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Abstract: The paper considers the problem of nonparametric
regression, which consists in estimating the derivative of the regres-
sion function, when the values of the regression function are obser-
ved with an accuracy of random errors in some known set of
fixed or random points (regressors). The solution of this problem,
including methods of kernel smoothing, is devoted to an extensive
literature. In the paper, the consistency of a new class of locally
linear estimators is studied, while a more general condition on
the regressors is used. With respect to the regressors, it is only
required that they asymptotically densely fill the domain of the
regression function. This condition includes both the case of fixed
regressors, without the requirement of regularity, and the situation
of random regressors, but without the assumption of some form of
weak dependence of quantities or the fulfillment of ergodic proper-
ties.
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1 Bsenenue

PaccmaTpuBaeTrcs ciegyromast MoOJIe/b HelapaMeTPUYeCKON perpeccuu:
Jaubl Habmonenns (orkiauku) X, ..., X, KOTOpble IPeJICTABUMbI B BUJIE

Xi:f(zi)—{—si, 1=1,...,n,

rJie JIOCTATOYHO IuIaJKast ckajspHas yukuus f(t), t € [0,1], nHeussecTtHa,
HeHabJII0/1aeMble [TOIPEITHOCTH {&;} SIBJISIIOTCS IIeHTPUPOBAHHBIMHI CJIydaii-
HBIMHU BEJIMUUHAME, PErpeccopbl {z;} MOTYT ObITH KAk CJIydYailHbIME, TAK W
JIeTEPMUHUPOBAHHBIMU, UX 3HAYEHKUS HAM U3BECTHBI. TakuMm 06pasoM, ¢ TOY-
HOCTBIO JI0 CJIyYaliHbIX HOrpertHocTeil Hab/onaores 3uadenust { X; } perpec-
cHOHHOI (yHKIuM f B HEKOTOPOM H3BECTHOM Habope ee aprymMeHToB {z;}.
Bajiada cOCTOUT B TOM, 9TOOBI 10 3aaHHbIM mapam {(z;, X;); ¢ =1,...,n}
OLIEHUTH POoU3BOAHYI0 f' perpeccuonnoil pynknuu f.

OrneHrBaHme TPOM3BOHON PErpecCHOHHON (dyHKIMK (HAPSILy ¢ OlleHUBa-
HEEeM caMoil (yHKIMN) UIpaeT BayKHYIO POJIb B aHajm3e (CM. MoJpOOHOCTH,
Harnpumep, B [1]-[5]). Permennto sroit 3amaiu mocssiiena obmupHas JuTepa-
Typa (cM., HarpuMep, 6ubmorpaduio paboThl U CCHIIKH B YKA3aHHBIX I1y0-
mukarysx). Haanaas ¢ 60-x rogoB, B HemapaMeTPHYECKOl PErpeccuul Iin-
POKO UCIIOJIB3YIOTCSI METOIbI IJIEPHOTO CrlazkKuBaHusi. [1omyIsipHbl sijiepHble
OICHKI U B 33/1at€ OICHIBAHUS IPOM3BOHBIX PErPECCHOHHON GyHKIWHA (CM.,
HanpuMep, HejgasHue mybsaukamuu [6]-[19], a rakxke Gosiee panHue pabOTHI
[20]-[29]). MeTomp! si/iepHOrO CriIa’KMBaHMsI OTHOCSAT K OJHOMY M3 OCHOBHBIX
HOJIXO/IOB B 3a,/1at€ OIeHIBAHNUS IIPOU3BOIHBIX PErPECCHOHHON DYHKINH (CM.,
nanpumep, [1]-[5]).

B paccmarpuBaemoii 3a1aue HEIapaMeTPUIECKOH Perpeccu HaC MHTEepe-
CyIOT YCJIOBHSI HA Perpeccopbl. B m3BecTHBIX HaM PabOTax, MOCBAIEHHBIX
OIEHUBAHUIO [TPOM3BOJHBIX PErPECCUOHHOM (DYHKIIUM, MOJIE/IHN C JIETEPMUHNU-
POBAHHBIM U CJIyYalHBIMU PETPECCOPAMHU IIPUHATO PACCMATPUBATE OTJIETHHO
(cm., manpumep, [1]-[36]). Ecau perpeccopst dbukcupoBanbl, TO mpe/iosiara-
eTCsl B TOM UJIM WHOM CMBICJIE PETYJISPHOE 3AI0JIHEHUE STUMU TOYKAMU 00~
JIACTH 3aJIaHusi perpecCHoHHoil dyHKImu (cM., Hanpumep, [3], (9], [11], [12],
[21], [22], [24], [29], 33], [35]). B curyamun ciyuaiinsix perpeccopos 6o
[PEJIIIOJIArAeTCs, YTO ITU BEJIMIMHBI HE3ABUCUMBI U OJJMHAKOBO DACIIPEJIeIe-
ust (2], [5], [8], [10], [13], [16], [19], [25], [26], [27], [31], [32], [36]), b0 mis
3a/IaHUsT PErPECCOPOB UCIHOJIB3YIOTCS T€ UM UHBbIE (DOPMbI CJIa0O0 3aBUCH-
MOCTH CJIy9aiiHbIX BEJIMYMH WJIU YCJIOBUsI IPTOJUIHOCTH (CM., Hanpumep, [6],
(141, [13], [17], [18], [23], [28]).

