z- and y-axes lie in
the horizontal cross-sectional plane (Figure 2). The axes x and y are aligned
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unconsolidated
formation

steel casing ==

F1a. 1. Schematic representation of a cased and cemented wellbore.

with the directions of the minimum op,;, and maximum op,ax horizontal in-
situ stresses, respectively. The plane strain approximation is employed, and
the small strain theory is applied [6]. The vertical component of displacement
is zero: u = (ug,uy,0). The displacement, pore pressure, and temperature
fields are assumed to be independent of z. For simplicity, all vectors, tensors,
and differential operators are treated as two-dimensional unless otherwise
specified.

The computational domain represents an annular region V C R? (Fig. 2,
left). It consists of a multilayer composite structure: a steel casing (inner
layer), a cement sheath (intermediate layer), and the formation (outer layer).
The casing can be offset from the axis of the well during placement. To
mitigate this effect, centralizers are used to control the casing concentricity
within the borehole. In practice, however, insufficient centralization during
installation may still lead to a significant offset. Referring to the right panel
of Figure 2, the model incorporates casing eccentricity, characterized by the
offset & between the casing and wellbore axes, as well as the orientation angle
.

The domain boundaries are defined as follows: I'y, denotes the external
boundary of the formation, I'sc is the casing-cement interface, I'cp repre-
sents the cement-formation interface, and I'j, is the inner boundary of the
casing.
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- Rock formation l:’ Cement - Steel casing

Fi1G. 2. Cross-sectional view of the wellbore. Brown repre-
sents the rock formation, light grey is the cement sheath, and
grey is the steel casing.

3 Multi-stage wellbore loading

The integrity of a well fundamentally depends on the stability of its ge-
ological and engineered barriers in ensuring zonal isolation over time. To
model the system’s evolution, this study adopts a two-regime constitutive
framework that captures the limitations of its thermomechanical behavior.

The first regime represents the early life of a well, where the stress state
is primarily governed by initial cement placement, volumetric shrinkage and
subsequent thermoelastic loading, with negligible influence from time-de-
pendent creep. The second regime corresponds to a late-life stage of the well,
where long-term creep relaxation has progressively redistributed stresses,
leading the system toward a viscous equilibrium state. The analysis of the
two limiting cases provides two bounding solutions for well response. It is
expected that real-life field-scale conditions are between these two limiting
cases [3].

3.1. Early-time regime. Multi-stage modeling provides a systematic fra-
mework for describing the loading history of a composite wellbore system [17,
18]. This approach accounts for the mechanical effects that arise during
drilling, casing installation, and cementing, which define the initial stress
state of the cement sheath and strongly influence its long-term integrity.
To illustrate this, we consider a typical loading sequence during the early
stages of the well lifecycle. The initial stress state is controlled by in-situ
geomechanical conditions and by stresses induced during cementing, while
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creep effects are neglected. The sequence consists of three consecutive stages
(Figure 3).

Cementing Stage Cement Shrinkage Loading Stage

Stress: ¢ =¥ +C : e — bApl — 30, KATI

Reference state: o cem,p”, T° Cement stress: oy =

- Steel casing I:] Liquid cement D Hardened cement - Rock formation

F1G. 3. Schematic representation of the loading scheme ap-
plied to the wellbore during the early stages of its lifecycle,
including cementing, cement shrinkage, and subsequent op-
erational loading.

Cementing stage. After drilling, a steel casing is inserted into the borehole,
and the annulus between the casing and the formation is filled with cement
slurry. The liquid cement exerts a hydrostatic pressure p. on the casing and
the formation wall, while the inner casing wall is subjected to the displace-
ment fluid pressure pq (Fig. 3, left). The stress field in the casing is described
by the Lamé solution [32] for a hollow cylinder loaded by pgq and p., whereas
the cement is in hydrostatic equilibrium

