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BO3JENCTBUSIMUI

A.H. POraJjies

Hocsawaemces 85-aemuro axademura Baadumupa I'aspurosuywa Pomarosa

Abstract: The paper studies algorithms for solving applied prob-
lems of estimating the areas of solutions of differential equations.
Such problems arise when assessing the practical stability of move-
ments on a finite time interval, when determining the areas of
attainability of controlled systems, when assessing the areas of
survivability of controlled systems, when calculating guaranteed
(not probabilistic) boundaries of zones of dangerous states of tech-
nical systems, when computing bounded values of parameters of
technical systems that correspond to the boundaries of dangerous
zones, when calculating the maximum deviations of movements in
order to control whether the system’s trajectory enters a dangerous
zone. In the problems listed above, for some of the parameters, only
estimates of the ranges of their values are known, which leads to
the emergence of sets of solutions. The difficulty in solving these
problems lies in the fact that most methods for estimating solution
sets of ODE systems (or calculating upper and lower boundaries
of solutions) lead to a strong increase in the boundaries of these
solution sets. In this case, the problem of finding a solution to
the same ODE system with numerical values of the parameters
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can be correctly posed and a convergent method can exist for
it. To overcome such growth of boundaries of solution sets, it is
useful to regularize the estimates of boundaries of solution sets
by moving to a linear approximation of the original system. This
regularization is specified by the values of compression/extension
in given directions, displacement along the time axis, and rotation
by a certain angle of the selected directions of the solution set.

Keywords: perturbations, solution set, interior solution, bounda-
ry solution, regularization, compression, stretching, displacement,
rotation by an angle

1 Bsegenne

TIpobrema omeHKM TPAHWIT MHOXKECTB PEITeHuH CHCTeM OOBIKHOBEHHBIX
muddepennmanbubix ypasaeanii (OJ1Y) BaXkHA B CJIEIYIONUX TPUKTATHBIX
sajadax [1]-[7]: upu oneHke npakTHUECKON yCTONUNBOCTH JBUKEHUA HA KO-
HEYHOM MHTEpBaJie BPEMEHWU, I[P OLpeIe/eHrun 0bJacTeil JOCTUXKUMOCTU
YIPABJISEMbIX CHCTEM, IPU OIEHKE 00IacTell BBKUBAEMOCTH YIIPABJISEMBIX
CHCTEM, TIPU BBIYUCJIEHAS TAPAHTHPOBAHHBIX (HE BEPOATHOCTHBIX) T'DAHUIL
30H OLACHBIX COCTOAHMIA TEXHUYECKUX CUCTEM, IIPUA BHIYUCAECHUN IIOPOrOBLIX
3HAUEHUN TMapaMeTPOB TEXHUUECKUX CUCTEM, KOTOPhIE COOTBETCTBYIOT I'Da-
HULIAM OIIACHBIX 30H, IIPY BHIYUC/IEHUM [IPEJEIbHBIX OTKJIOHEHU JIBUKEHUT
JUTST KOHTPOJIS TIONAJIaHUs TPAEKTOPUU CUCTEMBI B OIIACHYTO 30HY.

B ykasaHHBIX BbIIIE TOCTAHOBKAX 334l ONPEIESTIOTCS MHOXKECTBA pe-
mernii cucreMbl O/LY ¢ BOBMYIIAIOIIUMY BO3IEHCTBUSIMU

dy

E:f(uyau)fue(]?yoey(); (1)

r7e Y— 9TO N— MEPHBIH (a30BBIN BEKTOP CUCTEMBI B €BKJINI0BOM MIPOCTPAH-
crBe R", u— BexTOp BO3MyImaomux (ynpasasgomux ) sosaeiictsuti, U — kom-
MMAKTHOE MHOYKECTBO B €BKIMIOBOM mpocTpancTtee RP, m Yp— MHOXKeCTBO
Ha4aJIbHBIX JaHHbIX. HeobXoauMo Tak:Ke CTPOUTH CEYEHUA MHOMKECTB BCEX
pertennii 3ToH CUCTeMbl TTPU (PUKCHPOBAHHOM BPEMEHMN.

Onpezmenerue . MuokecTBO perrennit 3amaun (1), 3aBucaAmux 0T BO3MyIIa-
FOIIEro mapamMerpa

Yt)=Y(tY,U)= |J wltyo,u) = (2)
Yo €Yo, ucU
d
= {y(to.yo.t.w) : £ > 0, =L = f(t,y.u) ylto) € Yo, ult) € U}

HA3BIBAETCST TPYOKOI pelreHnii (MHTerpaIbHbIX KPUBBIX), U B OOIIEM CIydae
obpa3yeT JAOCTATOYHO CJIOXKHYIO 00/1aCTh.

Bkarouenne B 3amady (1) BO3MyIIeHUH IBYX THUIIOB — BO3MYIIEHUsI, 000~
3HAYAEMOr0 BeKTOPHOI dyHKuueh u(t) € U u BosMmyIienns, 0603HAIa€MOT0
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MHOKECTBOM BCEX BO3MOXKHBIX 3HAYEHHI HAYAIbHBIX JAHHBIX Yo € Y), pac-
IIMPSET KJACC PEIAEMbIX 33/1a4, IAeT BO3MOKHOCTD YUUThIBATH KAK BO3MY-
IIAOITINE TAK U yIPABJISIONMe Bo3eficTuii. IIpu 95T0M BOSHUKAET psif 10CTa-
TOYHO CJIOXKHBIX BOIIPOCOB, TPEOYIONNX WHANBUALYATHHOTO AHAIN3A KAZK JOTO
U BHUMATEJIHHOTO TIOXO0IA.