B pabore uccienyorcst HoBble YHUBEPCAJIbHbIE JIOKAIbHO-THHEHHBIE 51/1eP-
HbIE OIEHKH JIJIs IIPOU3BOIHON PerpecCuoHHof (hyHKIUE, IIPU 3TOM UCIIOJb-
gyercst Gojiee o0Iee n 00JaaoNee PsAJOM MPEUMYIIECTB YCJIOBUE Ha pe-
I'PECCOPBI, YeM U3BECTHBbIE paHee B 3TOil 3amade. B pabore cemeicTBO pe-
I'PECCOPOB TIPEJICTABIIsIeT CO0O0i CiydaiiHble BeJUYMHBI B CXeMe CepHii, a B
KavecTse IapamMeTpa Cepur BbICTyIIaeT obbeM Habmoenuii. [lociearee mos-
BOJISIET BKJIIOUUTH B PACCMOTPEHHE B KaueCTBe YaCTHOIO CJIydasi U MOJE/In
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¢ JIETePMUHUPOBAHHBIMU perpeccopamu. JlokazaHa coCTOATEILHOCTh HOBBIX
YHUBEPCAIBHBIX JIOKAIHHO-THHEHHBIX sIIEPHBIX OIEHOK JIJIsT IIPOU3BOIHON pe-
rpeccuonnoi gpyaknuu. IIpu 3TOM OTHOCHTENHLHO HAOOPa PErpeccopoB Tpe-
Oyercst JIUIIb, 9TOOLI 9TU BEJUIHHDBI ¢ BBICOKOH BEPOSTHOCTHIO 00PA30BbIBA-
JI U3MeJThIaloneecs pasbuenne obJIacTi 3aaHKsi PErPpecCUOHHOM (DYyHKINN.
Jannoe ycjioBue B TepMUHAX IJIOTHBIX JAHHBIX SIBJISIETCS 110 CYIIECTBY HEOD-
XOJIMMBIM JIJIsl BOCCTAHOBJIEHHS PErPECCHOHHOM (DYHKIIUU U €€ IPOU3BOIHDIX.
OHO yHUBEPCAJIBLHO OTHOCUTEIHHO IIPUPOJIbI KOPPEJIAIUE PErPECCOPOB U T103-
BOJISIET B €JIMHOM TIOJIX0JIE PACCMATPUBATh MOJIEIH C JeTEPMUHUPOBAHHBIMU
U CJIy9aifHBIMU Perpeccopamu, pu 3ToM 6e3 TpeOOBaHUsT PEryJIsiPHOCTH U
c/1aboit 3aBUCUMOCTH, 9TO OCOOEHHO BAaYKHO JIJIsT TIPUJIOXKEHHIA.

OTMmeTnM, 9TO MCCIIeI0BATH HOBbIE YHUBEPCAJIbHBIE sIJIEPHBIE OIEHKH TIPU
6JIM3KUX K MUHUMAJIBHBIM OMPAHMYEHHUSIX HA PErPECCOPBl BO MHOTOM ylaeT-
cs1 G1aroyiapst CreluaaIbHON CTPYKTYPe 9TUX OIEHOK, COJIeprKalleil KOHCTPYK-
UK CYyMM OIIPEJIeIEHHBIM 00pPa30M B3BEIIEHHBIX HADJIIOIEHNIT CO CTPYKTY POl
HHTErpajbHbIX cyMM Pumana. KoHCTpYKIMN MHTErpaabHBIX CyMM OTKPbIBa-
0T BO3MOYKHOCTD HCCJIEJIOBATH ACUMIITOTHYECKHE CBOIICTBA ONEHOK 3a CYeT
6JIM30CTU MHTErPaJIbHBIX CYMM U COOTBETCTBYIONIMX MHTEIPAJIOB, & He Ipe-
JIEJIbHBIX T€OPEM TEOPUH BEPOSTHOCTE!.