Orr = Ogg = —De- (1)
The surrounding rock is modeled by the Kirsch solution [20, 19], represent-
ing a cavity under anisotropic far-field stresses oy, and opax with internal
pressure pe.
Cement volumetric shrinkage. As the cement sets and loses mobility, it under-
goes chemical shrinkage that can no longer be compensated for by fluid flow
(Fig. 3, middle). This results in an isotropic compressive stress in the sheath,
represented as

Oyol = _K5v0117 (2)
where K is the bulk modulus of cement and ey, is the volumetric shrinkage
strain, defined such that positive values correspond to shrinkage. Downhole
measurements indicate typical values of £y, &~ 0.001-0.004 (0.1-0.4%) |21,
22, 23, 24].
Operational loading stage. During operation, the well is subjected to the
injection of a fluid (e.g., supercritical CO3) at a pressure p,, and temperature
T, (Fig. 3, right). At this stage, the cement sheath is not in direct contact
with the injected fluid due to the impermeable casing, but it experiences
stress redistribution due to the applied load.
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The initial stress state is determined as the superposition of the stresses
arising from the cementing process and those resulting from volumetric
shrinkage:

0'0 = Ocem 1 Ovol- (3)

The vertical component of the initial stress tensor, 02, , is evaluated diffe-

rently for each material: for the casing according to plane strain conditions

02, = V(04 + 0yy); hydrostatic stress for the cement sheath 09, = p.; and
for the formation 0%, = —o, + v [(04x — Omin) + (Oyy — Omax)], Where oy

represents the vertical geological stress, v is Poisson’s ratio, and 0., and
oyy denote the horizontal stress components. This formulation captures the
stress redistribution induced by elastic interactions within the system.

We adopt a linear thermoporoelastic model with material properties for
steel, cement, and rock. The poromechanical part of the problem is treated
in a fully coupled manner, while the thermal field is incorporated in a
semi-coupled way: temperature is obtained from the heat equation and
subsequently enters the poromechanical formulation through thermal strains.
Body forces, internal heat sources, and convection on the external boundary
are neglected. The internal interfaces between the casing and cement, and
between the cement and formation, are assumed to be perfectly bonded.

The equilibrium equation expresses the balance of linear momentum, and
the constitutive law for each material subdomain is given by

dive =0, 0=0"4+C:e—bp—p°)I—3a,K(T -TI, (4)

where o is the Cauchy stress tensor, ¥ is the initial stress tensor (scenario-
dependent), € is the strain tensor with respect to the reference state before
operational loading, b is Biot’s coefficient, p is the pore pressure, p° is the
reference pore pressure, oy is the skeleton linear thermal expansion coeffi-
cient, K = (3\ + 2G)/3 is the bulk modulus of the material, with G and A
being the Lamé parameters, T is the temperature, and T is the reference
temperature. The fourth-order elasticity tensor is

C:e=Mtr(e)I+2Ge. (5)

By substituting Darcy’s law into the mass conservation equation and ap-
plying the thermomechanical relations [6], the governing equation for pore
pressure is obtained

b@(tr €) N 1 Op div < k > oT

ot Mot Y P)) = Sy (©)
where £ is the permeability and p ¢ is the pore fluid viscosity. The parameter
M denotes Biot’s modulus for the saturated medium, defined by the relation
1/M = (b—¢")(1—b)/K + ¢°/Ky, where Ky is the bulk modulus of the
pore fluid and ¢° is the initial porosity. The volumetric thermal expansion
coefficient for the saturated material a,, is given by a,, = (b—¢°)as + ¢%a I
which incorporates the thermal expansion coefficients of the solid skeleton
o and the pore fluid arf.
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In the absence of internal sources, the transient heat conduction equation
governs the evolution of the temperature field in the considered domain as
follows

ar
Cin S5 = div (kV(T) = 0, (7)

where £ is the thermal conductivity, Cy, = (1—¢%)psCs + ¢ pCy is the ma-
terial volumetric heat capacity, and Cs and Cy are the specific heat capacities
of the solid and fluid, respectively

At the inner boundary I'y, (Figure 2), the pressure of the fluid in the
wellbore p,,(t) is prescribed, along with the prescribed temperature T, (t)

Din: o -n=—p,(t)n, T ="T,(t), (8)

where n denotes the outward unit normal vector to the boundary.

