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Abstract: This paper presents an approach to approximating
Rossby waves using the Two-Strategy adaptive Artificial Bee Colony
(TSaABC) algorithm with hard thresholding. Rossby waves, as
large-scale planetary waves, play a critical role in atmospheric dy-
namics, influencing meteorological phenomena and climate pat-
terns. The study employs the TSaABC algorithm to optimize
the parameters of a nonlinear space-time model representing at-
mospheric temperature data, drawn from the Aura (MLS) satel-
lite. By solving the inverse problem involving minimizing the data
discrepancy and L1-norm of harmonic amplitudes, the method
achieves a good accuracy and sparsity in the large dictionary of
harmonics. To solve L1-minimization, we design hard threshold-
ing strategy within TSaABC. The implementation of hard thresh-
olding allows for a reduction in dimensionality, which enhances
computational efficiency. The results highlight the algorithm’s po-
tential for improving atmospheric modeling and forecasting.
Keywords: Atmospheric wave dynamics, Rossby waves, Artificial
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1 Introduction

The atmosphere can be considered as an ideal geophysical fluid that is
permeated by waves of different spatial and temporal scales. Hydrodynamic
quantities - wind, atmospheric gas component concentrations, pressure, den-
sity and temperature - experience periodic changes (oscillations). Different
internal waves can be excited by different mechanisms, but in general, mete-
orological processes are the main sources of these motions. Gravity waves are
able to propagate upward and grow in amplitude because of the exponentially
decreasing neutral atmospheric density ρ (in order for the conservation laws
of wave motion to be satisfied). Therefore, although the wave disturbances
associated with small-scale (mesoscale) gravity waves are relatively small at
source levels, their amplitudes can become significant at high altitudes in
the upper mesosphere and thermosphere. On the other hand, large-scale
waves such as planetary waves can have relatively large amplitudes in the
lower atmosphere and hence can dissipate at lower altitudes. This wave dis-
sipation is the mechanism for transferring momentum and energy from the
disturbance to the mean flow. Mesoscale atmospheric waves can interact
with other wave types and with the mean flow. For example, contribute
to the generation or pumping of large-scale wave energy into smaller waves
[1, 2, 3], and accelerate or decelerate the mean flow. A detailed study of
these processes represents a crucial step toward a better understanding of
the mechanisms of coupling between meteorology and space weather.

Various methods exist for detecting wave structures and processes in the
atmosphere. These methods can be used to observe atmospheric temper-
ature, pressure, wind fields, humidity, solar radiation flux, trace elements,
electrical properties and precipitation. A variety of small and large-scale
structures can be identified in the measured hydrodynamic fields that exhibit
systematic wavelike changes and thus indicate wave propagation. As more
technically sophisticated instruments with higher resolution are developed,
the ability to detect finer structures increases. To date, the combination
of ground-based observational techniques and satellite remote sensing pro-
vides an unprecedented view of the local and global state and composition
of almost the entire Earth’s atmosphere.

Metaheuristic algorithms are often used in studying different and distinct
applications. Among metaheuristic methods, evolutionary and behavioral
ones are commonly used. Behavioral methods are multi-agent methods based
on modeling the intellectual behavior of agent colonies (swarm intelligence).
Over the past few decades, swarm intelligence has drawn the attention of nu-
merous researchers and practitioners. In the paper, we use the Artificial Bee
Colony (ABC) method [4]. This algorithm is a swarm-based optimization
algorithm inspired by honey-bees behavior in nature. The following works
[4, 5] contain more information on the algorithm’s performance and conver-
gence. This algorithm has proven itself in multidimensional optimization
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problems as being simple to implement, capable of parallelization and ap-
plicable to non-convex functionals. Since the introduction of this algorithm,
many scientists have worked on improvements and modifications.