Bo MHOrux 3ajjauax Hajgaraercs TpeboBaHEe HA BOSMYINEHHs! (YIIPABIISIIO-
e BoszeficTeus): u(t) € U. B rpannnax u(t) € U MoryT 6bITH BBIOpAHBI
pasHble BO3MyIIatoliue (yIpaB/sioie) BO3IeHCTBIs, TPUBOJSIINE K Pas3-
JUYHBIM BujaM pentenunii. Hanpumep, s crucremb

dy;t(t) = yo(t) +ui(t), (3)
dy;t(t) = —yi(t) +uz2(?t)

UCIIOIB30BaHue B KauecTse ui(t), ug(t) dyukiuii cos(t), sin(t), ﬁ u py-
IUX 3aBUCHMOCTEH, yIOBIETBOPSIONUX BRIIOUeHN0 u(t) € U, BIeder JauHeii-
HBI{l MJIM TIOJIMHOMUAJIBHBIN POCT PEIeHuil ¢ PA3IUYHBIMU IPATUEHTAME PO-
€Ta, TO €CTh IPUBOAUT K 3aMETHBIM pazjuuusiM. Ha camom jesie pernieHus
cucteMbl (3) 6e3 BO3MYIIEHUA — 3TO KOJIebaHusI, TOBEICHHE STOTO PEIeHNUsT
rMeeT HOJIBINOE OTVIMYKE OT PAa3JIMIHBIX pacTyIux pertennii. Kak mpasmio,
B IPUKJIAJIHBIX 3a/I[a9aX HAXOJUTCH U UCIOJIB3YETCS TOJIBKO OIEHKA MaKCH-
MaJIbHOT'O 3HAYEHUs] PACTYIEro pernieHus. B urore BbIYUCIEHHBIE TDAHUIIBI
OIIEHOK MHOXKECTB PEIeHUll MOI'YyT HE COOTBETCTBOBATH JIE€HCTBUTEILHOMY
NOBEJIEHNIO PEIennii cucrembl (3) MO/ BANSHUEM PAa3JUTHOrO BUJIA BO3MY-
maomux (ynpasIgionmx ) BO31eHCTEHIA.

Jlaee B ctaThbe OymeM OomupaThed Ha TO, uTO perrenua auddepeHnnaib-
HOTO yPABHEHUS ONPEJIE/IIOT MHTETPATLHBIE KPUBbIE (TPAEKTOPUN PEIEHNiH,
B CIy4ae PacCMOTPeHusl JuHaMudeckux cucrem). VccnemoBanne MHOKECTBA
perennii cucrembl (3), a 3HAYUT U B 00IIEM CTy9ae UCCIeT0BAHNE HHTErPAJTb-
HBIX KPHUBBIX MHOXKECTBA PENIeHHi cucTeMbl (2) JOCTATOYHO CJIOXKHO, TaK
KaK MHOXKECTBO WHTEIPAJbHBIX KpuBbix cucteMbl OJY Moxer comepxkaTh
OKPYKHOCTH, JLIUICHI, mapabosbl, runepbobl, JorapudMUIecKne CIupa-
Jau 1 00Pa30BLIBATE Paz/MmIHbIe (hA30BbIE MOPTPETH Ha (PA30BOI MIOCKOCTH.
OTu PaKThl B COBOKYITHOCTH SIBJISIFOTCS IPUYUHON TPYAHO TPEIACKA3YEMOTO
BUJIA OIEHOK MHOXKECTB TpaekTopuil perneruii. CI0XKHO W JlakKe WHOTIA
HEBO3MOYKHO OIMCATH, KaK BEJeT TPAHUIA MHOXKECTBA TPAEKTOPUIA, U 3allu-
caTb (QOPMYJy PAHUIBI, TPOIHO3UPOBATH IOBEJEHUE I'DAHUIILI B KaXK IOt
Touke. [loaToMy ompenenstoTcs TpudINKEHUT STOTO MHOXKECTBA PEeIeHuil,
BKJTFOUAIONINE NCKOMOE MHOYKECTBO PEITICHH.

YTo6b! MpubIN3UTE OTEHKN MHOXKECTB PEITeHU K TOBEJIEHUI0 MHOXKECTB
pertennit, 6y1eM HCIOJB30BATH TO, YTO YIPABIAIIAE BO3MEHCTBUS MOTYT
BBRIOUPATHCS HE3ABUCUMO OT CBOMCTB perernit. Ha ocHOBE 5TOT0 OIleHKU MHO-
XKecTB pertennii (2) adbdekTuBHee ToTyIaTh OTAETBHO TPH PAIHIHBIX KJIaC-
cax yIpaBJIAIoNmX Bo3aeiicTsuii. Ho 310 Oymer Temoil Apyroit cTaThbu.
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Hasee B 910it crarbe Gyjem nosarars,uro yeiaosue u(t) € U 3ameneno Ha
yesoue u(t) = 0. D10 yci0BUe HE NPUBOJUT K CyIIECTBEHHBIM U3MEHEHUSIM
AJITOPUTMA OTIEHKYW MHOYKECTB PEeIeHuil, HO COKPAIIAeT 0ObeM M3JI0KEHUSI.

st 6osibireit 3bHEKTUBHOCTH OTTUCAHUS BKJIIOUEHNY MHOYKECTB PelteHuit
MPEJIAraeTCst UCTIOAb30BATH CUMBOJIbHBIE (POPMYJIBI — KOMOWHAIINN 3HAKOB
oTiepaluii, KOHCTAHT U TEPEMEHHBIX BEJIUMINH, UMEIOIINE CaMOCTOATENBHBIH
CMBICT. DTU HOPMYJIBI MIPEJCTABISIOT cOB0# COODIEHNS, YKA3bIBAIOIINE HA
AJICOPUTM BBIYUC/IEHUS 3HAYEHUS BhIPAYKEHUST, JIMOO 3AINCH BIPAYKEHUS JIJIs
otpeiesienusi 00JIACTU 3HAUEHUN BEJIMYHHBI Yepe3 cBou napaMmerpbl. B 601b-
IIUHCTBE CJYyYaeB CUMBOJIbHBIE (DOPMYIIBL SIBJISAIOTCA NpubanKeHusaMu hop-
Myst Tounbix perenuii. Tak kak Gosbmiag gacts cucrem OJ/LY He mHTErpu-
pyeTcs B KBaJIpaTypax, CUMBOJIbHBIE (DOPMYJIbl HE MOTYT OBbITH 3aJIaHbl KaK
bOpPMYJIBI TOUHBIX PEIIEHNI UCXO/IHBIX CUCTEM.