Panee 61u3K1e yCJI0BUS B TEDMUHAX [IJIOTHBIX JAHHBIX OBLIH TIPEIIOKEHBI
B [37]-[46] B 3a1a1€ OrleHEBaHMS pErPeCCHOHHON DYHKINY, a TaKKe QyHKI
CPEJIHETO M KOBAapUAIMU HENPEPBIBHOIO Cjrydaiinoro nporecca. Ha nepsbiii
B3IV B CJlydae, KOIJIa M3BECTHA HEKOTOpPas OINEHKa JJIs PErpecCHOHHOI
GyHKIUU, UMeeTCss MPOCTEHINMii 1IyTh MOJy9YeHUusT ONEHKHU JJIsd [TPOU3BOJI-
HOI 9TOI pyHKIUU, cocTosANUN B AU(PDEPEHIIMPOBAHUY OIEHKH JIJIs CAMOit
dyuknuu. Ho Takoit BapuaHT OIEHUBAHUSI TOIUTCS, [0-BUIUMOMY, TOJIBKO B
UCKJIIOYUTE/bHBIX CIydasaxX, U He FapaHTUPYeT «XOPOIIei» ONEHKU IS IPO-
U3BOJHOM Jlazke B CJlydae, KOIJla PerpecCuoHHasi (DYHKIUsT OlEHEeHa «OYeHb
xopoio» (cMm. komMenTapuu, Hanpumep, B [1], [30]). Tak gro ykasanublit
POCTERIINH yTh HEe PelraeT IOCTABIEHHON 3a/1a91 B JIOCTATOYHO IMUPOKKUX
YCIOBUSIX.

Pabora ycrpoena ciepyiomum o6pa3oM: B pasjelie 2 NPUBEIeH OCHOBHON
pe3y/IbTaT, JOKA3aTeILCTBO KOTOPOIO OTHECEHO B pa3jies 3.

2  OcHOBHOII pe3yJibTaT

Hawm norpebyercs psim ycjaoBuit Ha mapamMeTpbl MOJIEJIN.
(M) Haubr nymepnsble Habmmonenus {(z;, X;); ¢ = 1,...,n}, upexcrasu-
MBI€ B BUJIE

X‘:f(zi)—i—ei, 1=1,...,n, (1)

rie f(t) — memsBectHas 3agannas Ha [0, 1] HenpepsiBHO nuddepeniupyemast
cKaJisipHast PYHKIWUS, caydaiiable norpermuoctu {€;; ¢ = 1,...,n} Henabio-
JlaeMbl, HabOp Perpeccopos {z;; ¢ = 1,...,n} cocrout u3 caydailHbIX Beju-
YMH, BOOOINE IOBOPsi, ¢ HEM3BECTHBIMU PACIIPEICICHUSIMU, HE 00S3aTeIHHO



OLIEHKMU JJIsI TIPOU3BOJHON PETPECCHUOHHOW ®YHKIIUU 1385

HE3aBUCHUMBIX UJIN OJIMHAKOBO pacipeeeHHbIx. [Ipemnoraraercs, 9To ciry-
vaiiHble BeJUIUHBI {2;; 4 = 1,...,n} MOryT 3aBUCETDb OT N.

Samevanue 1. Yciosue (M) Bkiodaer B cebsi U CUTYaIMO (DUKCHPOBAH-
HBIX perpeccopoB. Orpesok [0, 1] B KauecTBe 06J1aCTH U3MEHEHUsI PEIPECCO-
POB MBI pacCMaTpuUBaeM UCKJIIOYUTE/IBHO C IEJIBIO IIPOCTOTHI U3JIOZKEeHU .

(E) ITpu Bcex n > 1 cayuaitabie norpemsoctu {&;; ¢ = 1,...,n} ¢ BeposT-
HOCTBIO 1 1Ipu Beex 4, ] < n, 4 # J, VAOBJIETBOPSAIOT CJIELYIONIUM YCIOBHUSIM:
Er, e =0, supEx, e? < o2, Er,eie; =0, (2)
i<n

IJie KoHcTanTa o2 > () Hem3BeCTHa W He 3aBUCHT OT 1, a cuMBoJs Er, 0603mHa-
qaeT yCJIOBHOE MAaTEeMATHIeCKOe OXKHUJIAHWE IPHU (PUKCAIUU o-aaredpbl J,
HOPOXKIEHHOH coTyvaiiHbiMu BesmauHamu {z;; 1 = 1,...,n}.