In this paper, we approximate temperature data using a sum of Rossby
wave harmonics with unknown parameters that include amplitudes and wave
numbers. We set the problem as an optimization problem, where the objec-
tive function is the sum of the data discrepancy function and the L1-norm
of harmonic amplitudes. The L1-norm discrepancy is used to account for
sparsity. This complex nonlinear space-time optimization problem is solved
using Two-Strategy adaptive Artificial Bee Colony (TSaABC) optimization
algorithm [6] with a modification that uses hard thresholding (HT). HT is
used to adaptively reduce the parameter space dimension by eliminating the
degrees of freedom that are negligible. This algorithm searches for best fit
by varying the parameters in a systematic way. TSaABC in itself is a mod-
ification of the original ABC algorithm which adaptively uses two different
strategies for evaluation and exploration of the functional space and has fast
convergence compared to original ABC algorithm. HT improves the perfor-
mance of TSaABC by reducing the parameter space, as our results show.
Our results also show that we can achieve about 12% accuracy, which is con-
sidered to be a good accuracy given the presence of short-wave disturbances
in the atmosphere, such as internal gravity waves.

Compared to our previous work (in press [7]), we use L1 minimization
and can explore a large number of harmonics where we can identify relevant
harmonics. This is a significant improvement. Our methods also share some
common concepts with instantaneous frequency approaches proposed in [8,
9]. In general, finding appropriate harmonics can greatly benefit in predicting
atmospheric wave dynamics.

The paper is organized as follows. In the next section we give some pre-
liminary information about planetary waves. Section 3 is devoted to the data
used in the paper. The formulation of the inverse problem is given in Section
4. The peculiarities of the proposed algorithm are discussed in Section 5.
The numerical results are presented in Section 6.

2 Planetary waves

The term «planetary waves» (PWs) refers to large-scale wave disturbances
in the atmosphere with global dimensions. These waves can be generated
by various sources, such as surface irregularities, temperature differences
caused by uneven heating of land and sea, lunar gravitational tides, and
large-scale meteorological events. During the winter season, the stratosphere
and mesosphere are primarily dominated by Rossby waves, which arise due
to the balance between the latitudinal gradient of the Coriolis force and
changes in the pressure gradient force [10, 11].
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Planetary waves are considered to be an important driving mechanism of
the meridional atmospheric circulation [12], which, due to its global charac-
ter, determines the dynamic interaction of different layers and regions of the
atmosphere. In addition, the overturning of planetary waves propagating
from the troposphere upward can cause the development of sudden strato-
spheric warming in winter [13].

There are two types of PWs: stationary (or quasi-stationary) and travel-
ing. Stationary PWs have long been known in the lower and middle layers of
the atmosphere and demonstrate a pronounced seasonal character. Traveling
PWs have a period from 2 to 30 days. They include the PWs propagating
both eastward and westward. There are also zonal-symmetric waves, which
we can consider as traveling PWs with zonal wave number zero (although,
strictly speaking, they do not move).

Quasi-stationary Rossby waves are the dominant disturbances in the extra-
tropical winter stratosphere and lower mesosphere. Rossby waves are excited
by instabilities in the tropospheric jet stream: barotropic (due to horizontal
wind shear) or baroclinic (due to vertical wind shear), respectively. They
manifest themselves as sinuous jet streams, where the number of meanders
(bends) gives the zonal wave number. Rossby waves are highly dispersive:
those with higher velocities tend not to propagate vertically. Stationary
Rossby waves with low zonal wave numbers (typically wave numbers 1-3)
can propagate vertically, where the background averaged zonal wind is west-
erly [14]. This condition is usually fulfilled in the winter stratosphere and
lower mesosphere. The winter zonal wind can change from westerly to east-
erly in the upper mesosphere; the height at which the wind reversal occurs
varies with latitude, season, and can have large interannual variations due
to dynamical activity. Quasi-stationary waves are difficult to separate from
wind and temperature backgrounds in radar and lidar observations, but can
be observed from satellites. In Mukhtarov et al. (2010) [15] present obser-
vations of stationary temperature waves observed by the SABER satellite
instrument. Quasi-stationary planetary waves have been observed in the
winter mesosphere–lower thermosphere (MLT) [16, 17].