2 Omnwucanume MeTOaA OIEHKHN MHOXKECTB pellneHnii

[Tonaraem, a0 a7t cucreMbl (1) BBITOJHEHBI CJIETYIOIINAE YCIOBHS.

1. Bekrop dyukmus f(t,y) HempepbIBHA IO COBOKYIHOCTH ME€PEMEHHBIX
t,y B obmacru [tg, T] X R™, a takxe Jyisi Jii000ii OrpaHUIeHHON 3aMKHYTOM
obmactu D C [tg,T] x R™ cymiecrByeT Takas HOJOXKHUTEJbHAsT KOHCTAHTA
L < o0, uT0

It yu) = f(Eyzu) 1S Ly —ye |l (4)

auist Beex (t,y) € [to, T] x R"™. YcsioBue 1 MOXKHO 3aMEHUTH HA YCJIOBHE

1.a. TIpaBas vacTh cuCTEMBI (1) ABJISETCS HeTUHeNHON DyHKIIMel, Hempe-
peiBHO qudbbepertupyemoit o y, B obaactu (t,y,u) € [to, T| x R™.

2. CyrmecTByeT Takas MOMOKUTETbHAS KOHCTAHTa k < 00, 4TO

Ity u) < k[ y ()

anst Beex (t,y) € [to, T] x R™.

B m3BecTHBIX paboTax OIMEHKN MHOXKECTB PEIEeHWH BHITTOTHAIOTCA OJHUM
U3 CAETYIONIAX CIOCODOB:

1) moToYeuHOe OMMCAHME OIEHOK MHOXKECTB DEIIeHNn;

2) mpeJCcTaBIEHNE OIEHOK MHOXKECTB DEIIEHUi HEPABEHCTBAMU;

3) PEICTABACHNE MHOXKECTB PereHuil OmopHoit (hyHKIMEH, OIpemnessaio-
mefica GhOpMyso st OrPaHUYEHHOTO, BBITYKJIOr0 MHOXKeCTBa Y, 7(s) =
mazyey (y, 5);

4) mapaMerpuvecKoe ONMUCAHUE TPAHUIIBI OIEHOK MHOXKECTBA PEIeHuil;

5) anmpokcuManus MHOKECTB pemenuii kaaccom 6osiee npocrbix obacreit
HEKOTOPOit hUKCHpoBaHHON (hOPMBI (HATPUMED, S/LTUIICOUTAME, TAPAJLIese-
OUITETAMHU, TTIAPAMH, BBITYKJIBIMIA MHOTOTDAHHUKAMY ) ¥ BBITOJTHEHUE CIIETH-
AJIBHBIX OMEPAIii HaJ STUMHU MHOXKECTBAMI.

JocTtaTodno 60abII0H 00beM 331a9 OIEHKH MHOXKECTB JOCTUZKHIMOCTH BbI-
DOJIHSIIOT METOJIbI, OCHOBAHHBIE HA MPHOJINKEHNH MHOXKECTB 00beINHEHHEM
tovek ("mmkcenos") 5], TOUKE ONpeIESIOTCS TP TUCIEHHOM DEIeHNH CH-

crem OJLY.



PELVJIAPU3SALIMA YNCJEHHBIX OIIEHOK OBJIACTENM PEIIIEHUN A61

OTH METOIBI MOTYT TPEOOBATH BLITOIHEHNS OGOIBITIOTO 00HEMa BBHITUCIIE-
HUAM ¥ HUCHOJIB30BaHUs O0JIbIIOr0 oObema namsaru. s HUX uMeeT MecTo
steyierne "'pacmmupsirorteiicst cerku" (weM 6oIbIe MHOKECTBO, TeM OOJIBIIE TO-
9eK HeOOXOAUMO JIJIst ero ammpokcuManun). [losromy mocTpoenue Bee Gotee
TOYHBLIX OI[CHOK MHOXKECTB PeIICHUN ABIdAeTCA aKTyaaIbHON 3a7adeil.

st KpaTKOro omucaHus aIrOPUTMUIECKON CXEMBI OTIEHKU MHOXKECTB pe-
menuit cucrembr OJ1Y obosnaumm Yp— 067acTh HaYadbHBIX JAaHHBIX, 1 —
THTEpPBaJ BpeMeHu, N — JHCI0 MIaros Mo BPpEeMeHn, § = %

OcHOBY CUMBOJIBHOT'O JITOPUTMA COCTABJISIET TIOCTPOEHUE BEKTOPHBIX CHUM-
BOJIbHBIX (hopmyaa Sym(t;, Yo, y1, -, Yn) = (Symi(ti, Yo, y1, -, Yn), kK =1,...,n) HA
KazKJJoM uHTepBase spemenu [0, §] Tak, 9TOOBI OICHKA

U Sym(ti,yo, ...yn) 2 Y (t:) = Y (£, Yp),
Yo€Yo

Y (t;) = Y(t;,Yy) oupenensinacy u3 dopmynst (2). st 957010 CUMBOJIBHBIE
GOPMYJIBI JIOJIZKHBI IOCTATOYHO TOYHO NpubimKare TOUHOE pernenue. [Ipu
9TOM CAMBIMU TPYI0EMKUMU OIEPAITASIME OYAYT OTIEPAIUH 110 OPIaHU3AIUN 1
XPAHEHUE) CUMBOJIbHBIX (DOPMYJI, YIACTBYIOIMIUX B BRIYUCJIEHUSIX OHEHOK 00-
JlacTeil 3HaveHnl, a 0bIIee YnCI0 STUX ONepalnii OyAeT CyIecTBeHHO MEHb-
[IUM TIO0 CPABHEHWIO C UUCIOM OTIEPAIUil, BBITOJTHSIEMBIX TPU BBIUUCICHUT
00JIACTH 3HAYCHUN PEITeHui.

