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Abstract: This paper presents a model of filtration process in
a fractured porous medium. The filtration velocity in a porous
medium is described by Darcy law, and in fractures is described by
Forchheimer law. To describe filtration through fractures on a fine
grid, Discrete Fracture Model (DFM) is used. To reduce the size
of the discrete problem, Online Meshfree Generalized Multiscale
Finite Element Method (Online MFGMsFEM) is developed. The
results of numerical calculations showed higher accuracy relative
to the offline multiscale method.

Keywords: filtration process, fractured porous media, Forchhei-
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1 Introduction

Traditional approaches to modeling fluid flow through porous media are
based on Darcy’s law, which describes laminar flow conditions. However,
in geological formations, the presence of fractures can significantly alter
flow dynamics, often resulting in high-velocity fluid movement that exceeds
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the assumptions of Darcy’s law. In such cases, Forchheimer’s law becomes
relevant, accounting for the inertial effects that arise in non-laminar flow
conditions [1].

In this study, we present an approach that integrates Darcy’s law for flow
through porous media with Forchheimer’s law for flow through fractures. By
addressing the distinct flow laws in these two domains, we aim to enhance the
understanding of filtration processes in heterogeneous media. Our approach
involves the development of a mathematical model that combines Darcy and
Forchheimer flow regimes, allowing for a more correct prediction of fluid
behavior in complex fractured porous structures.

The Forchheimer model is a complex and nonlinear, which makes direct
simulation computationally demanding, particularly for large-scale applica-
tions. Efficient solvers are therefore essential for accelerating forward simula-
tions of these nonlinear systems. This study aims to address this need by
developing solvers to enhance computational feasibility for applications.

In fractured media, high-resolution grids are critical for capturing multi-
scale variations, leading to increased computational costs due to the high
number of degrees of freedom. Model reduction techniques are essential for
managing these demands. Various local multiscale model reduction methods
have been proposed, including upscaling techniques [2, 3] and multiscale
approaches |4, 5|, which have shown promise in reducing computational cost.

To address nonlinear problems, the GMsFEM incorporates an efficient
online basis strategy, as exemplified by the online GMsFEM [6]. Instead of
frequently updating computationally expensive offline basis functions, this
approach adaptively introduces basis functions that minimize the residual
in each local domain. By generating local online multiscale basis functions
based on residual data, this method reduces dependence on an extensive
offline basis while achieving faster error reduction. This approach improves
accuracy with fewer basis functions and effectively accommodates temporal
variations in coefficients, enhancing computational efficiency.

Based on GMsFEM |7, 8, 9, 10], this study applies the meshfree approach
MFGMsFEM [11, 12, 13, 14, 15], facilitating efficient handling of complex
geometries and heterogeneous domains to enhance simulation performance
and computational efficiency. Using a finite element method approximation,
we present numerical results for a two-dimensional fractured domain, specifi-
cally examining the impact of nonlinearity on Online MEFGMsFEM accuracy.
While multiple online strategies can address nonlinear problems, our focus
here is on a simple, efficient approach.

The paper is organized as follows: Section 2 presents the problem formula-
tion, while Sections 3 and 4 outline the proposed methodology. Section 5
discusses the numerical results, and Section 6 concludes with a summary.
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2 Problem formulation

In this paper we consider the problem of modeling the flow of a single-
phase fluid in fractured porous media. The mathematical model is described
by a coupled system of parabolic differential equations for the pressure py,
in the porous matrix €2 and the pressure ps in the fractures v (Fig. 1)

Opm
Cm gt +v'(vm)+Tmf(pm_pf):gmv era
1)
Op (
Cffatf + V- (vf) + Tng(pr — pm) = 95, T €7,

where ¢; is the media compressibility coefficient, v; is the velocity (i = m, f),
g; is the source term and T, ¢ is a mass transfer coefficient.

Fig. 1. Computational domain € with fractures ~.