At the internal interfaces, a perfect bond is assumed, which ensures mecha-
nical continuity at the interface. This ensures mechanical continuity at the
interfaces by enforcing the continuity of displacements and normal stresses.
In addition, the continuity of pore pressure and fluid flux is enforced at
porous interfaces, and the continuity of temperature and heat flux is imposed
across all interfaces. On the steel-cement interface, a no-flux condition is
applied for the pore pressure, while in the steel region only thermoelastic
equations are solved, since steel is non-porous.

The external boundary conditions represent the influence of in-situ stress,
formation pore pressure, and formation temperature

'w:0-n= _diag(amina Urnax) ‘N, P=pPoo, I=T. (9)

Here, diag(omin, max) denotes a 2 x 2 diagonal matrix with diagonal entries

Omin; Omax-
The initial conditions for the operational stage are

t=0: u=0, o=0 p=p’, T=T° (10)
where p? and T9 denote reservoir pore pressure and temperature at the
considered depth. It should be emphasized that the pressure of the mud
and slurry, as well as the shrinkage strain, define the initial stress state
through boundary conditions. They do not generate additional loads in the
subsequent operational stage.

3.2. Long-term regime. Over time, after drilling and cementing, the
stress-strain state of the wellbore system undergoes a significant evolution.
In the early stages, cement shrinkage and initial casing loading dominate the
behavior, whereas in the long-term regime, creep becomes the primary fac-
tor. Under prolonged exposure to in-situ stresses and reservoir temperatures,
elastic strains become negligible, and the material enters the steady-state
creep regime. In this case, the initial stress field is governed not by elas-
tic effects but by the long-term adaptation of the formation-cement-casing
system to the applied loads.
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The resulting stress analysis for a long-term wellbore response is divided
into two stages (Figure 4).

Steady-state Creep Stage Loading Stage

Incompressible viscous fluid: o = —¢I+2n¢ Elasticity: 0 = Mr (e)I + 2Ge o=0"+C:e—bApl — 30, KAT1

o,

Oma

max x
- Steel casing l:] Hardened cement - Rock formation

F1G. 4. Loading scheme for a long-term wellbore regime, in-
cluding a steady-state creep stage followed by operational
loading stage

Steady-state creep stage. In problems describing the long-term behavior of
materials, the transition to steady-state creep is of primary importance. At
sufficiently long loading times, elastic strains become negligible compared to
creep strains, and the system approaches a stationary state. In this regime,
the distributions of stresses and strain rates depend only on spatial coordina-
tes while remaining constant over time.

The mathematical formulation of the steady-state creep problem includes
equilibrium equations and compatibility conditions for strain rates

dive’ =0,  &=sym(Vu), (11)

where o is the stress tensor associated with the steady-state creep solution,
€ is the strain-rate tensor, and 1 is the velocity vector. For a viscous incom-
pressible medium, the Newtonian fluid model is adopted:

(6P =2meP,  tr(e) =0, (12)

where 7 is the viscosity, and the superscript D denotes the deviatoric part
of a tensor.

Thus, the problem of determining the steady-state stress distribution un-
der creep can be reformulated as an auxiliary problem of incompressible
viscous fluid in the small-strain regime [26], where the stress tensor is decom-
posed as

o = —qI+2n¢, (13)
and the scalar field ¢ is the mean hydrostatic stress which acts as the La-
grange multiplier and enforces the incompressibility constraint (12). This
auxiliary formulation provides a consistent and efficient way to describe the
steady-state creep behavior of materials.
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On the time scales considered and under the typical loads and temperatu-
res considered in this study, the steel casing is assumed to remain purely
elastic and unaffected by creep, which implies € = 0. In the auxiliary
formulation for creeping phases, the inner boundary of the cement sheath
is constrained by a homogeneous Dirichlet condition 1 = 0. The external
boundary conditions for creeping phases account for the effects of the in-situ
stress field, representing the far-field confinement acting on the outer surface
of the rock domain o - n = —diag(omin, Omax) - n. The stresses obtained
at the cement-steel interface are then transferred as boundary conditions to
the elastic subproblem for the casing (Figure 4). This subproblem reduces
to the classical Lamé solution with internal pressure p; and external loading
imposed by the surrounding formation-cement system.