Ha cieayromem 1miare 9uc/IEHHOTO aArOpUTMa HAa OCHOBE TTOCTPOEHHBIX
CUMBOJIBHBIX (DOPMYJI PENIEHUi, BRIYUC/ISIOTCS OIEHKU MHOYKECTB peIeHuit
KaK OIeHKH 00/1acTell 3HAUeHIi TTOCTPOEHHOTO CHMBOJIBHOTO BhIpazkeHus [8]-
[12]. Hampumep, BBIYUCISIOTCS BEJTUINHBL

max Symp(ti, Yo, ... Yn), k=1,...,n.

Y0,k €Y0
DPPEeKTUBHOCTD AJTOPUTMA OLEHUBAHU 001aCTell 3HAYEHUIT 110 CUMBOJIb-
HOM (DOpPMyJTIe OMPEIEAATCS MAJBIMU 3aTPATaMy BPEMEHH W THCIa OTepa-
nuit. 910 mokazano B paborax [§]- [12].

Jst mocTpoeHnst CUMBOJTBHBIX (DOPMYJT MOXKHO UCIIOJIB30BATH METOJIBI, OC-
HOBAaHHBIE HA MHBHEKTUBHOCTH (B3aUMHON OJJHO3HAYHOCTH) PeIleHus /onepa-
TOPA CBUTA BIOJb TPaeKTopuu cucteMbl Hemmuedasix OJLY mia ompesenen-
ubix kiraccos cucrem OJIY [10], [12]. XapaxTepHblil mpu3HaK TaKUX CHCTEM
— OI'PAHUYEHHOCTH PEIIEeHnii HAa BCEM WHTepBaJie mHTerpuposanusi. [Ipu BbI-
MOJTHEHUH TOTO CBOMCTBA ONMEPATOPA CABUTA TPAHWIIA MHOXKECTBA DETIeHUit
[EPEXOJIUT B TPAHUILY 9TOTO MHOXKECTBA B PA3HBIE MOMEHTHI BPEMEHU. DTO
JIAeT BO3MOXKHOCTB BBIJIEJIUTH OMOPHYI) TOYKY BHYTPU MHOXKECTBA PEIEHU,
a Takyke perepHble (0603HAUAIONME PYHEXK) TOUKN HA TPAHUIE HAYATHHBIX
JaHHBIX. [IpuMeHss YUCIeHHBI MeTOM K 3aJadaM C PENepHbIMU TOYKAMU
HAa I'PAHUIEe MHOYXKECTBA HAYATBHBIX JAHHBIX U K OMOPHONH TOUKE BBHIUUCISIEM
HabOp XapaKTepHBIX TOUEK MHOXKECTBA, PEIEHUN B pa3/TMIHbIe 3HAUCHUS Bpe-
menu. st smuetinbix cucrem OY cBoiicTBO B3aUMHON 0/THO3HAYHOCTH €CTh
cneacreue dhopmysibl Ko obiero pertennsi. Kpome storo, mmeer MecTo
cBOICTBO apdpuHHOCTH 0TOOparKeHNH, 33 1aBAEMBIX PEIICHUSIMH JTNHEHHBIMI
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cucremamu OY. Hng nesmneiinbix cucrem OILY, UMEIONIUX €QUHCTBEHHbIE
pemenund JJid KazKa101T0 u3 3HAYEeHU nu3 HEKOTOpOfI O6ﬂaCTI/I Ha4daJlbHbIX JaH-
HBIX, PeNIeHusi OYAYT TMepeBOIUTH TPAHUIBI 00JacTell HAYA bHBIX JAHHBIX
B TPaHUILI 00JacTell pereHuil B KaXKAblii KOHKPETHBI MOMEHT BPEMEHH.
Knacc rakux wenmneitapix cucrem OJLY cocrouT u3 cucreM, yIoBAETBOPS-
IOIIX YCJIOBUIO PABHOMEDHON OTPAHWYEHHOCTH pereHuii (YCTONYHBBIX MO
Jlarpanxy).

Hnst cucrembr (1) ¢ HeTMHEHHON TPaBOil YaCTHIO MOKHO TIOCTPOUTH «BO3-
MYIIEHHYIO» CHCTEMY, CBA3AHHYIO ¢ cucTeMoit (1) ¢ M3MEHEeHHBIMH HAada/Ib-
HBIMH JTAHHBIMU,

W 1t.9),ulto) = 1o )
dz
i f(t,z)+g(t, 2), z(to) = o (6)
of

COOTBETCTBEHHO, U HPEJIIOIOKIM, YTO IPOU3BOAHAL 7 CYIIECTBYET i HEIpe-
poieaa. Torja perienns srux cucreM cBs3aHbl cooTHoeruem [17], [18]

1
z(t) = y(t) + /0 g;)(to,t,yo +5(20 — %0)) (20 — yo)ds + (7)
t 83/
t %(s,t,z(s))g(s,z(s))ds.

DTO COOTHOIIEHHWE MOMOTAIOT OIEHUBATH OTKJIOHEHWS PEIeHuil CrucTeM
O/LY noj BIUSHUEM BO3MYIIEHHI, TO €CTh OIEHUBATH MHOYKECTBA PelleHuit
CHCTEMBI C BO3MYIIEHUSIMHE.

ITpu srom cremyer yuectsb, uro MHOXKecTBa pereruii QY nMeT CIoxk-
HBIE TPAHUNBl (MPAHUYIHBIE TIOBEPXHOCTH B MPOCTPAHCTEBE DPAa3MEpPHOCTENR),
KOTOPBIE HEBO3MOXKHO onucarh opMmysamu. B pesysibrare HCIONb3YHOTCS
BO3MOYXKHOCTH — JIUOO OMUCATH 3HAYEHUsI TPAHUYHBIX MOBEPXHOCTEN B HAOO-
pe IMCKPETHBIX TOYEK (HA CETKE), MO0 BHIYUCIUTEH ONEHKN MaKCUMATLHBIX
3HAYEHMIT B HAITPABJIEHUSIX OCEl KOODJMHAT, MO0 BBIYUCIUTH OTIEHKH MaK-
CHMaJIbHBIX 3HAYEHWH B JIIOOOM BHIODAHHOM HAIPABJICHUH.