In the system (1), the fluid velocity vy, in porous medium 2 is described
by Darcy’s law

km
Uy = —— VD, 2
. (2)

where k,, is a porous medium permeability and p is a viscosity.
We assume that the fluid is filtrating at high velocity through the fractures,
so we will use Forchheimer’s law (for more details, see [16])

KF
vp = —/Epf) Vpy, (3)
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where KT (pf) is a Forchheimer permeability, which is described by the
following formula

2%
K (pg) = 4; = , |Vpgl=+/Vps-Vpy. (4)
1+ 4/1+ =L Vpy|

Here k; is the fracture permeability, p is the fluid density and 8 > 0 an
inertial coefficient.

By putting (2) and (3) into the system (1) taking into account (4) we
obtain the following system

OPm Ko -
me - V- (qum> + Tmf(pm —pf) =0gm, <IE Q,

8pf_v.<KF(pf)

The system of equations (5) is supplemented by initial and boundary
conditions

bi = Po, t= 07 (6)

pi =pp, T €E.

Note that the coefficient 8 is an indicator of the nonlinearity of the
filtration rate vy. When 8 = 0 we obtain Darcy’s law with KF = ky.

3 Fine-grid discretization

For spatial approximation on a fine grid, we use the continuous finite
element method with the usual linear basis functions (FEM). For the fractures
accounting we use the discrete fracture model (DFM) [17, 18|. Thus the first
equation in the system (5) will be discretized in two-dimensional space for
the porous matrix and the second equation in one-dimensional space for the
fractures. Next, we will make the transition to a model with one pressure. Let
the characteristic time of mass exchange between the pressures in the pores
and fractures significantly exceed the characteristic times of the filtration
processes. This means that T,,; — oo, pm — p, py — p, where p is the
total pressure of the system. Adding up the equations of the system (5) and
setting pm = py = p (see [19]), we obtain the following variational problem:
find p € H(Q) such that

m(%,v)—i—a(p,v):f(v), Yo e HY(Q), (7)
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where
m=my+mz, a=a;+az, [f=f1+f,
o \_ 4 9 _ / op
ml(at,v) = /cm 8tvd$, mg(at,v) =a [ c atvals,
Q ¥
ko, KF
apo) = [ (MVp,W> o, asfp.v)=a | < ;p)vp,w) ds, 8
Q Y

fi(v) = /gmvdx, fa(v) = a/gfvds.

Q Y

Here, when integrating over fractures 7y, we take into account their aperture
.

Let us define an uniform, for simplicity, time grid w; = {t" = n1, n =
0,1,..., Ny — 1, 7Ny = tyas}, where 7 - time step, N; - number of time
steps and t,,4, - solution time. Here we use implicit time discretization for
the problem (7). Then we obtain the following variational problem: find
p"tt e HY(Q) such that

pn+1_pn
— V) +a(" )= f(v), Yve HY(Q), n=0,1,...,N; — 1,

(9)
where p" = p(t"). Here in as(p,v) for nonlinear coefficient K*'(p) we use
Picard iterations method

o
az(p"tv) = a/ (K;MVP”“,VO ds,

v

m( -

where j is the index of iterations. Thus, at each time point n 4+ 1 we also
solve the problem (9) until the completion of the iterations according to the
following criterion

7! —
TP

where ||ul| ;1 = 1/ [o(Vu, Vu)dz. In our implementation, we took e = 1%.

At the beginning of iterations j = 0, we took p/ = p”, and at the end of the
iterations we set p"t1 = p/t+1.

We build an unstructured mesh 7, and construct discrete function space
Vi, C V. Then we use py, = (Ph1,Ph2; - - - ,ph,Nf)T to denote the vector of
the required unknowns, where Ny — the number of fine mesh vertices. Next
we write the following matrix form for the fully discrete system

-100 < €,

pptt —py
M Tho gt — R (10)
T
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where
M = {my}, mi;=mi(¢;,¢) +ma(ds, i),
A={aij}, ay=ai(dj, ¢i) + as(dj, di), (11)

A~

F={fi}, fi= fi(¢i) + fo(os),

where ¢; — two-dimensional and ¢; — one-dimensional fine-scale piecewise
linear basis functions for the porous medium and fractures.