Planetary-scale traveling waves can reach large amplitudes in the MLT.
The periods of traveling waves are clustered around periods associated with
normal atmospheric modes. One frequently observed mode is a quasi-two-
day wave with a period of about 2 days and a zonal wave number of 3 or
4. Quasi-two-day waves are regularly observed in the mesosphere just after
solstices and can reach very large amplitudes (meridional wind 30 m/s)
[18]. Other commonly recorded periods: 5 days, 6.5 days, 10 and 16 days.
These waves do not directly carry a large momentum. However, they can
interact with other waves such as quasi-stationary Rossby waves, gravity
waves, and tides, and thus affect the momentum balance and periodicity of
variability in the middle atmosphere. A spectral analysis of planetary waves
in mesospheric observations has been given by Garcia et al. [19].
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For the mathematical description of Rossby waves [20] we set the total
horizontal wind field (u, v), where u and v are the wind components in the x
and y directions, respectively (coordinate x is oriented eastward, y is oriented
northward). The total wind field can be written as the mean flow U with a
small superimposed perturbation u′ and v′

u = U + u′(t, x, y),

v = v′(t, x, y).

The perturbation is assumed to be much smaller than the mean zonal flow
U ≫ u′, v′.

The relative curl and perturbations can be written through the stream
function ψ (provided the flow is not divergent, for which the flow function
fully describes the flow):

u′ =
∂ψ

∂y
,

v′ = −∂ψ
∂x

,

η = ∇× (u′ ı̂+ v′ ȷ̂ ) = −∇2ψ.

(1)

According to the work of Carl Rossby [21], the large-scale structure of
a two-dimensional non-divergent barotropic flow can be modeled under the
assumption that the relative vorticity η is conserved.

d(η + f)

dt
= 0,

where f is the Coriolis force, which is equal to f = 2Ωsinφ. Ω and φ are
the earth’s angular velocity and latitude on the earth, respectively. If the
coordinate y is measured from a reference latitude φ0 then φ = φ0 + y/a,
where a is the earth’s radius (6371 km).

In the β-plane approximation (f ≈ f0 + βy, β = ∂f
∂y = 1

a
d
dφ2Ωsinφ =

2Ωcosφ
a ), we obtain the following expression

∂η

∂t
+ U

∂η

∂x
+ βv′ = 0.

We then substitute the definition of the stream function (1) to get the
following equation

∂∇2
ψ

∂t
+ U

∂∇2
ψ

∂x
+ β

∂ψ

∂x
= 0. (2)

We consider a plane wave solution with zonal and meridional wave numbers
k and l, respectively, and frequency ω

ψ(t, x, y) = A exp i(kx+ ly − ωt). (3)
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Then, substituting the plane wave equation into the original expression
(2), we obtain the relation for the frequency ω

ω = uk + β
k

k2 + l2
.

3 Data Sets

Data from the Aura satellite are used in this work. In particular, data from
the EOS MLS instrument. Aura is a research satellite designed to study the
Earth’s atmosphere [22]. The satellite was launched into a sun-synchronous
orbit on July 15, 2004 at an altitude of 705 km. Aura makes about 15 passes
per day with a period of ∼100 min.

Atmospheric temperature measurements obtained by the Microwave Limb
Sounder (MLS) on the Aura satellite, Level 2, version 4.2x (daac.gsfc.nasa.gov),
were used for the analysis. Approximately 3500 vertical profiles are measured
by the Aura MLS system per day, covering a latitudinal range from 82°S to
82°N. Vertical profiles are measured at ∼25 s intervals every 1.5° (∼165 km)
along the orbital trajectory. The MLS microwave probe scans the Earth limb
in the flight direction, recording microwave emission in five spectrum bands
(118 GHz, 190 GHz, 240 GHz, 640 GHz, 2.5 THz). The instrument measures
the temperature and chemical composition of the atmosphere at 55 pressure
levels from 1000 to 10-5 hPa (0-130 km) [23]. The geopotential height is
calculated from the integration of the hydrostatic equation above a reference
level of 100 hPa. The working region for scientific studies is the 261-0.001
hPa height interval (∼10-92 km, 42 levels/layer). The vertical resolution
of the data is about 5 km around the MLT. Temperature measurement ac-
curacy is ∼ ±1 K in the 10-80 km altitude interval and ∼ ±2.3 K in the
80-92 km interval. Below 10 km and above 92 km, the measurement errors
increase significantly [24]. Raw data files in HDF-EOS format (hierarchical
data format) are available at the acdisc.gesdisc.eosdis.nasa.gov.