IMpumeHuM CUMBOIMYECKUI METOJ JIJsl OIEHKU MHOYKECTB DereHuii ypas-
Henus kosiebanuit (3) ¢ HavasbHbiMu ganubiMu —0.1 < yi(tp) < 0.1, 0.9 <
y2(tp) < 1.1 yunThiBas reoMeTpudecKre CBOWCTBA MHOKECTB PEIICHMI.

[Mostyaaem xopoiiiee coBiajieHue OIEHOK ¢ TOYHBIMY IPAHUIIAMU MHOYKECTB
pemenuii (cm. Pucynok 1) Ha gocTaTovnHO GOJBIIOM MHTEPBAJIE BPEMEHH.
ITpu TOM BBIYUCAUTEIBHBIE 33TPATHI HA MOCTPOEHUE OMEHOK TOW 3aJaduu
dopMupyrOTCH 3a C4eT HECKOJIbKUX BbIYUCIEHUT 110 TTOCTPOEHHON CUMBOJIb-
Hoit bopmyste u Hepeaukn [8]-[12].

MmuoxkectBo pemennii Y (t,to, yo) = UyoeYo y (t,to,yo) COCTOUT W3 TPAEK-
Topuit

y(tath Z/O) - (yl(t7t07y0)7y2(tu tO)yO)a 7yn(t7 t0>?/0)) .



PELVJIAPU3SALIMA YNCJEHHBIX OIIEHOK OBJIACTEM PEIIIEHUN A63

-
pHT By
m . u

045

[l []
! R 05 0 3 i !
N =

i1
0.5

] | ]

Puc. 1. BuruncienHble TpaHAIEI MHOXKECTBa PENIeHUH 3a,1a-
i (3) wa uHTepBase Bpemenu [0, 50].

Cpean TpaekTopuil, BXOAAIINX B 3TO MHOXKECTBO PeIleHuii, BblaeanM Oa-
30BYIO TPaeKTOpHIO (BCerja BXOJsILyo B Habop Tpaekropuit) y (t,to, yo) €
Y (t,to,yo) masa aoboro ¢t € T, a Takke I'PAHUYHYIO TPAKTOPHIO
Ybound(ts t0, Yo ). ['paHMIHAA TPAEKTOPUS MHOXKECTBA PEIEHUTT OTPEIeTAETCS
Tak — Ay ar60r0 € > 0 B €— OKPECTHOCTH 3TON TPAEKTOPUH €CTh TOYKA, HE
npuHaIexKamas 1 ofnoft Tpaekropmu u3 Y (t, 20, yo0) = U, ey, ¥ (0, Yo) -
Jgist 06oro € > 0 CymecTByer Zoyter TaKON, 9T0 d (Ybounds Zouter) < &,
Zouter 7 Y (t, 10, o) Auist m0boro yo € Yp.

Heobxoanmo onpeneinTs, Mpu KAKUX YCJOBUAX CYIECTBYET T'PAHUTHAS
TPAEKTOPHUS MHOXKECTBA PEIeHnil, a TaKyKe MOYKeT JU CYIEeCTBOBATH BHYT-
PEHHAA TOYKA, JeXKallad Ha IPAHUIHON TPACKTOPHUMN.

Jo cux mop moCcTaTovHO TPOOJIEMATHIHO MOJHOCTHI) UCCIEI0BATE CBO-
CTBO MHBEKTUBHOCTH (B3aMMHON oguO3HaunOCTH) pemennit OJIY. Tna nu-
weiinbix cucreM OJLY CBORCTBO B3aMMHON OJHO3BHAYHOCTH SBJIAETCH CJIEJI-
crBueMm opmyabl Komm obimero pemrenus. Kpome Toro, cymecrByer cBoii-
crBO adGUHHOCTH [yt 0TOOParKeHUIl, OLpeIe/sieMblX PEIEHUAMU JIUHERHbIX
cucrem O/1Y.

st mccaenoBanus UHHEKTUBHOCTH perteHuil Heauneiiubx cucrem OJLY
JOJIKHO CYIIECTBOBATH €AUHCTBEHHOE PEIeHNe B HEKOTOPO 0BJIaCTH UCXOI-
HBIX JAHHBIX B OBITH OUpaHMYeHHBIM. Torma rpaHuiibl obaacTell HadaabHBIX
JAaHHBIX TpaekTopun cuctembl OLY mepeBomar B rpaHnisl obgacTeil perre-
HU.

OmueHKN MHOXKECTB pelleHuil cucreMel (8) CJIyKUT WJLTIOCTpAIeil moBe-
JEeHUS BHYTPEHHUX W BHEITHIX TOYEK MHOXKECTBA PEIIeHHH.
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Puc. 2. Borunciennble TpaHATIB MHOYKECTB PeIleHnH 3a1adn
(8), mpoekIwsi B MPOCTPAHCTBO Y1, Y2, Y3 HA MHTEPBAJE BpE-
menn [0, 15]

o _

dt Y2 Y3,

d

% =y; + 0.25y2 + y4, (8)
dys

28 3

dys

E = 05y3 + 005y4,

yilto) € [-1,1], i=1,....4.