4 Meshfree GMsFEM

The algorithm of MFGMsFEM can be divided into two stages: offline and
online. In the offline stage, we construct multiscale basis functions that take
into account fractures. The basis functions are computed in local domains
S;. In offline stage we have the following steps

(1) Generation of meshfree coarse-scale partitioning (point cloud).

(2) Computation multiscale basis functions and construction a multiscale
offline space.

(3) Building a projection matrix into the multiscale offline space.

In the online stage, the fine-grid system is converted to a coarse grid
system using the resulting projection matrix. As a result, the problem (8) is
solved as a coarse-scale problem. In online stage we have the following steps

(1) For the current time step, project the fine-scale system to the coarse-
scale using the multiscale projection matrix.

(2) Solving the coarse-scale problem.

(3) Reconstruction the solution on the fine grid also using the multiscale
projection matrix.

(4) Moving to the next time step.

4.1. Multiscale basis functions. In MFGMsFEM we use a point cloud
instead of a structured coarse grid. The point cloud is built on top of a
fine mesh, so it is convenient to construct it relative to the most meshfree
methods.

Let Sy be a partition of the computational domain €2 to the point cloud
so that Q C Ufil S; and suppose that each coarse element .5; is partitioned
into a connected union of elements of a fine grid (see Fig. 4). Let {:L‘Z}l]i 1 1s
the coarse-scale nodes, where N denotes the number of coarse nodes. Here,
the coarse elements 5; are the supports of basis functions

Si={yeRY :|y—ai|<r},

where r; is radius of coarse element S;.

To calculate the location of nodes z;, we use the version of CVT (centroidal
Voronoi tessellations) proposed in [20]. An important point here is the choice
of the distribution density function. Here we calculate the distribution density
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FiG. 2. Point cloud illustration obtained with the centroidal
Voronoi tessellations method.

function p(z) of a random variable taking into account the fractures. Next,
we use the algorithm proposed in [21] for finding the radii r; for S;.

We denote the basis functions by 1); 5, which is supported in S;, and
the index k represents the numbering of these basis functions. In turn, the
solution will be sought as

pe(®) =D cintbin(x). (12)
ik

Once the basis functions have been identified (see the next section), the
global coupling of the CG is given through the variational form

pZ:H_l - p? n+1 _ _
m(f,v) +a(pl™,v) = f(v), YveVog, n=0,1,...,Ny—1,

(13)

where Vg is multiscale function space.

Local basis functions. To construct the offline space Voifi, we solve the
following local eigenvalue problem in each S;

A\I/OH — )\OHB\IIOH’

where A and B denote similar fine-scale matrices as

Ko kf_ - o
A= {aij}, aij = / <V¢j, V(m) dx + Oé/ <fv¢j, Vgﬁz) dS,
S 14 ~5 1%

o kp oo o
B = {bij}, bij= /s <M¢j7¢i> dr + a/s (;%‘,eﬁi) ds,
Y
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where ¢; and ¢; are fine-scale basis functions for the matrix S; and fractures
~5i subdomains. Note that we use k ¢ here instead of K F since offline basis
functions only take into account spatial heterogeneity without the nonlinear
part.
For definition of the multiscale basis functions, we select the first M
eigenvectors w,fi, k =0, ...M corresponding to the first M smallest eigenvalues.
Global formulation. In the meshfree multiscale method the shape func-

tions W;(z) defined in S; form the initial coarse space
Vo™t = span{W;(2)}iL,.
Here the shape functions W;(x) are defined as

¢i(x
Zj:l ¢j()
where ¢;(x) are kernel functions, which here are cubic splines
2/34+4 (r—1) r? r < 0.5,
o(r) =24 4/3 (1—r)3, 05<r<1,
Oa 1< r,

where r is the normalized distance.
Accordingly, by multiplying the form function W;(z) by the eigenvectors
wlfi’ we obtain the basis functions in the offline space Vg

¢i,k:WiwkSi, 1<i<N,1<k<M,

where k is an index of the eigenvector. Next, we construct the spectral
multiscale space

Vog =span{ey; 1 1 <i <N, 1<k <M}
Also, for further use, an operator matrix is constructed

RT — [wl)' "711Z)Nc}7

where N, = N - M and 1); are used to denote the nodal values of each basis
function defined on the fine grid.
The transition matrix R is then used to solve the following system on the

coarse scale
n+1

N
MPe—Pe 4 At R, (14)
T

where
M.=RMR", A.=RAR", F,=RF.