In summary, the computation of the initial stress state under the steady-
state creep assumption proceeds in two stages. First, the auxiliary viscous
problem for an incompressible medium is solved to obtain the stress distribu-
tion in rock and cement. These stresses are then used as boundary conditions
for the elastic problem in the casing, where the stress distribution in the steel
is determined. This approach provides a consistent representation of phase
interaction and yields a physically justified initial stress field for the system.
Operational loading stage. The well is subsequently subjected to injection
conditions characterized by the pressure p,, and temperature T,,. During this
stage, the far-field anisotropy (omax,Omin) governs the stress redistribution
around the well, while the initial state is obtained after steady-state creep.

In the limiting creep scenario, which is always preceded by a no-creep
stage, the vertical component of the initial stress tensor o2, is specified in-
dividually for each subdomain. For the casing, it is computed as

U,(z)z = V(022 + Oyy), (14)

where v is Poisson’s ratio and o,, 0y, are the horizontal stress components.
For the cement sheath, the stress accounts for both the initial hydrostatic
pressure and elastic interactions:

ng = —Pe +V[(0ez — pc) + (0yy — pc)], (15)

where p. is the hydrostatic stress exerted at the no-creep stage in the cement
sheath. Finally, for the formation, the vertical stress incorporates the far-
field geological stresses and the elastic redistribution:

ng = —0yt+V [(Uxac - Umin) + (Uyy - Umax)] , (16)

where o, denotes the vertical geological stress, and oy and oyax are the
minimum and maximum horizontal stresses, respectively. This formulation
ensures that the vertical component of the stress tensor reflects both the prior
loading history and the elastic interactions within each subdomain during the
limiting creep regime.

The mathematical formulation of this regime remains identical to that
described in Section 3, but with the initial stress state defined through the
steady-state creep assumption.
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4 Numerical implementation

The numerical procedure consists of several consecutive stages that corres-

pond to different physical regimes of the wellbore system. These stages are
designed to study how different initial states influence the subsequent loading
response. Numerical simulations were conducted using home-made research
code based on the deal.II library [31].
Initial stress problem. At the early stage, when the wellbore has just been
constructed, the cement sheath undergoes hydration and volumetric shrin-
kage. Creep deformation is not yet significant, and the system is assumed to
behave elastically (no-creep case). The corresponding initial stress state is
evaluated analytically (1)—(3), accounting for the constant formation pres-
sure and temperature, as well as the volumetric contraction of the cement
during setting.

After a long time, the structural response approaches the steady-state
creep regime described in paragraph 3.2. The governing equations formulated
in terms of velocity and mean hydrostatic pressure for steady-state creep are
discretized using the finite element method. This mixed formulation requires
special care in the choice of interpolation spaces to ensure numerical stability
under the incompressibility constraint.

The steady-state creep behavior can be described by the equations of
incompressible viscous flow (11)-(13). The weak formulation is obtained
by multiplying the momentum balance and incompressibility equations by
the test functions v, and 1)4, respectively, and integrating over the domain.
Applying Gauss’s theorem, we obtain the final weak form

/ 2ne(a) : e(ypy) AV / q divep, dV =
4 1%
= _/ Py, - diag(omin, Omax) - 1 ds, (17)
P
/ Vg -u dV =0,
1%

where 1, € [H!(V)]? such that 1;|rs. = 0 and v, € L*(V) are admissible
test functions.

To satisfy the Ladyzhenskaya-Babuska—Brezzi (LBB) condition, which
guarantees the stability and uniqueness of the mixed velocity-pressure solu-
tion, Taylor-Hood elements are employed [30]. In this formulation, the velo-
city field is approximated using finite element spaces with polynomial basis
functions of order (n+1), while the pressure (mean stress) field is interpolated
using polynomials of order n. This choice provides a stable discretization
and avoids spurious pressure oscillations that may occur with equal-order
elements.