3 Peryangpuzaiua aaropurma OIEHKN MHOXKECTB PeIeHu’it

C103KHOCTH, BOSHUKAIOIIME B 33/1a49aX OLEHKHA MHOMKECTB PEIleHUil CHCTeM
OJ1Y, npusenn K HeoOXOIMMOCTH TTPOBECTH AHAIW3 9TON CUTYAINU U CO3/1aTh
HEeOOX0UMbIE KOPPEKTUPOBKH aJropurmMoB. CHIbHBIA POCT IPaHUIl OLIEHOK
HabJoaeTcs B OOIBIIMHCTEE METOI0B OLEHKM MHOXKeCTB pemenuii. OgHoit
UX IPUYUH SABJSETCS, HAIPUMED, TO, YTO IIPU OLECHUBAHUA MHOXKECTB Pere-
Huit uenoas3ytores cucrembl OJ1Y ¢ pazMepHOCTBIO B/BOE HOJIBINEH pasMep-
HOCTH HCXOJIHOHM CHUCTEMBI, TO €CTh W3MEHSEeTCd CTPyKTypa 3ajadn. CTpyk-
TYPHO BO3MYVIIIEHHLIE CHCTEMEI JOCTATOYHO YaCTO MOLYT OBITH HEYCTONINBLI-
mu 110 JIsmyHOBY. B nTore Bo3pacTanne TpaHuUIl OIEHOK MHOXKECTB PEIeHuit
BO MHOI'HMX H3BECTHLIX METOIAX MOXKeT OLITh O0bICHEHO HEKOPPEKTHOCTHIO
AJITOPUTMOB OIIEHUBAHUS TPAHUI] MHOXKECTB PEIeHNH

YTob6bl yCTpaHUTDL BAUSHAE TOI0, B CHMBOJILHBIX METOJAX IPOBOIUT-
CsI JTEeTAJIBHDLIN AHAJM3 MPHYWH, BBI3LIBAIOMINX POCT TPAHUIL OIMEHKH MHO-
JKECTB PEIEHNH, W BBIMOJHAETCA PEryIapU3allis aJrOpUTMa OIEHHBAHUSI.
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A H.TuxonoBbiM 66110 CHOPMYJIUPOBAHO HOHSITHE PETYJISPUIUPYIOMIErO aJi-
ropurma (Pery/sapusupyInero onepaTopa, peryjasapu3aropa) jjis HEKOPPEeKT-
HO TOCTABJIEHHON 3aJadM KaK OHOMAPAMETPUUECKOTO CEMENCTBa OMepaTo-
POB, CIENUATBHBIM 0Opa30M ANMPOKCUMUPYIONIETO ODPATHBIN OMEpaTop
00eCTIeYMBAOIIET0 TIPU COTVIACOBAHUN TTAPAMETPA ¢ YPOBHEM ITOTPENTHOCTH
HCXOJIHBIX TAHHBIX YCTOWUIMBOE BOCCTAHOBJIEHIE NCKOMOTO perrenwst [14]. s
KOPPEKTHBIX TT0 AaMapy 3ajad B KauecTBe (pOPMATLHOTO PETYISIPU3UPYIO-
IIETO AJTOPUTMA MOXKeT ObITH B34T cam obparTHbiil omeparop. pyroe me-
JIO, 9TO TAKOW aJIfOPUTM MOXKeT OKa3aThCsl HEKOHCTPYKTHBHBIM (IIPaKTHIe-
cKu Hepean3yeMbiM). [loHgTHE PeryIsipu3upyoInero aaropuTMa 0Ka3aaoch
BecbMa dbdexTuBabIM U paborocmocobubM [13], [14], [15], [16].

IIycts H, F, G— ruibbepToBbl TPOCTPAHCTBA, d— MHOYKECTBO TOYHBIX Ha-
JaJIbHBIX TaHHBIX, Hanpumep, d = {A, f, L, g}, d, — MHOXKeCTBO TpUb/IHKEH-
HBIX JIAHHBIX OCHOBHO# 33/1a4M C KOMIIOHEHTaMHU TOIO K€ THIIA, HAIPUMED,
dy = {A\, f.L, g} ,o0 = (h,d,t,7) — BekTOp TOUHOCTH (M3MEPSIFOIIMIT TIOTPeITI-
HOCTh NPUOJNKEHHBIX JAHHBIX JJIg Kaxk10ii kommonenTsl). OTobpakenue
R, craBsamiee B coorBercTBUE TpubamkeHubiM nanabiM U, C D #HeKoTopoe
HEMYCTOe MHOXKECTBO dy, OTMPEIEsIeT TPUOJIUKEHHBIN METOJT PEIeHUsT 0C-
HOBHO 3amaun. byaem obo3uauars U, = R,. Eciau BRIMIOIHAIOTCS yCIOBUAS

limo—osupucu, || Au— f |F< pa, limgy—osupueu, || Lu— g ||a< v,

TO TPUOIMKEHHBIT MeTOT R, HAa3bIBaCTCA PEryasipHbIM [15].

BekTop TounocTu manubix 0 — 0, eC/Iu BCe €ro KOMIIOHEHTHI CTPEMSITCT K
HYJTIO.

Teopema. [laa cxomumocTtu merona R, perennst OCHOBHOM 3agadn He0b-
XOJIUMO U JIOCTATOYHO, 4TOOLI MeTOJ ObLI peryssipabimM [15].

Cpenu perriennil, BXOJISIIMX B MHOYKECTBO PEITEHUit, BbIAEINM 6a30B0€ pe-
menne (Bceryia BKJIOUEHHOe B MHOXKeCTB pemterne) y (t,to,y0) € Y (¢, to, yo)
Juist roboro t € T, a Takyke IPAHUYHOE PeIIeHUe Ypound(t,to, o) Ve > 0 B
€—OKPECTHOCTHU TOTO PEIIEHUsI eCTh TOYKa, HE MPUHAIIEXKATIAsS HU OITHOMY
pemenuto u3 Y (t, to, yo)-

Heobxoanmo ompenenTsh, Npu KaKUX YCIOBUSX CYIECTBYET TDAHUTHOE
pellierre MHOXKECTBA PEIeHNnit, a TaKyKe MOXKET Jin CyIeCTBOBAaTh BHYTPEH-
HAS TOYKA, JIeXKAIas Ha TPpaHmIHOM permternn: Je > 0 d z,uter TaKOE, 9TO
d (ybounda Zouter) < €, Zouter £ Y (t, to, yO) aust moboro yo € Yo?