MLS observations at a given latitude on the ascending or descending sides
of the orbit have approximately the same local solar time (to within a few
minutes) throughout the mission. Consequently, the temperature data of
the MLS (Aura) probe can be considered without taking into account the
contribution of tidal waves, since the tides are mainly due to the change of
day and night (moving of the day-night terminator). At latitude 63°N the
satellite takes readings once per night at about the same local solar time
(∼03:00).

Since the Rossby waves have a zonal structure, temperature data falling
on the latitudinal ring from 58°N to 68°N were selected for approximation.
To exclude a large contribution of diurnal temperature variations, night data
were sampled. Overnight sample data is presented in Figure 1. The figure
illustrates the distribution of temperature measurements taken by the Aura
(MLS) across different longitudes (x-axis), latitudes (y-axis), and time (z-
axis represents time (t) in second). There are 105 individual measurements,

https://daac.gsfc.nasa.gov
https://acdisc.gesdisc.eosdis.nasa.gov/opendap/HDF-EOS5/Aura_MLS_Level2/ML2T.004/contents.html
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distributed as follows: 7 measurements along the latitude axis and 15 mea-
surements along the longitude axis.

Fig. 1. Nocturnal measurements of EOS MLS (06 March
2011) at latitude 58-68°N at an altitude ∼80 km.

4 Inverse problem formulation

In this study, PWs are analyzed similar to the method presented in Preusse
et al. [25, 26] and Fetzer and Gillet [27]. Our proposed method is sum-
marized as follows. The temperature components corresponding to zonal
wave numbers are estimated by an approximation function. For measure-
ments at fixed local solar time, the contributions of all tidal components
are included in the contributions of the components corresponding to wave
numbers. Small-scale waves having large wave numbers belong to internal
gravitational waves (IGW) and are not described by the Rossby wave equa-
tion. Consequently, the "background temperatures" (Tbg) are estimated by
the above method must contain the zonal mean temperature (Tzm), plane-
tary waves (Tpw) and tidal waves. Residual temperature perturbations (Tgw)
(i.e., Tgw = TAura − Tbg, where TAura is measured temperatures), are con-
sidered as fluctuations caused by IGW.

The data is approximated by linear combination of harmonics from the
dictionary {R1, ..., Rm}. It is necessary to minimize the error using the
smallest number of harmonics. One of the advantages of this approach is
the possibility to use many different sets of harmonics in the dictionary. In
our case each harmonic Rn in the dictionary is based on the Rossby wave
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equation (the real part of the equation is considered) (3)

fn = knx+ lny − (ukn + β
kn

k2n + l2n
)t,

Rn = An cos (fn),

(4)

where k and n vary from 0 to m.
Equations (4) are used to construct the approximating function as the

sum of Rossby waves in the following way

g =

m∑
n=1

Rn + C,

where C is a constant. The relative error of temperature variations is mini-
mized: the ratio of the L2-norm of the absolute approximation error to the
L2-norm of temperature variations

εrel =
∥g − TAura∥2
∥TAura − C∥2

.

Also, to minimize the count of harmonics the weighted L1-norm of the am-
plitude coefficients (A1, ..., Am) is used

∥A∥1 =
m∑

n=1

ωn|An|.

The weights are selected such that

w1 < w2 < · · · < wm,

where m is the harmonic number and weights are chosen within the range
(0, 1] and are distributed exponentially. Therefore, the shortest-wave har-
monic has a greater chance of being zeroed out. The higher is the weight,
the smaller is the amplitude, and thus the greater is the chance of being
rejected.

The objective function is the sum of the relative error and L1-norm from
the amplitude coefficients (A1, ..., Am)

F(ϑ) = εrel + γ ∥A∥1 , (5)

where ϑ is a vector of our coefficients, γ is a parameter that brings the
terms of the objective function into a single order so that none of them
becomes dominant. Thus, our inverse problem reduces to the problem of
identification of the key parameters defining the Rossby waves, which is
viewed as a problem of minimizing the objective function given above.