Operational loading stage. After the initial stress state is obtained, the sub-
sequent thermoporoelastic response of the system is simulated numerically.
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At this stage, the finite element model solves the semi-coupled linear thermo-
poroelastic equations using the previously computed initial stress field o as
the initial condition.

The weak formulation is derived by multiplying the governing equations
(4), (6), and (7) by the corresponding test functions #,,, ¢, and 97, respec-
tively, and integrating over the domain. For the equilibrium equation, this
procedure represents the virtual work of internal and external forces. The
test function for displacements, 1), belongs to the vector Sobolev space
[HY(V)])?, while the test functions for pore pressure and temperature, ¥,
and 17, belong to the scalar Sobolev space H'(V). These functions satisfy
the following boundary conditions:

¢T|Fin = 07 ¢T‘pm = 07 ’l/]ph‘oo = 07 (18)

where zero values are imposed on the boundaries with the Dirichlet condi-
tions.

The weak form of the equilibrium equation (4), accounting for the boun-
dary conditions (8), (9) and the initial conditions (10) for displacement and
stress, is written as

/a’o ce(ep,)dV + /((C re(u)) :e(yp,)dV
14 14
—/b(p—po) diV¢udV—/3asK (T —T° divep, dV (19)

Vv |4

— /wu ‘pw(t)ndS — / 1, - diag(omin, Omax) - ndS.

For an isotropic elastic material (5), the elastic contribution can be written
as

/(C:e(u)) :s(wu)dV:/[A tre(u) tre(z/;u)mae(u):s(wu)}dv

\4 \%
(20

The weak forms of the pore pressure and temperature equations (6) and (7
are obtained analogously:

1 T

/wpb Itre) dv+/¢p""p dV+/ E G4y Tp av = /3wpama av,
ot o ot

v v v v

)
)

M Ot

/ UrC 2L dV + / KVir - VT AV = 0. (22)

Time integratlon is performed using a Rosenbrock-type method [27], which
belongs to the class of linearly implicit Runge-Kutta schemes. These meth-
ods offer strong numerical stability for stiff systems and enable efficient error
estimation by combining stage solutions of varying orders of accuracy. In
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particular, the implementation includes the third-order ROS3 method [28].
Adaptive time stepping is governed by a proportional-integral (PI) controller
that relies on local truncation error estimates [29], ensuring both accuracy
and computational efficiency over long simulation times.

5 Numerical Results

This section presents the numerical results for the representative wellbore
system consisting of the casing, the cement sheath, and the surrounding
formation. This analysis aims to demonstrate how the initial stress state
and long-term creep behavior affect stress evolution. The resulting stress
changes can significantly influence the risk of failure in the cement sheath.

5.1. Verification of the steady-state creep solution. To verify the
correctness of the implemented numerical algorithm, a closed-form analyti-
cal solution for the steady-state creep of an incompressible viscous medium
around a circular cavity has been derived.

The solution is obtained using the velocity stream function ¥, an approach
analogous to the stream function in incompressible fluid mechanics. The
velocity components are related to the stream function via

10¥ . ov
;%7 u@(rve)__av

which ensures zero volumetric strain. In this formulation, the incompressibi-
lity constraint tré = 0 <« diva = 0 is satisfied automatically by con-
struction.

The general solution for the velocity field is expressed through the stream
function

Uy (Ta 0) = (23)

U(r,0) = (a1r4 + agr® + az + a4r_2) sin 26, (24)
which yields the radial and tangential velocity components

2(a17% + agrt + agr® + as)

Iy = 20, 25
Uy 3 cos (25)
2(2a;7° ‘-
iy = 220t - 94) Gin 20, (26)
T

The choice of this form is motivated by the symmetry of the cylindrical
wellbore geometry and by the harmonic structure of the boundary conditions
on the radial stress, which contain the cos20 mode. The separation into
radial and angular parts follows the same logic as in Airy’s stress-function
method, where suitable harmonic expansions are used to satisfy equilibrium
and boundary conditions.