After solving the system (14), we can go from a coarse-scale solution to a
fine-scale solution using also the transition operator R and the solution p.

pitt = RTpit (15)

n+

where pt! is a fine-grid projection of the coarse-grid solution.
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Fic. 3. Illustration of offline basis function. Left: shape
function W;(z). Center: eigen vector w,‘?. Right: offline
multiscale basis function 1; .

4.2. Online enrichment of multiscale space. In the online stage of
GMsFEM, the projection matrix R, is updated at the n-th time step by
incorporating online residual-based multiscale basis functions.

For predefined heterogeneities and fracture distributions, a fixed projection
matrix R is used initially (n = 0), and the system is solved without updating
R; at every time step. However, from the first time step (n = 1,2,...), the
multiscale space is enriched by adding online residual-based multiscale basis
functions ¥ calculated locally in S; using current residuals. This enrichment
updates the projection matrix to:

(R)T = [1, ..., 0N, 04, .., 0]

where N, = N - M, N denotes the number of coarse nodes, M the number of
offline basis functions on each S; and [ denotes the index of online iterations.
The process can be repeated by changing the online basis functions at every
n-th time step for | = n or at selected intervals (e.g., every 5th time step) to
control the computational load. This enrichment of the multiscale space with
online basis functions allows achieving adaptive accuracy and computational
efficiency, especially for nonlinear problems with time variability.

Construction of the local residual based online multiscale basis functions
is based on the solution of the following local problem in S;:

!
m(%,v) + a(®L,v) = r(v),
0 (16)

p

r(v) = f(v) +m( ,0) = a(p!,v),
where r(v) is the residual, p! is the solution obtained by solving the system
(14)—(15) with R.

The problem (16) is supplemented by zero Dirichlet boundary condition
<I>£. = 0 on the 05;. Finally, we obtain an online multiscale basis functions by
multiplication on the partition of unity function (shape function) 9% = x,;®!
(Fig. 4).
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Thus, the general algorithm of the online stage at each time step is as
follows (we will update R; at every 5th time layer)
o If n%5 = 0:
— Calculation p' by solving (14)-(15) with R.
— Contruction R; by solving problem (16) using p'.
— Using R; solve (14)—(15).
e Else: Using R; solve (14)—(15).
e Transition to the next time step.
Note that we use Picard iterations only when solving problem (14)—(15) using
R;.
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FiG. 4. Hlustration of online basis function. Left: fine grid of
local S; with fractures (red). Center: local function ®!. Right:
local online multiscale basis function ..

5 Numerical results

In this section, numerical results are presented to test the proposed mesh-
free multiscale approach to solve a nonlinear 2D problem of single-phase
filtration problem with discrete fractures. For Forchheimer law, we test an
inertial coefficient with different values 8 = 0, 1 and 1000. Note that, for
$ = 0 we obtain Darcy’s law with linear permeability K = k I3

For numerical experiments of the model problem, we use the following
parameters ¢,, = 1.0e —8, ¢y = 1.0e — 8, k,, = 1.0e — 12, ky = 1.0e — 5,
a=0.01, p=2850, gm =20, gr =0, pp =40.0e6, pp = 30.0e6, 7 =1 day,
T = 360 days. The fine grid has 53875 vertices and 106947 elements. For
multiscale method we use N = 256 coarse-scale vertices.

In the numerical results, we call the solutions obtained by the meshfree
multiscale method using only offline basis functions the offline solutions,
and the solutions obtained by the meshfree multiscale method with offline
and online basis functions the online solutions. Also, we call the solutions
obtained by the finite element method on a fine grid the reference solutions.