(K) Anepnas dyuknus K(t), t € R, gBiagercs IOTHOCTBIO CUMMETPHY-
HOTO pacupejieienus ¢ HocureiaeMm [—1,1], re. K(t) > 0, K(t) = K(—t) upu
Beex t € [—1,1] n f[—Ll] K(t)dt = 1. Kpome roro, sinepnast dyuxus K (1)
yIOBJIETBOpsEeT ycaoBuio JIummuia Beioay Ha R ¢ koHcTanToit L > 1.

IIpu nekoropom h > 0 mosoxum Kp(t) = h~ 'K (h~!t). IlonaTno, uTo npu
BoinosiHennu yejosust (K) dyuxius Kj(t) sBisieTcst IWIOTHOCTBIO pacipe-
Jiesienust Ha [—h, h).

ObozuaunM uepes zp.1 < ... < Zp.p 9JAEMEHTLI BAPUALMOHHOIO PAla, II0-
CTPOEHHOTO TI0 BBIOOPKE perpeccopos {z; i = 1,...,n}. Ilomoxum
Zn:0 :07 Znint1 = 17 Azni = Zn:i — Rnii—-1, 1= 17‘--7n+1-

Orkiuk u3 (1), acCONUMPOBAHHBIN € MOPSIKOBOl CTATUCTHKOM 2,.;, 0003HA~
quM depe3 Xn;.

YeaoBuMCsI, 9TO Bce Ipejesibl 6epyresa npu n — 0o. OTHOCHTE/IBHO pe-
IPECCOPOB HaM IOTPEeOYEeTCsl CJIeAYIoIlee YyCJIOBHE, KOTOpoe OOCyauM maJiee,
B 3aMedaHuu 6.

(R) Vmeer mecTo mpeiesibHOE COOTHOIIEHNE O, = MaX]<i<n+1 AZng 2.

Hakoner, mst sio6oro h € (0,1) BBeseM B pacCMOTPEHHE CJIeLy IO
KJIACC OIEHOK JIJIsi IIPOM3BOIHON perpeccnonHoi pyHkiun f:

n

i . wno(t)(zn;i — t) + wnl(t) ' . .
Fan(®) = ; woo(wenlD) —wE (1) it = i) Az (3)

e
n

W (t) =D (t = 2n:i) Kt = 2nii) Az, j=0,1,2. (4)

=1
3ameuanune 2. HerpygaHo mpoBepuTh, 9TO sijilepHAasi OIEHKA (3) SIBJIETCsL
BTOpOI'?'I KOOp,HJ/IH&TOfI ﬂByMepHOI'?'I TOYKHU, Ha KOTOpOI'?'I JOCTUTaeTCAd MUHUMYM

n

Embr)l (Xni — a — b(znsi — £))? Kp(t — 2p:i) Az, (5)
@) =1
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Taxum o6pasoM, IpeIaraeMbIil KJIacC OIEHOK B M3BECTHOM CMBICJIE OJIM30K
K KJIACCUYECKOI JIOKAJIbHO—JIMHEHHOI OIIeHKeE JIJIsl TPOU3BOIHOM, HO BO B3Be-
IIIEHHOM MeTO/Ie HAUMEHBIITNX KBaJIPATOB UCIOJIb3YIOTCs HECKOJIBKO UHbBIE Be-
ca, OIIPEJIeJIsieMbIe TTOPSIKOBBIMU CTATUCTUKAMU, ITOCTPOEHHBIMU 110 HADOPY
PErpeccopoB, a BMECTO UCXOJHBIX HAOJOAeHU X; yIacTBYIOT HaOJIIOIEHUS
Xpi, acCONMMUPOBAHHBIE C COOTBETCTBYIONIUMHI MOPATKOBBIMU CTATUCTUKAMU.

3ameuanue 3. fnepHast oleHKa JJjisi perpeccnoHHoi (byHkmun f, onpeme-
JisieMast Kak mepBast KOOpMHATA, JBYMEpPHOM TOUKY, Ha KOTOPOH JOCTUTAEeTCsT
munnMyM B (5), Obliia BBejleHa U MCcIe0Bata B 38|, HO JIMIb B IPEoIo-
JKeHUW HempepbiBHOCTH GyHKIMK f. Kak MBI y»Ke oTMedaan BO BBEJIECHUH,
OTIEHKA, TSI PErPECCHOHHOM (DYHKIINU He TO3BOJISIET MOIYUIUTD ONEHKY JIJTst
MIPOUBBO/IHON PErPECCHOHHOM (DYHKITIMH B JOCTATOYHO MMHPOKUX YCIOBUSIX.

