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S.N. ANTONTSEV# I.V. KUZNETSOV ' S.A. SAZHENKOV
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Abstract: We address the system of Navier—-Stokes equations that
models a homogeneous viscous incompressible fluid in the presence
of a short-term intense pulse starting at an initial moment in
time. The existence of a weak Leray—Hopf solution to the initial-
boundary value problem for this system in the case when the pulse
duration is fixed is guaranteed by the well-known theory. On a
rigorous mathematical level, we carry out the limiting transition
in the problem as the pulse duration tends to zero, while the
cumulative impact of the pulse remains constant. As a result,
we prove that the family of weak Leray—Hopf solutions to the
problem under consideration has a subsequence converging to a
weak solution of the initial-boundary value problem for the system
of classical Navier—Stokes equations supplemented by the “correct-
ed” initial velocity field inheriting complete information about the
profile and cumulative impact of the original pulse. The “corrected”
initial velocity field is found out as the solution of an additional
limit system of equations of inviscid fluid derived at the microscopic
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(“fast”) timescale, which is the characteristic timescale of the pulse
duration. At the end of the article, we identify two particular cases
in which this system can be solved explicitly, which leads to an
explicit algebraic expression of the “corrected” initial velocity.

Keywords: viscous incompressible fluid, boundary value problem,
weak solution, impulsive partial differential equation, infinitesimal
initial layer.

1 Introduction

We study the initial-boundary value problem for the system of Navier—
Stokes equations of dynamics of homogeneous viscous incompressible fluid
in the presence of a short-term pulse right after an initial moment in time:

Oyvy, + divy (v, @ vy) = pAzvy, + @n(t)(b(x) + B(x)vy) — VaDin + f
in Qp, (la
divyv, =0 in Qr, (
vp(,0) =vp in Q, (lc
v, =0 ondQx(0,7). (

In (1) and further,  C R? is a bounded domain with a smooth boundary
00 € C3, d € {2,3} is the dimension of the space of physical positions x, ¢
is the time variable, T' = const > 0 is an arbitrarily given fixed moment of
time, and Q7 = 2 x (0,7) is the space-time cylinder.

Velocity field v,, = v, (@,t) and pressure distribution p., = p«,(x,t) are
the sought functions.

A given positive viscosity coefficient p is constant. Functions b: Q — R%,
B: Q +— R4 and ¢,: [0,7] — R, are also given and characterize the
impulsive effect. They are the respective vector- and matrix-valued functions
of intensity of the pulse and a temporal profile of the pulse. We assume that
these functions meet the following regularity and structural demands:

the components of matrix B = (b;;) and vector b = (b;)
are measurable and bounded in Q:
bi, bij € LOO(Q), |bz($>’, |bw($)’ < Mo a.e. in Q, i,j = 1, . ,d, (2)
with some positive constant M,
function ¢, = ¢, (t) approximates the Dirac delta function §—gy, more

1
precisely, for each natural n, n > ng = [f} + 2, it has the form

en(t) =n®(nt), te]|0,T], (3)
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where ® = ®(¥}) is a nonnegative smooth function supported on the segment
{0 < ¥ < 1} with the mean value equal to unity:

1
®>0 inR, ®ecCiR), supp® C[0,1], / D) dd=1. (4)
0
Note that .
| et = w0, voech,
which means that ¢, _>—+> d(4—0) weakly™ in the space of Radon measures

on [0, 1]. Also note that

¢ T
/ on(s)ds <1, Vt €[0,T], / on(s)ds =1 (5)
0 0

due to (3) and (4).
Vector-function f = f(x,t) is a given distributed mass force satisfying
the regularity demand

feC(o,T); W 12(Q)), divyf =0 (in the sense of distributions), (6)
vector-function vy = vo(x) is a given initial velocity field such that
vo € L2(Q)¢, divyug =0 in Q, (7)

and the constant density of fluid is scaled out to unity.