5 Two-Strategy adaptive Artificial Bee Colony algorithm
with hard thresholding

The Artificial Bee Colony (ABC) algorithm has always struggled with
how to dynamically modify exploration and exploitation during the process
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of evolution. For this work we will exploit the Two-Strategy adaptive Arti-
ficial Bee Colony (TSaABC) optimization algorithm, which is presented by
Xiaoyu Song et. al [6]. This algorithm is a combination of two different
modification of ABC algorithm (CABC with CABC_Elite [28] and M2ABC
[29]) and overcome described above issues of the classic algorithm. The
TSaABS algorithm adaptively chooses two different search strategies based
on the relations of the success rates of candidate solution inspired by work
[30]. The performance and comparison analysis with detailed pseudocode of
the algorithm can be seen in [6].

We will not describe the algorithm in details, but will simply highlight the
key points:

1. Initialization
• The position of the food source in the algorithm indicates a potential

solution of the optimization problem, and the amount of nectar in
the food source indicates the suitability (fitness) of the corresponding
solution. The number of bees is equal to the number of solutions in
the population. At the first step (initialization):

ϑi,j = ϑmin
i,j + ϕ(ϑmax

i,j − ϑmin
i,j ), (6)

generates a randomly distributed initial population of SN solutions
(food source positions), where SN denotes the bees count and there-
fore the number of solutions, ϕ is randomly generated number be-
tween [0, 1]. Here ϑi,j is a bee object where indices are following:
i = 1, 2, ..., SN , j = 1, 2, ..., D is the number of optimization pa-
rameters. Also ϑmax

i,j and ϑmin
i,j is a upper and lower bounds of each

optimized parameter respectively. Therefore, each bee has a starting
point located inside searching area.

• After initialization, the process of searching for the best nectar be-
gins, which occurs in cycles cn = 1, . . . ,MCN (maximum cycle num-
ber).

2. Applying Adaptive Strategy Selection
• Each employed bee applies one of the two strategies (CABC or M2ABC)

to update its solution. To dynamically select between the two strate-
gies, an adaptive mechanism is used. The probability ξcn for selecting
a strategy is updated based on the success rate of solutions from pre-
vious generations:

ξcn+1 = α · ξcn + (1− α) · Pcn,

where Pcn = S1
cn/(S

1
cn + S2

cn) is the success rate of strategy 1 rela-
tive to strategy 2 in the previous generation, and Sq

cn represents the
number of successful solution updates by strategy q and real number
α ∈ [0, 1] is used to control the proportion of historical experience
and in this work set as 0.95, ξ1 = 0.5.

– Strategy 1 : CABC. To maintain exploration capabilities, the
first strategy (CABC) generates new candidate solutions based
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on random directions. The update equation is:

ϑ̂i,j = ϑr1,j + φ(ϑr1,j − ϑr2,j), (7)

where at this stage j, r1 and r2 is randomly selected and r1, r2 ∈
{1, 2, . . . , SN}, j ∈ {1, 2, . . . , D}, r1 ̸= r2 ̸= i; φ is a uniform
random number on [-1, 1]. In (7), the bees are randomly se-
lected from the population and thus the equation has strong
exploration ability and can go to any search direction.

– Strategy 2 : M2ABC. To enhance exploitation, the second strat-
egy uses information from the best solution found so far. The
update equation is:

ϑ̂i,j =
ϑr1,j + ϑr2,j

2
+ ϕi,j(ϑr1,j − ϑr2,j) + φi,j(ϑbest,j − ϑr1,j),

where r1 ̸= r2 ̸= best, ϑbest,j is the j-th element of the best so
far solution.

• Strategy 2 will be used if random number between (0,1) < ξcn, strat-
egy 1 otherwise. The algorithm repeats from this step to 4-th until
the maximum number of iterations is reached.

3. Solution Improvement and Update
• Onlooker bees select the best solutions found by the employed bees

and further improve them, using either strategy with probabilities
ξcn+1 and 1 − ξcn+1. To ensure that each search strategy can be
selected, ξcn+1 is limited between [0.1, 0.9].

• If a new candidate solution ϑ̂i,j is better than the current one ϑi,j ,
it replaces the old solution, otherwise parameter triali is increased
by 1. If a solution has not been improved after limit iterations
(triali = limit), the corresponding bee becomes a scout via (6),
abandoning its current solution and randomly generating a new one.