The stress tensor components follow the constitutive law for a Newto-
nian incompressible medium (13), where the following ansatz is used for the
hydrostatic pressure:

q(r,0) = qo(r) + q1(r) cos 20, (27)
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so that the angular variation of stresses is consistent with the boundary
conditions. This approach provides a convenient semi-analytical solution for
the steady-state creep of an incompressible viscous medium around a circular
cavity.

Substituting these expressions into the equilibrium equations (11) in cylin-
drical coordinates yields the radial dependence of the pressure terms:

qo(r) = a = const, q1(r) = 4n ( + 3aqr ) (28)

The external boundary of the domain, r = rey, is subjected to in-situ
far-field stresses

Orr(Text, 8) = — Py + Sp cos 20, 00 (Text, ) = —Sp sin 26, (29)

where
Omax T Omin

g — Omi
P = G, — Jmax min 30
0 2 ) 0 9 ( )

At the internal boundary of the cavity, r = riut, corresponding to the “casing—

b

cement” interface, the velocity is assumed to vanish:
ur(rinb 9) = 0, 'ag(?"int, 6) =0. (31)
Using the boundary conditions for the radial and tangential stresses and
matching the coefficients of the harmonic expansion, we first obtain the
constant part of the hydrostatic pressure, « = Py. Applying the remaining

conditions yields a linear system for the coefficients a; of the stream function.
The solution of this system gives

2 2
extrlntso ( Text Tlnt)

al =
277 ( ext + 4Textr1nt 6rext741nt + 4Textrmt + Tmt)
ag = SO ( Text 3rextrlnt + 4Textrmt)
47’ ( Text + 4Textr1nt 6Textrmt + 4rextT1nt + Tmt)
(32)
s = — So (rtTine + Toxt Tt
277 ( ext + 4rextrlnt 6Textrlnt + 4rextrlnt + rlnt)
g — Tgxtrflntso ( gxt + rflnt)
47’ ( Text + 4Textr1nt 6Textr1nt + 4rextT1nt + Tmt)
The components of the stress tensor are obtained as
4n (asr* — 2asr? — 3a
pe(r,0) = — Py + (a2 = Y cos 20, (33)
r
4n (6a17% + asr* — 3a
ope(r,0) = —Py — 77( ! 1 2 4) cos 26, (34)
T
4n (3a17r% + asr* + asr? + 3a
o, 0) = — (Barr® + a2 B V) s, (35)
T

q(r,0) = Py +4n ( + 3ayr ) cos 26 (36)
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Figure 5 compares the analytical steady-state creep solution with the nu-
merical results obtained using the finite-element model. The figures include
only the cement and formation regions. For verification, we assume that the
cement and formation have the same viscosity 7 = 103 GPa-s. The far-field
stresses are set to opmin, = 20 MPa and opa.x = 35 MPa. The profiles of
the radial, tangential, and shear stress components versus the radius demon-
strate good agreement between the numerical and analytical solutions. This
confirms the accuracy of the numerical procedure and the correctness of the
applied boundary conditions.
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Fi1G. 5. Verification of the steady-state creep solution: com-
parison between analytical and numerical stress distributions.

5.2. Model setup. The material parameters used in the simulations are
summarized in Table 1, while the geometric parameters of the wellbore and
casing, as well as the pore fluid properties, are given in Table 2. The ta-
bles represent typical values for steel casing, the cement sheath, and the
surrounding rock formation. The pore fluid is considered to be a weakly
compressible, single-phase Newtonian fluid.
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TABLE 1. Material properties used in the simulations.