The peculiarity of the problem under consideration obviously lies in the
consideration of the pulse action. We can note that the results available in
the literature on the Navier—Stokes equations with pulses are currently very
limited. In this regard, it is worth mentioning the article [7] devoted to the
study of the system of Navier—Stokes equations of an incompressible fluid
with multiple instantaneous pulses occurring at various moments in time
and collectively providing the system with the dissipative property, and the
article [14], in which the system of Navier-Stokes equations of a compressible
fluid is supplemented with initial data for density and velocity, depending
on a small parameter characterizing an initial instantaneous pulse, and the
limiting transition is considered as this small parameter tends to zero.

As for the present paper, the presence of the impulsive term

on(t)(b(z) + B(x)vy)
from a mathematical point of view attracts significant interest, which consists
in the following.

Firstly, if we formally substitute (v,,ps«n) by (v,p«) and the impulsive
term by the expression d(;—g)(b(z) +B(x)v) in (1a), then from (1a), (1c) we
deduce the subsystem, which is in the sense of distributions equivalent to
the subsystem consisting of the momentum equation

Oyv + div, (v ® v) = puA,v — Vupe + f (8)
and the “corrected” initial condition

U(ZIZ,0+) = 'UO(:C) +Psol(b+BUO)(x)v (9)
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where Pg, is the operator of projection onto the subspace of finite solenoidal
vector-functions in €2, for any sufficiently regular & acting by the rule

,Psol(é) = € + VT,

where A, 7, = — divz€. (Obviously, the form of subsystem (1b), (1d) remains
intact.) At the same time, the numerous observations in the theory of impuls-
ive ordinary and partial differential equations signal that, in cases when
B # 0, subsystem (8)-(9) most likely may not be the correct limit form of
(1a), (1c) as n — 400, see, for example [10, 13]. This means that a thorough
and mathematically rigorous analysis of the limiting passage as n — 400 is
needed to establish the correct limit mode when modeling a short-term pulse
by an instantaneous one.

Secondly, there already exists a fairly extensive theory of impulsive abstr-
act, ordinary and partial differential equations, involving non-instantaneous
impulsive terms of type ¢, (t)(b(x) + B(x)v,), and this theory is gradually
evolving. Within the framework of this theory, the study of abstract evolution-
ary equations is well represented in monographs [1, 30|, the study of ordinary
differential equations began, as far as we know, with article [15], and a
significant part of the further analysis of impulsive ordinary differential
equations, also called “generalized differential equations”, is described in
detail in monographs [11, 23]. The research presented in the present article
belongs to the field of impulsive partial differential equations. It complements
our cycle of work on impulsive parabolic [5, 17| and pseudo-parabolic [4, 16,
18] equations and on the system of the Kelvin—Voigt equations with a pulse
[3]. More specifically, the present study can be considered as a continuation
of the work [3]| in connection with the following observation. In the system
of the Kelvin—Voigt equations with a pulse, the momentum equation

Oy, + divy (v, @ vy,) =
= ﬂszn + KAz 0w, + Qpn(t)(b(x) + IB(CC)U”) — Vapin + f in Qr

can be interpreted as a regularization of the momentum equation (1a), since
the presence of the damping term kA,0:v,, with £ > 0, enables the higher
regularity of the weak solution and allows for the additional uniform (in
n, not in k) estimates for the family of weak solutions, see [3, Propos.
1,2]. In comparison with [3], due to the absence of the term kA, 0;vy,
for weak solutions of the Navier—Stokes system (1) we are more limited in
regularity properties. This circumstance forces us to apply in this article a
more subtle technique compared to [3] in order to perform and strictly justify
the transition to the limit in (1) as n — +oo.

From a physical viewpoint, the terms of type ¢, (t)(b(x) 4+ B(x)v,,) repre-
sent a short but very intensive force action, which can be called a non-
instantaneous impulsive action. In the simplest case, when b # 0 and B = 0,
we can note that the study conducted in the present article is in good
agreement with the classical formulations of problems on exterior instantan-
eous force action on hydrodynamic flows [6, 20, 22, 28]. More certainly,



WEAK SOLUTIONS OF THE NAVIER-STOKES EQUATIONS WITH A PULSE 1289

passing to the limit in (1) as n — 400, in this case we derive the “corrected”
initial condition (9) with B = 0, which exactly corresponds to the impulsive
source term F = §_g)b(x) considered in [6, 20, 22, 28|, for details see
Theorem 4 and Remark 3 in the end of the article.