4. Hard Thresholding and Dimension Reduction
• We assume a modification to TSaABC algorithm by adding hard

thresholding (HT). The idea behind this approach is that during the
optimization process we reduce the dimensionality of the problem by
removing unnecessary harmonics:

Rn(An, ·) =

{
Rn(An, ·), |An| ≥ h,

0, |An| < h,

where h is the threshold value.
• Since we are trying to optimize a large number of harmonics, this

approach is important, because in the conventional approach, it is
not always possible to find an optimal solution due to very large
parameter space. We use two rules that will ensure the adequacy of
the algorithm in rejecting unnecessary harmonics:

– HT only works after κ iterations. This allows the parameters
to stabilize;
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– HT is applied only if the value of the corresponding parameter
does not increase during ζ iterations.

According to this approach, the solution of a multi-parameter opti-
mization problem becomes computationally cheaper, and it is feasible
to compute due to the dimensionality reduction.

6 Numerical experiment

To find the numerical solution, the parameters of the algorithm are set
as follows: SN=100, MCN=2500, m=20, D=2*(m+1)+2=44, h=1 K,
κ=100, ζ=150. The other parameters of the algorithm are consistent with
the work [6]. The threshold value h is set to 1 K because the measurement
error is equal to 1 K (see Section 3).

Table 1. Boundaries (ϑmax
i,j and ϑmin

i,j ) of coefficient search.

Parameters Lower Upper
An, K 0 20
ln 0 4

u, rad/s -20/6371000 200/6371000
C, K -20 20

Table 1 presents the boundaries (ϑmax
i,j and ϑmin

i,j ) of coefficient search
for various parameters involved in the Rossby wave approximation. These
parameters include mean zonal flow u in radians per second, meridional
wavenumbers l for different harmonics, amplitude A in K, and a constant C
also in K. The harmonic number n (4) ranges from 1 to m. The table lists
these parameters, showing their respective values.

Fig. 2. Iterative history of objective function F(ϑ).
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Fig. 3. Visualization of the approximation by the function gMCN .

Table 2. Approximation results.

n 0 1 2 3 4 5 9
ln 2.906 3.124 0.579 0.0 4.0 0.0 2.102

An, K 20.0 4.068 4.41 3.016 2.054 4.139 1.98
u, rad/s 1.635e-05
C, K 20.0
F(ϑ) 0.12

The Figure 2 shows iterative history of objective function F(ϑ) (5). The
value of the objective function decreases to 0.12. The discrete jumps of the F
value correspond to iterations when we remove some of the harmonics due to
hard thresholding (see Section 5 (4)). The error of about 12% is reasonable,
since there are short-wave disturbances in the atmosphere corresponding to,
for example, IGW. Moreover, we observe that the method has converged as
the error stabilizes. The approximation results are presented in Table 2.

Figure 3 illustrates the three-dimensional representations of Rossby wave
approximation for gMCN function at an altitude of 80 km. The pattern
shows the spatial and temporal distribution of the temperature variation T
in K. The x-axis represents the longitude in radians, the y-axis represents
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the latitude in radians, and the z-axis represents time in seconds. With this
figure, we illustrate Rossby waves in space and time.

7 Conclusions

In this study, we propose a novel approximation for temperature data us-
ing L1-minimization with a dictionary of Rossby waves. Our proposed mini-
mization employs the Two-Strategy adaptive Artificial Bee Colony (TSaABC)
algorithm with hard thresholding strategy to solve this challenging optimiza-
tion problem. Hard thresholding within TSaABC reduces the parameter
space and makes the computation feasible. Our approach has been effective
in reducing the dimensionality of the problem while maintaining accuracy,
achieving good precision and sparsity.

The adaptive nature of the TSaABC algorithm allowed for dynamic ex-
ploration and exploitation, enabling it to handle the nonlinear and complex
characteristics of atmospheric wave data. By minimizing the error and opti-
mizing wave-number parameters, our method offers a reliable tool for atmo-
spheric modeling, especially in approximating planetary-scale waves. Future
work should focus on further refining the model by incorporating additional
atmospheric variables and extending the algorithm to three-dimensional sim-
ulations. Moreover, testing the model under different atmospheric conditions
will be essential to validate its robustness and reliability. Overall, the inte-
gration of TSaABC optimization with atmospheric wave dynamics represents
a promising avenue for advancing meteorological research and improving pre-
dictive models.
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