Sameyanue 4. B ciyuae, korja B Habope {z;; ¢ = 1,...,n} umerorcs Kpar-
Hble TOYKM, HEKOTOpLIE creiicuuru Az,; o0paIaioTcs B HOJIb, U Mbl TE€PIEM
4aCTh BBIOOPOYHOII MH(MOPMALUU B OLEHKE J?rlb,h(t)v oupeesenHoii B (3). B
9TOM CJIydae IPeJIaraeTcst Mpexk/ie, 9eM UCIOJIb30BaTh OIEHKY (3), HECKOJIb-
KO COKPATHUThH BLIOOPKY. A UMEHHO, 3aMEHUTH HAOIOAeHNs X; C OANHAKOBLI-
MM TOYKAMU 2Z; UX CPEIHUM apudPMEeTHIECKUM U OCTaBUTh B HOBOI BBIOOPKE
JIIIb OJHY TOYKY U3 KpPaTHBIX. B 9ToM ciydae ycpeaHeHHBIe HAOJIIOIEHUS
OyAyT UMeTh MeHbIIee 3allyMJIeHIe, TaK UTO, HECMOTPsSI Ha MEHBIIUI 00beM
HOBOI BBIOOPKM, MBI B M3BECTHOI Mepe He TepsieM HHMOPMAIINO, COolepKa-
IIyIOCS B MCXO/IHON BBIOOPKE.

OCHOBHOII pe3yJIbTAT COCTOUT B CJIELYIOIIEM.

Teopema 1. ITycmwv evinoanens yeaosus (M), (E), (K) u (R) u nocaedo-
BAMENLHOCIND NOAOAHCUMENLHULT “wucen h = h, — 0 makosa, wmo

ES,/h3 — 0,  E&2/h* — 0. (6)

Tozda dan 4106020 PukcuposaHHo2o t umeem Mecmo npedesvHoe CoOMmHOUE-
Hue

Frn® 3 ().

Sameyvanne 5. Ilpusejenusie B Teopeme 1 jocrarounsie ycsosust (6) mos-
BOJISIIOT B TEX HJIM MHBIX CHTYallUsAX OIEHUTH IOPSJOK CKOPOCTH CXOUMO-
cru. Hanpuwmep, B ciiydae Tak Ha3bIBAEMOI'O SKBHJIMCTAHTHOIO ILIaHa (T.c.
zi =1i/n, i =1,...,n) Bemosnnero 6, = 1/n. Ilosromy yciosue (6) rapanTu-
pyeTcst cooTHomTenneM nh3 — 0o, 9TO cOBIAACT C TIOPSIKAME CXOIMMOCTH
OIEHOK JJIsI IPOM3BO/IHBIX, [OJIy 9eHHBIME APYIUME criocobamu (cum. [9], [47]).
Taxske HETPYIHO BHJIETH, 9TO cxoamMocThb E62 /RS — 0 rapanTupyer Bbimos-
Herue oboux yciosuit B (6), nockonsky Ed, /h? < (E&2/h°) 12

Bameyanue 6. Takum obpasoM, eauHCTBEHHOE yeiIoBHE (R) Ha PErpeccopsl,
obecrednBaloIee MOTOUYeUHYI0 COCTOATEIBHOCTD HOBOM JIOKAIBHO—INHEHO
OIEHKH JIIsi TIPOU3BOJIHO PErPecCUOHHOM (DYHKIMM, COCTOUT B CJIE/LYIOIIEM:
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PErpeccopsl ¢ BBICOKOH BEPOSITHOCTBHIO 0OPa3yloT M3MeJIbUaloNieecss pastu-
eHre 00JIACTH 3aJIaHKsl PErPECCHOHHON (DYHKIMHU, IHaMeTP KOTOPOTO CTpe-
MHTCsI K HYJIIO 110 BEPOSITHOCTH C yBesmdeHneM obbema Bbibopku. Ha narmm
B3MIsLL, ycsoBue (R) BecbMa HAIVISIZHO U 110 CYTH SIBJISIETCSI HEOOXOJMMBIM
JIJTs1 BOCCTAHOBJICHUST KAK PErPECCHOHHON (DYHKINN, TaK ¥ €€ IPON3BO/HBIX.
OueBn/HO, 9TO Hec/ydailHbIe PErpeccopsl, peryisipHo 3amnosmsionte [0, 1],
ynosisierBopstior yesosuio (R). Eciu {z;} He3aBucumbl n 0MHAKOBO pacipe-
JieJieHsl, a oTpe3ok [0, 1] siBisteTcst HocuTesieM UX OOIIEro pacipe/ieeHusi, TO
ycsosue (R) takzke Boinosneno. Ecin {z;} — cranmonapmas mociezoBaresb-
HOCTH C YCJOBHEM (-TIeDEMENINBAHUSA ¥ MapIUHAJBHBIM PACIPE/IeTICHUEM C
nocuteseM [0, 1], To yciosue (R) TakxKe BbIIOJIHEHO. Bee npyrue mssecTHble
B Jjureparype hopMbl €1ab0il 3aBHCHMOCTH PErPECCOPOB TaKKe BIEKYT 32
coboit yciosue Buga (R). Ho BeIOHenne 9TOro ycaoBust BIIOJIHE BO3MOYKHO
U JUIst JIPYTUX THUIIOB 3aBHCHMOCTH, KOTOpasi MOXKET ObITh 6oJjiee CHIIBHOIN,
HEXKeJIH KJIACCHYIeCKHe ycaoBust ciaboii 3aBucnMocTr (HapumMep, Korja He
BBIIIOJIHEHBI TIPE/ICIbHBIE TEOPEMBI THIIA 3aKOHOB OOJIBIIUX YHCEJ, CM. I0O-
JpobHoCTH 1 puMepsl B [37]-[46]).