More sophisticated cases, when B # 0 and, therefore, the non-instantaneo-
us pulse depends on the solution, also have significant physical meaning.
For example, such a case arises in optimal control theory: following [12,
Ch.7,8§1.2] one can rewrite (1a) in the form of the system of the momentum
equation and the linear algebraic equation:

0oy + divy (v, ® vy) = pALvy — VeDin + F + Fi, (10a)
F,, = ¢,(t)(b+ Bv,), (10b)

which models a feedback control system, where the vector-function F',, of
control depends on the state variable — the velocity v,, — through a direct
control mechanism, expressed by the linear algebraic equation (10b). In terms
of the optimal control theory, the mapping (z,t,v) — ¢n(t)(b(x) + B(z)v)
is the characteristic function of the control mechanism and the state variable
v plays the role of a feedback signal [21, Ch. 1,§2]|. Obviously, the presence
of function ¢, in system (10) and, consequently, in equation (la) reflects
the circumstance that the feedback control is very intensive and very shortly
distributed in time after the initial moment ¢ = 0.

Another interesting example of the case of B # 0 concerns fluid flows,
in which impulsive actions can be caused not only by external, but also by
internal (i.e., in-flow) processes. In this regard, the Navier—Stokes equations
of the form (1a)—(1b) can naturally be used for mathematical modeling of
the so-called active fluids. An active fluid is a fluid containing a great number
of microscopic self-propelling active particles (agents) that convert their
internal energy or energy from the environment into mechanical work and
thereby collectively affect the flow of the fluid on a macroscopic scale. Active
fluids are found both in living matter, for example, in the form of cellular
fluids or dense bacterial suspensions (see [2, 9] and references therein), and
in artificial systems, for example, in the form of polar gels [25, 29]. The
appearance of the macroscopic impulsive term ¢, (t)(b+Bw,,) in (1a), based
on the effects produced by microscopic active agents in the active fluid at
the microscale, can be loosely explained as follows.

Assume initially that there are N self-propelling agents, each of which
produces the respective drag force

Fi(t) = [Qlen(t) (b(i(t) + B(xi(t)va(xi(t), 1), i=1,...,N,
where x;(t) is the trajectory of the i-th agent such that x;(t) € ; and

N
{Qi}i=1,.. N is a partition of the flow domain Q: U Q=0 9N Q=
i=1
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for ¢ # j. The aggregate drag force induced by these N agents is

N
Fn =) eaanFilt).
=1

Now, letting the number of active agents tend to infinity and simultaneously

assuming that lim sup |©Q;] =0, we deduce that the sequence of drag
N—+00 j=1,.. N
forces F'j converges to the limit drag force

Fo(z,t) = on(t) (b(z) + B(z)v,(z, t))

in the weak* sense, as N — 400, at least formally. Thus, by choosing b
and B appropriately, we can simulate various types of macroscopic impulsive
drag forces induced by translational and rotational impulsive movements of
ensembles of self-propelling agents. These agents are, in fact, ‘active-passive’
agents, since they are active for a very short period of time to collectively
generate a macroscopic pulse.

Now, let us briefly describe the further organization of the article. In
relation with fixed values of parameter n, in Section 2, we revisit the well-
known theory of existence and uniqueness of weak solutions to Navier—Stokes
equations. In Section 3, we provide the rigorous formulation of the main
results, which are the results of passing to the limit as n — +o00. Section
4 is devoted to construction of the uniform (in n) estimates of solutions to
problem (1). In Section 5, we prove the main results of the article. Finally,
in Section 6, for the limit model, we make a few remarks on uniqueness and
regularity of solutions and discuss two simple examples of explicit “corrected”
initial velocity fields.