Figures 5, 6, and 7 show the solutions at the final time for g = 0,
B = 1, and f = 1000, respectively. Note that for a large value of g =
1000, Forchheimer’s law applies and the flow velocity in fractures decreases
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significantly. Here, for the meshfree mutiscale method, we use 2 offline basis
functions M = 2 on each local S;. In the offline multiscale method, the
degrees of freedom are 512 (DOF, = 512). In the online multiscale method,
we use DOF, = 768, since we use 2 offline and 1 online basis fucntions
on each S;. As we can see, the online solutions are similar to the reference
solutions.

F1G. 5. Pressure at the final time for g = 0. Left: reference
solution. Center: offline solution with M = 2. Right: online
solution with M = 2 and 1 online basis functions.

Fi1G. 6. Pressure at the final time for 8 = 1. Left: reference
solution. Center: offline solution with M = 2. Right: online
solution with M = 2 and 1 online basis functions.

[—

To numerically evaluate the accuracy of the meshfree multiscale method
with and without online basis functions, we compare solutions by multiscale
methods with reference solutions using the following norms

ur —ua| e

[lur — ual|
llellp2 = =
27 Tl

2100, |le]|g = - 100,
H [ual] g

where [|ul|;2 = 1/ [ udz, ||u]| 1 =/ Jo(Vu, Vu)dz, uy — reference solution
and ue — multiscale solution. In Table 1, we present the Lo and Hj errors
between the reference solution and the multiscale solutions at the final time
T. Here, we see a good agreement between the multiscale solutions and the
reference solutions. We also observe that the errors decay as basis functions
are added to each local S;.
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FiGc. 7. Pressure at the final time for 5 = 1000. Left:
reference solution. Center: offline solution with M = 2. Right:

online solution with M = 2 and 1 online basis functions.

For the online method, we update of the online basis functions every five
time steps. Adding online basis functions can significantly improve accuracy.
For example, for 5 = 1 if one adds online basis functions to four offline basis
functions, one obtains the following result the relative H' error decreases
from about 7.24% to 1.32%. Thus, one obtains better accuracy with fewer
degrees of freedom DOF..

M Offline Online
DOF, | lelly | llelly | DOF| lell2 | llellgn
1 256 7.17 96.53 512 2.27 47.64
B=0 2 512 0.98 31.83 768 1.4e-02 3.06
4 1024 5.6e-02 7.25 1280 4.4e-04 0.25
8 2048 1.6e-03 1.03 2304 3.9¢-05 | 4.6e-02
16 4096 1.8e-04 0.23 4352 7.02¢-06 | 1.4e-02
1 256 2.26 60.34 512 0.49 32.48
B=1 2 512 0.43 28.83 768 1.75e-02 4.45
4 1024 4.6e-02 7.24 1280 3.13e-03 1.32
8 2048 4.1e-03 1.67 2304 3.02e-04 0.39
16 4096 1.3e-03 0.83 4352 1.2e-04 0.22
1 256 0.93 54.1 512 0.63 47.45
3 =103 2 512 0.53 41.08 768 0.16 30.62
4 1024 0.36 32.63 1280 3.24e-02 17.92
8 2048 9.4e-02 | 24.32 2304 1.26e-02 10.3
16 4096 1.8¢-02 | 16.01 4352 2.5e-03 6.66

TABLE 1. Error at the final time.
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6 Conclusion

This paper introduces an effective model for simulating the filtration
process in fractured porous media by integrating Darcy’s law with Forchhei-
mer’s law. We developed an online multiscale approach based on the Genera-
lized Multiscale Finite Element Method (GMsFEM) to enhance solution
accuracy. In this approach, online multiscale basis functions are computed by
solving local problems derived from the residual, allowing adaptive refinement.
The use of the Online Meshfree GMsFEM significantly improves calculation
accuracy, as demonstrated by numerical experiments showcasing the efficiency
of our algorithm, particularly in the online enrichment of the multiscale
space. This method has proven effective for solving flow problems in complex,
fractured, and heterogeneous media, offering valuable insights for analyzing
filtration processes in intricate geological settings with discrete fractures.
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