[Tonesro TpeaBapUTEBLHO MOCTPOUTH PErYISPU3ALUK OIMEHOK TDAHUIL
MHOXKECTB pelleHuil, nepexosd K JUMHEHHON allpokcuManuym UCXOAHON cu-
creMmbl. Peryngpmsanus ajsd 9To# 3amadm 03HAYAET MONCK WHQPOPMAIIAH O
MHOKECTBE TMOIXOISINNX I/ OIEHKU PEIeHN 1 38,JaeTCA SHAYCHUSIME C2Ka-
THUsT/ PACIIUPEHNs B 3 JAHHBIX HAPABJIEHUSIX, CMEIIEHNsI [T0 OCH BDEMEHU U
HOBOPOTA HA ONpeeeHHblii yroy [19].

MoKHO TOBOPUTE 0 AehOPMAITMN MHOXKECTBA, PEIeHull B JHHEHHOM IpH-
OJTHzKeHIH (B HEKOTOPOM CMBIC/IE HATIOMUHAS JTMHEHHY O TEOPHIO YIIPYTOCTH ).
Beckoneano Masbie BEKTOPBI, UCXOASINIE U3 MEHTPA NCXOIHOTO MHOMKECTBA,
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(nanpumep, mapa Majaoro paauyca p), nog geficrsuem addunopa (addun-
HOI'O TEH30PA) EPEXOJAT B BEKTOPbI, MCXOJSIIME U3 IEHTPA CMEIIEHHOro (1
11ebOPMUPOBAHHOTO) MHOYKECTBA. DTO 3HAUNT, YTO MIPEOOPA30BAHUE BEKTOPA
—

MM’ & Bexktop LL' npoucxomur (¢ 3aJaHHON CTENEHBIO TOYHOCTH) C MOMO-
b0 adpdunopa E + At - U, rae U— npousBoussiii ad@UHOP BEKTOPHOTO
oI CKopocTedi, a At— npomenmuii 6eCKOHEYHO MAJIBIA IePUOT BPEMEHH.

Obutacrb €2, B KOTOPO#l 3a/1aH0 BEKTOPHOE 110J1€, MOXKHO MOLEJIUPOBATL C
OMOIIBI0 HEKOTOPOI MOABIKHOM medopMupyromeil cpenpl. IlycTh BeKTOp
f(M) ommchiBaeT CKOPOCTB, ¢ KOTOPOi JBUYKETCS YACTUIA CPEIBI, HAXOJSI-
Iasicss B TaHHBIN MOMEHT B TOuke M.

Kazxmast Touka, B [19], Ha3BaHHAS YCJIOBHO YACTHIEH KUIKOCTH, OMUCHI-
BaeT OIPEIETEHHYI0 TPAEKTOPHUIO BO BPEMEHH

y1=y1(t),y2 = y2(t), y3 = y3(t).
ITpoexrum BeKTOpa CKOPOCTH HA OCH KOOPAWHAT B 9TOM CJIydae, KaK W3-
BECTHO, PaBHBI
dyi
dt’
C apyroit ¢TOPOHBI, BEKTOP CKOPOCTH COBTAIAET B KaXK0it Touke M ¢ Bek-

topom nosst f(M), a ero mpoekiun pasusl fi(M) = fi(yi1(t), y2(t), y3(t)).
Kak pesysnbrar

i=1,2,3.

dy;

dt
YacTuma KUAKOCTH, HAXOAAMAICT B JAHHONH Todke M BO BpeMmeHm, de-
pe3 GecKOHETHO MATBIf WHTEepBaT BpeMenn € = Af CMECTHUTCT HA BEKTOP
At - f(M), ecnn iperebpedh GECKOHETHO MAJIBIM HWHTEPBAJIOM BPEMEHH € =
At. majbrit 6ostee BbICOKMIT TOPstI0K. [T0CKOMBKY CKOPOCTH TBUMKEHUST KU
KOCTH 3aBHCUT OT €€ TIOJIOKEHHA, TO B MPOoIecce ABMXKeHUud CKOPOCTh, BO-
0b11ie ToBOpst, OyaeT MeraThCst. OMHAKO 32 GECKOHETHO MAJIBIH TTPOMEXKYTOK
BPEMEHU OHa YCIIeBAeT M3MEHUTHCs, HaduHasi co 3Hadenus f(M), muunb Ha
BeckoneuHo Mautyto Beanaunny. B pesynbrare At - f(M) naer nepemerrenne ¢
ommbKo# GeCKOHETHO MaI0it 60Iee BHICOKOTO OPsiKa (rpybo rosops, 6ecko-
HeuHO Masas ommOka o ckopoctu Af ymuoxkaercsa na At, Err = At- Af).

IMycts M’ — nexkoropasi TOYKa Iapa GECKOHEYHO MAJoro pajguyca p C
nearpom B M (HekoTopoe perierne Bbibupaercs B obgactu pemenuii). [loa-
YMHUTHL BCE TOUYKM mapa 3ajanaomy cmernennto 7 - f(M) no myru pernenns,
B yactHoCcTH, Touku M, M’ nepexouar B nHekoropsie Touku L, L.

Ha sroit ocHOBE MOXKHO 110/1araTh, 9T0 OECKOHETHO MaJIbl€ BEKTOPbHI, BHIXO-
JISITITHE U3 TIEHTPa OKPECTHOCTH PEIeHNi painyca p, 0OTOOPaKAIOTCS B BEKTO-
PBI, HCXOJISAIINE U3 [EHTPA CMEIIeHHOH (1 1eOpPMUPOBAHHOI) OKPECTHOCTH,
o1 feticteuem addunopa U— TUHEHHOTO 3aKOHA, MO0 KOTOPOMY KayKIOMY
BEKTOPY B TMPOCTPAHCTBE COMOCTABJIEH OMPEIEIEHHBI BEKTOP, 0603HAUAE-
Mblit y = Uz, (MaTpua mpon3BOIHBIX ).