2 Well-posedness of problem (1) for fixed n

The solution of problem (1) is understood in the weak sense. In order to
formulate a definition of weak solution and for the further considerations, we
introduce the following well-known functional spaces:

V:={ve C(Q)?: divyw = 0},

H := the closure of V in the norm of L?(Q)?,

V! := the closure of V in the norm of Wé’2(Q)d, leN,

V.= the dual space of V!, € N.
In the case [ = 1, we denote V! simply by V. Note that conditions (6) and
(7) can be rewritten in the respective equivalent forms f € C([0,T]; V1)
and vg € H.
Now, for each n > ny (n € N), we introduce the notion of a weak Leray—

Hopf solution to problem (1) similarly to the classical works, see, for example,
in [8, Ch.V, Sec. 1], |27, Ch. 3].



WEAK SOLUTIONS OF THE NAVIER-STOKES EQUATIONS WITH A PULSE 1291

Definition 1. Vector-function v, = v,(x,t) is called a weak Leray—Hopf
solution to problem (1) if it has the following properties:

(1) the regularity requirements
v, € L®(0,T; H) N L*(0,T;V), 8w, € LY40,T:V"),
v, € C([0,T; H) ifd=2, vy € Cyeax([0,T); H) ifd=3

hold true;
(i) the integral equality

T
/0 <at’vn('7 t),w(-, t)>V*1,th

(11)

+ / (divx('vn ®vyp) w4 puVyv, Vx'w)dmdt =
T

T T
= [ eutt) | @)+ @) - wair+ | <f<-,t>,w<-,t>>v_1,vcztl2)

1s valid for all test vector-functions w € L4/(4_d)(07 T;V);
(iii) n the case d = 2, the initial condition (1c) holds in the sense of the
strong trace in H, i.e.

[on(,t) —volla Do 0; (13a)

in the case d = 3, the initial condition (1c) holds in the sense of the
weak trace in H, i.e

/ vp(x,t) - w(x)de = vo(x) - w(x)de, Ywe H,; (13b)
Q t=0+ Jo

(iv) the energy inequality

1 t
a0l s [ [ V,0, Pt
2 0 JQ
1 t
< ool + [ ult) [ (bla) + Bla)on) v
0 Q

t
+/ <.f(‘7t/)uvn("t/)>v—l7vdt/ (14)
0
holds for all t € (0,T].

In (11) by Cyeax([0, T']; H) we denote the subspace of L>°(0,T'; H ) consist-
ing of all weakly continuous mappings from [0,7] into H: each function
¢ € Cyeax([0,T]; H) satisfies the limiting relation

t1—to

/(,2’):13751 x)der — /(,z')wtg (x)dx, Vp € H, Yty t; €1[0,7T).

n (12), (14) and further, by (-,-) x» x we standardly denote the duality
bracket between a Banach space X and its dual space of functionals X*.
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In the case b = 0 and B = 0, system (1) is the well-known initial-boundary
value problem for classical Navier—Stokes equations, for which an extensive
theory of well-posedness has been built over the past century. A natural
modification of the proofs from [27, Ch. 3, Sec. 3] leads to the following results
for problem (1) in the cases when b # 0 and B # 0.

Proposition 1. 1. Assume conditions (2)—(7) hold and d € {2,3}.
Then, for every fixed n > ng (n € N), problem (1) has at least
one weak Leray—Hopf solution v, in the sense of Definition 1.
2. Let d = 2. Then, under conditions (2)—(7), a weak Leray—Hopf solut-
ion to problem (1) is unique for every fired n > ng (n € N).

Additionally, we construct a set of uniform in n estimates for the family
of weak Leray—Hopf solutions, as follows.

Proposition 2. The family {vy,}n=12,.. of weak Leray-Hopf solutions to
problem (1) satisfies the bounds

vnllLe 0,y + lvnllz2(0,m5v) < Co, (15)
Hat,UnHLl(O,T;V*?’) < COv (16)
with a constant Cy independent of n.