3 Jloka3aTeqbCTBO TeopeMbl 1

Bcerosiy nasee B 3TOM pazjiesie CIMTAEM, YTO BBINOJHEHBI YCJIOBUS TEOpe-
MbI 1. BBegem cremyromme 0003HAUEHMST:

(Zn:i — t)’wno (t) + Wn1 (t)
Wno (t)wna(t) — w2, ()

/Bn,i (t) = ) (7)

rn,h(t) = Z 571,1'(75) (f(znz) - f(t) - f/(t)(zn:i - t))Kh(t - Zn:i)AZniy (8)
=1

V’fl,h(t) = Z /Bn,i(t)Kh(t - Zn:i)AZnigni, (9)

i=1

rjie yepes {€,;} 0603HAUEHBI IOIPENTHOCTH, ACCOIUMUPOBAHHbIE C HOPSIIKOBbI-
MU CTATUCTUKAMHU {Zp: }.
Hawm norpeGyercs psiyi BemoMorareabHbIX yTep:kaenuii. Crpaseaimsa

Jlemma 1. Umeem mecmo npedcmasaerue

Frn(®) = f'() + ron() + van(b).
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Jlokasamenvcmeo. 3aMeTHM LPEXK/IE BCErO, UTO € y4eToM ompe/esenuii (3),
(4) u (7), cupaBeIMBLI TOXKJECTBA

Fon®) =D BriXniEn(t — 2ni) Az,

=1

Z /Bn,i(t)Kh<t - Zn:i)(zn:i - t)Azni = 17

=1
S Bui () En(t — 20:) Az = 0.
=1

HpI/IHI/IMaH BO BHUMaHUE COOTHOIIIEHUE
X :f(zn:i)—l—z-:m;, 1=1,....n,

YTBEPXKJACHNE JIEMMbBI CJeAYyeT U3 YKa3aHHBIX TO2K/IECTB 1 OHpeﬂeJIeHI/IfI (8)

u (9). O
3ameuanue 7. [Tosoxnm
App(t) ={i: |t — zps| < h,1 <i <n}.

IToyraepkHeM, 9TO BBU/Y CBOHCTB 1I0THOCTH K (+), 06/1aCTH CyMMUPOBAHUS
B (8) u (9), a Takske B (4), coBmasaer ¢ MuOkecTBOM Ay, 5 (t). OT™MeueHHBIH
dakT ABIAETCS NPUHIMIHAIBHBIM I JAIbHEHIIEro aHaIn3a. YCIOBIMCS
Jlajiee MCIOJIb30BaTh CUMBOJI » , 6e3 MHJIEKCOB TOJILKO B CJIydae, KOIJIa CyM-
MUPOBaHIEe BEJETCs 110 MHOXKECTBY HHIEKCOB i € Ay, p(1).