Ho pesysnbprarom npumenenus takoro adpdunopa dyner gedopmaliys, co-
snamnas adgdunopom E + At - B, m moBopoT mof BaugaueM adduHopa

:fi(ylay27y3)7 Z:172a3
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E + At - C. B arom ciyuae byj, c;j— CUMMeTPUYHAS U KOCOCHUMMETPUYHAL
qactu adpdrHOpPa

1/0a; Oaj
bij = = (= + =2
i 2(8%— + ayi)’ (9)
1 8ai 80,]'
== — ). 1
i 2(6yj 8y1> ( 0)

[Monp3ysich kuHEeMaTHUECKUM 00bsicierrneM Parmmesckoro [19], moyanMm, aro
00beMHOE PACIIMPEHne MPOUCXOIUT C HYJAEBOH CKOPOCTLIO, T.€. JI00as 00-
JIACTb TTPOCTPAHCTBA, 3aI0JHEHHAS YaCTHIIAMU KUIKOCTU B HATAJIBHBIN MO-
MEHT, CMeIaeTcs u aeOpMUPYETCsS CO BpEMEHeM, He MeHsis CBOero obbeMa
(9T0 JTIErKO 060CHOBATH 17T GECKOHETHO MAJIBIX KAIEJb KUTKOCTH, & TIEPEXO0]T
K KOHEIHOMY 06beMy TpebyeT MOMOTHUTEIbHBIX necaenoBannii). Jdedopma-
st (n3MeHenue bopMbl) obmacTu perennst AuddepeHnnaabHbIX YpaBHEHU
[OPOUCXOJIUT C YBEJTUUYEHNEM BPEMEHHU.

e —

Takum obpazom, npeobpazosanue sekropa MM’ B BexTop LL' npoucxo-
qut (C 337aHHON CTeneHb ToYHOCTH) ¢ nomompio abdunopa F + At - U,
rie U— npoussomsbiii adpdUHOP BEKTOPHOTO 10 CKOPOCTH, a At— — Oec-
KOHEYHO Majblil mepuon Bpemenu. JleficrBue Takoro adpuropa obpasyer
ancTyo gedopMmaruio, mopoxkaeruyw addunopom FE + At - B, u Bparie-
Hue ¢ nomoipio adpdunopa E + At - C. Ilpu srom B, C'—cumMerpudHas u
KococuMmMeTpudHad dactu adpdpunopa U.

4 3akJjroudyeHue

Hnst venuueitabix cucrem OJLY mudpdepeHImalbHbIX ypaBHEHNH TOCTPO-
eHne MHOXKECTB PeIeHnii 3aBUCHUT OT CJIOYKHOTO XapakKTepa MHOXKeCTBa pe-
mennit OJIY ¥ HeBO3MOXKHOCTY yUeCTh TIOBEIEHWE KayKIO0TO W3 PENTeHui,
BXO/JIAIIMX B 9TO MHOXKECTBO. ['panmniibl MHOXKecTBa pereruii OynyT 3aBu-
CeTh OT MHOTMX XaPAKTEPUCTUK MHOXKECTB PEIEHUI — HATIPUME]D, HAJTHINsT
CeJIJIOBBIX TOYEK, TOUEK BO3BpATa, ToO4YeK OudypKaIuil, JMXOTOMIUH CIIEKTPA
cobcTBeHHBIX 3HAYEHUN audPEePeHIuaIbLHOTO OIePaTOPa, HA KOTOPBIE MO-
KET BIAMATH BO3MYyINAmee (YIpaB/siomee) BO3AefCTBIe, HHOTAA, SABJISIO-
meecd wernmaakoit pyuxnmeii. [losromy B crarbe moxkazana 3dpHEeKTUBHOCTH
onpesienenns (OPMYIIbI PEITEHNIT, BATNCAHHON B CHMBOJIBLHOM BHIE. DTO O3~
BOJILIET BBIYMC/INTD I'PAHUYHbBIE TOUYKNU MHOXKECTBA PEIIEHUH, UCIIOJIb3Ys ITY
dopmyity. I'pannuanbie Toukn OynyT HaMAEHBI KAK YKCTPEMYMbI CUMBOJIBHBIX
BBIpAYKEHUIl, YIUTHIBAIOIINE JTHOO HAMPAB/ICHUST KOOPAMHATHBIX Oceii, Jubo
WHbIE 33 aHHbIe HanmpaBerus. [lo 3a7anHoMy HaAOOPY TPAHUYHBIX TOUEK BO3-
MO2KHO OIUCATH MHOXKECTBO, BKJIIOUAIONIEE MHOKECTBO PEITICHM.

B uTore M0:xHO peasn30BBIBATE JBa BapuaHTa — JUOO OMUCHIBATH 3HAYE-
HUsT TPAHUIHBIX TOBEPXHOCTEH B HAGOpE JUCKPETHBIX TOUYEK (HA CeTKe), JIu-
60 BBIYUCIATH UX ONEHKN MAaKCUMAJIbHBIX 3HAYEHUN B HAIPABJIEHUSIX KOOD-
JUHATHBIX OCEH, HAIIpUMEp, MAKCUMYM B JIIOOOM BBIODAHHOM HAIPABJIEHUU.
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IIpeaBapurenbHO 10JIE€3HO CTPOUTH PETYJASPUBAIMUIO OIEHOK I'PAHUI] MHO-
JKECTB PEIIeHnil, MePEX0/isd K JUHEHHOMY MPUO/IMKEHUIO UCXOIHON CUCTEMBI.
Ilox peryaspmsarueil moHIMAaETCs HAXOXKIECHAE MHPOPMAIINE O MHOXKECTBE
TOYHBIX pelieHnii. B HEKOTOPOM CMBICTIE MOXKHO TOBOPHUTH O MCCAEIOBAHUMN
aeopMaIum MHOXKECTBA PeIlleHri B JUHEHHOM ITpHOINKEHNN.

VYauThIBag 3Ty HHMOPMAINIO O XaPaKTEPUCTUKAX MHOYKECTBA, PeIIeHMi
cucrem OV mon neificTBueM BO3MYVINEHUH, B aJCOPUTME MOAOUPAIOTCA Ha-
OpaBJICHUA U3MEHEHWN PEelIeHUH 110/ BJIUAHUEM BO3SMYIIEHUI B COOTBETCTBUN
CO 3HAYCHUAMMU XAPAKTEPUCTHUK.
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