We give a proof to Proposition 2 further in Section 4.

3 Formulation of the main results

The main results of this article deal with the passage to the limit in
problem (1), as n — +oo. This limiting passage is based on the uniform
in n estimates (15) and (16).

Theorem 1. Assume conditions (2)—(7) hold and {vy}n>n, is the family of
weak Leray—Hopf solutions to problem (1) in the sense of Definition 1. Then
the following assertions hold true.

1. There exist a subsequence of {Vy }n>n,, still labeled by n, and a limit
vector-function v € L*(0,T; V) N L>®(0,T; H) such that

v, — w strongly in L*(0,T; H), weakly in L*(0,T;V),
n——+00

17
weakly* in L>(0,T; H). (17)

In other words, {vy,}n>n, is relatively compact in L*(0,T; H), relati-
vely weakly compact in L?(0,T; V), and relatively weakly* compact
in L>=(0,T; H).

2. The family of rescaled solutions {Up}n>ng, On: Q x [0,1] +— RY
defined by the formula

B, 0) v, (2 g) 9 €0,1], (18)

is relatively weakly* compact in L*°(0,1; H): there exist a subsequence
of {Un}n>ng, still labeled by m, and a limit vector-function
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v e L>*(0,1; H) such that

v, — v weakly in L>(0,1; H). (19)

n—-+o0o

3. The limit vector-function © = v(x,V) is the unique strong solution
to the initial-boundary value problem for the system of equations of
an inviscid fluid:

90 = ©(V) (b(z) + B(x)v) — Vop, in Q2 x(0,1), (20a)
div,o=0 1inQx(0,1), (20b)
v(-,0)=vy in €, (20c)
=0 ondQx(0,1). (20d)

4. The limit vector-function v = v(x,t) is a weak solution to the initial
boundary value problem for the system of classical Navier—Stokes

equations:
Oyv + divy (U ® v) = pulAv —Vepe + F in Qr, (21a)
div,v =0 in Qr, (21b)
v(-,0+) =v(,1) inQ, (21c)
v=0 ondQx(0,T). (21d)

In (21c), the initial vector-function v(-,0+) is uniquely defined by
the solution of problem (20) at the moment ¥ = 1.

We call equations (20a) and (20b) the initial infinitesimal layer equations.
Equations (20a) contain function ®(9) and therefore inherit the complete
information about the profile of the original non-instantaneous pulse. Due to
rescaling t = J/n (see in (18)), the independent variable 9 can be regarded
to as the fast time variable and the pair (v, D, ) can be called a microscopic
initial layer solution, while t is the slow time and the pair (v,p,) is a
macroscopic outer solution. Thus, when viewed together, system (20)—(21)
is the two-scale microscopic-macroscopic problem. Condition (21¢) may be
fairly interpreted as the interfacial condition between the initial microscopic
impulsive layer and the macroscopic outer flow. As well, vector-function
(-, 1) can be regarded to as the “corrected” initial velocity field.

The respective notions of strong solution to problem (20) and weak solut-
ions to problem (21) are as follows.

Definition 2. Vector-function v = v(x,9) is called a strong solution to
problem (20), if it satisfies the following requirements:

e BEC(01H), 0y e L%(0,1: H),
e equation (20a) holds a.e. in Q x (0,1) with some function

P, € L°(0,1; WH2(Q)),
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e the initial condition (20c) holds in the sense of the strong trace in

H, i.e.,
v(-,0) — — 0. 22
50— woller (22)
Definition 3. Vector-function v = v(x,t) is called a weak solution to

problem (21), if it satisfies the following requirements:
e v meets the reqularity requirements
ve L0, T; H)NL*(0,T;V), v e LY40,T;V ™, (23)
veC(0,T; H) ifd=2, v € Cueax([0,T];H) ifd=3;

e the integral equality

/ (—v(z,t) - w(z,t) — (v(z,t) @ v(x, 1)) : Vow(w, 1)

T
—l—,uva(ac,t):Vzw(m,t))dwdt:/o (FCw( )y pdt (21)

is valid for all test vector-functions w € L*(0,T; V') such that Oyw €
L*(0,T; H) and w = 0 in a neighborhood of the sections {t = 0} and
{t="T};

e in the case d = 2, the initial condition (21c) holds in the sense of the
strong trace in H, i.e.