TTomoxum

_ Ko — K2 < 1
"~ 96L(6L + ko + K1/2)  864L’

e = cx(K) (10)
rJle CUMBOJI Kj, j = 1,2, oboznadaer j-it abCOIOTHBIN MOMEHT paclipejieie-
HUs ¢ I0THOCTBIO K (t):

1

Kj = / lul! K (u)du.
-1

JIerko BUJETE, 9TO CHJIy HeTHOCTH s1pa K pPasHOCTb kg — K7 TPEJCTABIIAET

cO0OIi JIUCIIEPCHIO HEBBIPOZK ICHHOIO PACIPE/IEJICHHsI, TEM CAMBIM OHA CTPOrO

nostoknresbHa. [Ipn BorBosie onenkn B (10) Mbr yumn, 9T0 ¢4 < K2/(96L-6L),

pu 3ToM Ko < 2L/3.

Hawm norpeGyercst cieyromee BCIIoOMOraTebHast JJeMMa, KOTOpast siBJIsteT-
csl YACTHBIM cirydaeM JieMMbl 1 B [38]. OTMernM, 9TO B OCHOBE 9TOrO yTBED-
JKJICHHS JICKUT OJIM30CTh MEXKJLy MHTEIPAIbHBIME CyMMamu Pumana u co-
OTBETCTBYIOIIIMY HHTEIDAJIAML.
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Jlemma 2. ITpu h < 1/2 na nodmmoosrcecmee anemenmapHvir ucrodos, onpe-
deaaemoix coommowenuem oy < ¢ h, cnpagediussb, HEPaBEHCMEA

sup |wy;(t)] < 3Lk, j=0,1,2,

te[0,1]
. 1
inf (wno(t)wna(t) — w2, (t)) > = (K — K3)A>.
t€[0,1] 8
Joxazamenvcmeo. Do yreepxaeHue pokazano B [38] (em. memmy 1). O

O6osnaunm gepes wyr(h) Moaynb HenpepbiBHOCTH DyHKIHK f', T.€.

wyr(h) = sup (@) = £ )l
z,y€[0;1]:[z—y|<h

CrpaBe JIUBBI TaKKe CIEAYIONINE TBa YTBEPIKICHUS.

JIemma 3. /laa 4106020 noaoscumenvnozo h < 1/2 na nodmmoorcecmae sne-

MEHMAPHBLT UCTO08, ONPEIeAACMBLT cOOMHOuweHuem Oy < cyh, umeem me-

cmo ouemﬂa
14412
] < wp(h)——.
PO < wp () g

Jlokasamenvcmeo. Ilo Teopeme Jlarpanzka o cpeiHeM 3HAYEHNUH, J1J1st JTIO6OTO
i € Ay p(t) BBIIONIHEHO

f(znii) = f(t) = f/(&)(zna — 1),
& € [min{zp, t}, max{zp.,t}], |& —t] < h.
Kpome TOoro, UMeIoT MecTo OIEeHKHI

> Azpi < (2h+6,) <3k, Ku(t—zni) < Lh7, (11)

rJie B IEPBOM CJllydae Mbl Y4, 9T0 0y < cuh u ¢ < 1. CresioBaresibho, ¢
yuaerom onpegenennii (8), (7), (4), 3amevanust 7 u yTBepXKJICHUil JIeMMbI 2,
CIIpaBeJINBa CJIEIYIOMAs MEeN0IKa COOTHOIIEHUI:

|Tn,h(t)| = ‘ Z Bn,z(t)(f/(gz) - f/(t))(znz - t)Kh(t - an)AZm <
< wp(h) D 1Bni() (zmi — O En(t — 2n:i) Azni <
wy(h)
= wn()(t)wng(t) — w?ﬂ (t) (wnO(t)an(t)+
+|wn1 (t)‘ Z ’Zn:i - t’Kh(t - Zn:i)AZni) <
wy (h) 14412

————5——(3L-3Lh* +3Lh-h-Lh™"-3h) = wp(h)——.
~ 8 (ke — n%)hQ( ) 'l )/12 — K2
I[Ipu BBIBOJIE 9TOTO COOTHOIIEHMUS, KOTOPOE U JIOKA3BIBAET JIEMMY, Mbl TAKIKe
VI, 9TO Wno(t)wn2(t) — w2, (t) > 0 B cuty nepasencrsa Komm-Bynsakos-
CKOTO. g
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Jlemma 4. ITpu h < 1/2 na nodmmoosrcecmee anemenmapHvir ucrodos, onpe-
deasemuix coommouteruem 0, < cih, das arwboezo € > 0 umeem mecmo oyeH-
Ka

4608 Lo (5, 62
Py, (vnn(t)] > €) < 0B Lo ( )

(k? — Ko)2e2 \ B3 Tt

2de cumeon Pr, 0603nawaem ycro8HY0 6EPOAMHOCING NPU HUKCAUUY T -AA-
2ebpvl Fp, 66edennoli 6 ycaosuu (F).