Property Casing Cement Formation
Young’s modulus E [GPa| 200 124 15.0
Poisson’s ratio v 0.30 0.22 0.25
Skeleton density p [kg/m3] 7936 2000 2280
Skeleton specific heat capacity C), 500 1600 950
[/ (kg-K)]

Thermal conductivity K 40 0.8 2.3
W/ (m-K)|

Skeleton linear thermal expansion 12 10 11
coefficient o [1079 /K]

Creep viscosity n [GPa-s| - 1000 100
Porosity ¢ - 0.2 0.2
Biot coefficient b - 0.7 0.7
Permeability & [m?] - 10718 1071°

TABLE 2. Well geometry and pore fluid properties.

Parameter Value Unit

Well construction geometry

Wellbore diameter 0.28 m
Casing inner diameter 0.16 m
Casing outer diameter 0.18 m
Cement sheath thickness 0.05 m
Casing eccentricity offset § 0.025 m
Eccentricity angle /2 rad
Pore fluid properties
Density py 1000  kg/m?
Specific heat capacity C), 2100  J/(kg'K)
Linear thermal expansion coefficient « 70 1079/K
Bulk modulus K 500 MPa
Dynamic viscosity p 0.5 mPa-s

The model incorporates anisotropic in-situ stresses and loading conditions.
The far-field stress state is defined as

Omin = 25 MPa,  omax = 35 MPa, &, = 45 MPa. (37)

The initial pore pressure is set to pg = 25 MPa, and the initial temperature
is equal to Ty = 50°C.

In the no-creep case, the displacement fluid and cement slurry pressures
are set to pqg = pc = 30 MPa, and the cement volumetric shrinkage strain is
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€vol = 0.002. For the steady-state creep case, the displacement fluid pressure
is also pqg = 30 MPa.

The wellbore pressure and temperature are given in Table 3. Two thermal
scenarios are analyzed: (1) constant temperature T, = 50°C, and (2) cooling
from 50°C to 35°C, with the temperature in both cases corresponding to
supercritical COa.

Each of these thermal cases is combined with two loading conditions:
the early-time and the steady-state creep conditions. All simulations are
performed for for 10000 seconds (2 hours 47 minutes) using adaptive time-
stepping based on the ROS3 scheme.

TABLE 3. Loading schedule for operational stage.

Time [s] Pressure [MPa] Temperature [°C]

0 20 50
1000 40 35
10000 40 35

5.3. Discussion of results. The stress analysis is performed using the
Drucker—Prager failure criterion, which serves as an indicator of potential
yielding or loss of mechanical integrity in the cement sheath. It is computed
as

fop = oIy ++/Jo — k, (38)
where I; is the first invariant of the Terzaghi effective stress tensor o’ =
o —p I, Js is the second invariant of the deviatoric stress tensor, « and k are
material constants defining the failure surface. Even though plasticity is not
explicitly modeled, the function fpp provides a convenient measure of the
degree of overstress, helping to identify regions that are most susceptible to
failure. The parameters a and k are defined through the uniaxial compressive
and tensile strength limits o, o; of each material as

1 o.— o0y 2 o0.0%
“ V3oc+ o g V3o.+or (39)
The adopted strength parameters are o; = 10° MPa, 0. = 10° MPa for
the steel casing such that extremely large strength parameters effectively
disregard failure in the casing; oy = 3 MPa, 0. = 40 MPa for the cement
sheath; o; = 3.5 MPa, . = 40 MPa for the rock formation.

The results show a marked difference between the early-time and long-
term regimes (Figure 6). In the early-time case, high stress concentrations
develop within the cement sheath near the casing interface, slightly extending
into the formation. The maximum value of the Drucker—Prager criterion
reaches 11 MPa under cooling conditions and 8.6 MPa at constant tempera-
ture, indicating stronger overstress due to thermal contraction. In contrast,
for the steady-state creep regime, long-term stress relaxation leads to lower
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values of the criterion: 8.1 MPa under cooling and 5.8 MPa at constant
temperature. While the regions of elevated overstress remain localized near
both the casing—cement and cement—formation interfaces, their magnitude
is reduced, indicating that creep mitigates the risk of debonding or cracking.

(a) Early-time, constant tempera- (b) Steady-state creep, constant
ture temperature

(c) Early-time, cooling (d) Steady-state creep, cooling

F1G. 6. Spatial distribution of the Drucker—Prager overstress
function at the end of the simulation.

A more detailed comparison of the radial and hoop stress components
along the radius (negative y direction) is presented in Figure 7 for the
constant-temperature case. The light-gray and light-brown shaded regions
correspond to the cement sheath and the surrounding rock formation, respec-
tively. The results show that stresses in the early-time regime are systemati-
cally higher than those in the long-term case. In this regime, both the radial
and hoop stresses are shifted toward tension, reflecting a more pronounced
stress concentration near the casing—cement interface (r ~ 0.18 m). These
tensile stresses increase the value of the Drucker—Prager overstress function,
indicating a higher risk of debonding or cracking along the cement—casing
and cement—formation interfaces.
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Under steady-state creep conditions, the overall stress level decreases due
to long-term relaxation, while noticeable discontinuities remain at the mate-
rial interfaces. The hoop stress gy still exhibits a pronounced peak near the
inner boundary and slightly exceeds the early-time value in the outer rock
region (r 2 0.5 m), reflecting the stress redistribution due to creep. The
radial stress o,,, while following a similar trend, remains somewhat more
compressive in the creep case.

This behavior illustrates the stress relaxation effect caused by long-term
creep, which reduces the amplitude of stress fluctuations and promotes a
more uniform and stable mechanical state within the wellbore system.

Comparison of the radial and hoop stress, T = const.

Early-time: hoop stress og

—15 4 = Early-time: radial stress o,

\ Steady-state creep: hoop stress ogg
N = Steady-state creep: radial stress o

1/\\

354 e

e

02 04 06 038 10
Radius (m)

|
]
o

Stress (MPa)

Fic. 7. Radial distribution of the stress components o,
and ogg along the negative y direction for the constant-
temperature case. The light-gray and light-brown shaded re-
gions indicate the cement sheath and the surrounding rock
formation, respectively.

6 Conclusion

This study examines stress evolution around wells using a semi-coupled
thermoporoelastic framework, which accounts for multi-stage loading and
the effects of cement shrinkage in the near-wellbore region.

The analysis of two scenarios, corresponding to a newly created and an
late-life well, demonstrates the critical influence of the initial stress state.
In the early stage, immediately after the cement sets, the cement behaves
as a linear elastic solid that cannot effectively redistribute loads, resulting
in high stress gradients around the casing-cement interface. Over longer
time scales, creep allows the cement to gradually relax these highly stressed
zones, producing a more uniform stress distribution and more effective stress
transfer between the casing and the cement sheath. This stabilizing effect of
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cement creep reduces stress fluctuations and mitigates the risk of interfacial
degradation.

The analysis of the stress state using the Drucker-Prager failure criterion
highlights the stress responses of the cement sheath and the surrounding for-
mation in early-time and long-term regimes. In the early-time regime, the
cement behaves as an elastic solid that has not yet redistributed the loads
after setting. This leads to pronounced stress concentrations near the cas-
ing—cement interface and an increased risk of local debonding or cracking. In
contrast, under steady-state creep, long-term stress relaxation reduces the
magnitude of overstress, as indicated by a decrease in fpp. Although ele-
vated stresses remain near the interfaces, their magnitude decreases, demon-
strating the stabilizing effect of creep. These results emphasize that the
initial stress state, determined by the sequence of drilling, cementing, and
shrinkage, has a controlling influence on near-wellbore stress distribution.
Long-term creep, in turn, contributes to a more equilibrated and mechani-
cally stable configuration. Overall, the findings provide a quantitative basis
for assessing potential overstress zones and optimizing cement integrity in
well design and long-term operation.

Linear elasticity provides insights into the primary stress trends. How-
ever, it is inherently limited by its inability to describe nonlinear material
behavior, damage accumulation, and failure mechanisms. Despite these lim-
itations, the framework successfully captures the key interactions governing
stress evolution in the near-wellbore region. It also provides a foundation for
more advanced coupled or nonlinear modeling in future work.
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