oxkazamenvemeo. Onenum sennanny Ez, 12, (t) n BocnosbsayeMcst 3aTem
bl
HEpPaBEHCTBOM

Pr, (|vnn(t)] 2 €) < e°Ex, v 5(2). (12)

HerpyHo BujieTh, 9TO HOrpemHOCTH {£,;}, ACCOIMUPOBAHHBIE C MOPSIJIKO-
BBIMHU CTATUCTUKAME {Zp:;}, YJOBJIETBODPSIOT COOTHOIIEHUSIM (2) U3 yCiIo-
Bus (E). CienoBaresibHo, ¢ yueToM omnpeeenusi (9), BbIIIOTHEHO

E]:nyg,h(t) = E]:n (Z Bn,i(t)Kh(t - Zn:i)Aznigm')2 <
o Z /B’I?L,’L(t)K]’QL(t - Zn:i)(AZm‘)2

2 N2 2
< 202(5n Wi (1) (2n: — 1) + w3y (tZ) K}QL (t = 2pii) Azp; <
(wnO (t)wna(t) — w?zl (t))
2304 L2026,
<29 5> K (t = 2n:) Az, (13)

—( _H2 2h2

ITpu BBIBOJIE 9TOl OIEHKM MBI BOCIIOJIB30BAJINCH Takxke oupejeserueM (7),
YTBEPKICHUSMA JIEMMBI 2, 3aMEYaHUs 7 W 3JEMEHTAPHBIM HEPABEHCTBOM
(a 4+ b)* < 2a* + 2b?. Ocraercs ouenuts cymmy > K7 (t — 2p4)Azpi, B
KOTOpOHl CyMMHpOBaHHE, C y9IeTOM 3aMedYaHus 7, BEJIETCS 10 MHOXKECTBY
UHJIEKCOB 1 : |2 — t| < h. Ormerum, uro B cuiay yciaosus (K) Bbimosse-
HO sup,c(_1,1) K(y) < L, a moromy ¢ yderom nepsoro coornomenns s (11),
uMeeM

ZKh an Azm = h2 ZKQ <hz> Azp; <
L? L?
<5 > A 2h + 0
Z Zni < h2 ( +0n).
Ora orenka BMecre ¢ (13) u (12) qokas3biBaeT yTBEpXK/IEHHE JTEMMBI. O

Jlemma 5. B ycaosusax meopemor 1 umerom mecmo npedesvrsie cOOMMHOWE-
HUA

o (t) 20, Unn(t) 2 0.
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Jloxaszameavcmeo. B cuny mepaBencrBa MapkoBa € IMEpPBBIM MOMEHTOM U
YTBEPKIEHUs JIEMMBbI 3, JjIst JIF0OOr0o (PUKCUPOBAHHOTO € > () BBIIOJHEHO

P(|rn.n(t)] > €) = P(|rpn(t)] > €, 0n < cih) + P(|rn(t)] > €, dp > ch) <
< Plcwpi(h) > €) +P(6, > cuh) < P(cwyp(h) > €) + (cxh) 'Edy,
e ¢ = 144L%(kg — k1) ™1, Ho mockosbky h — 0 ¢ pocToM n, TO HaumHAS C
HeKoToporo n BeimosHeHo P(cwy (h) > €) = 0, a coornomenne Ed,/h — 0
caenyer u3 (6). OrmeuenHble (pakThl BMeCTe C [IPUBEJIEHHOI OIEHKOil J0Ka~
3bIBalOT IIEPBOE YTBEPZKIACHNE JIEMMBI.

AHATOTUYIHO BBIMECKA3AHHOMY, C YI€TOM JIEMMBI 4 111 J1I000T0 (hUKCUpo-
BaHHOTrO € > ( cripaBeIJINBO COOTHOIIIEHHNE

P(|vnn(t)] > €) = P(jupn(t)] > €, 0n < cxh) +P(|vpn(t)] > €, 0n > cih) <
< E(I(6n < cxh)Pr, ([vnn(t)] > €)) + P(6, > cih) <
4608 L*o? (Eﬂén Ea,%) Edy,

= (K} — Ko)%e2 \ B3 h* cxh’
rae I(-) — nnpukaroprast GyHKusi. Bropoe yTBepiKeHne JIeMMbI Cle/lyer
Tenephb U3 ycsosus (6). O

st 3aBepIeHnsT T0Ka3aTe/IbCTBA TEOPEMBI 1 HAM OCTAeTCsl BOCIIOJIB30-
BaTbcs gemmamu 1 u 5. Teopema mokasaHa.
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