”’U(-,t) _ﬁ(‘ﬂl)HH t—>—0->i- 0; (25)

in the case d = 3, the initial condition (21c) holds in the sense of the
weak trace in H, i.e.

/ v(xz,t) w(x)de — | v(x,1) w(x)de, Ywe H. (26)
Q t—=0+ Jo

The proof of Theorem 1 is given further in Section 5.

4 Proof of Proposition 2

Estimate (15) follows from the energy inequality (14) in a standard way by
virtue of the Cauchy and Cauchy—Schwartz inequalities, conditions (2)—(4),
properties (5), and the Gronwall-Bellman lemma.

More certainly, at first, we estimate the right-hand side of (14) to get

1 t
Sl Ol [ [ (Fova(a,t)Pdzar
2 0 Q
1 t
< sloolr+ [ on®) [ (@) + Ble)o) - vodzar
0 Q

+/O <f('7t,)vUn('7t/)>v—17vdt/
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C.-Schw.
ineq.,

(2) 1 t M2 1
< 2Hvonq+/ son(t’)/ (20 + (5 +Mod>\vn(w,t’)]2>dwdt’
0 Q

t
n /O V£ o)yt [[on (- )

Cauchy’s

ineq. 1 t M2 1
< 2Hvo|ﬁ{+/ son(t’)/ (20+ (2+M0d>yvn(w,t’)y2>dmdt’
0 Q
L2 < [ )2 deedt’
+27€||fHLZ(O7T;V*1) +§ 0 Q"Un(w, )‘ X

t
4 & / / Vv (@, ¢) 2dadt
2J)o Ja

for all ¢ € (0,7] and ¢ > 0. Taking here € := p, multiplying by two,
using inequality (5); once, and properly re-arranging terms, we arrive at
the inequality

t
lon ()3 + s / / Vo (. 1) Pddt
0 Q
1
< loolly + M3 120+ <17 vy

+ [+ 2008+ lloa Ol ', € (.T). (20)

At second, we discard the second summand in the left-hand side of (27)
and apply the Gronwall-Bellman lemma to the resulting inequality. Thus we
establish the estimate

lon (0I5

1 t
< (IwolB + 33190+ 17 By ) ex0 [ (14 2Mod)gn(t) + )t

(5) 1 def
< (llvoll + M3 10l + ;ufniamv_l)) exp((1 +2Mod) + uT) & by
(28)
for all ¢ € (0, 7], which yields that
|vnllLoo 0,70y < VM. (29)
Further, combining (28) with (27) we easily deduce the bound
lonllz20,mv) < Mo, (30)

with a positive constant Ms, which depends on d, p, ||, T', Mo, ||vo| mr, and
1 £l 22(0,7;v 1), and is independent of n.
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Joining (29) and (30) we arrive at the estimate

vnllLoo 0,780y + lVnll200,mv) < vV M1+ Ma. (31)

Now, let us turn to derivation of estimate (16).
At first, recall [8, Propos. V.1.3] that the integral equality (12) is equivalent
to the integral equality

(Bvn(- 1), () y1y

+ / (dive(vn(t) @ va(t)) - ¥ + pVavn(t) : Veop)de =
Q

= onlt) [ (b@) + B@)0n(0) o+ (F000)yry (32

for all ¢ € V| for a.e. t € (0,7).

By virtue of the Cauchy—Schwartz and Cauchy—Bunyakovsky inequalities
and condition (2), and with the help of Green’s formula, for all ¥ € C§(Q)?
from (32) we deduce that

‘<at’vn(-’t),1/;(.)>v_1’v‘ _

- /Q(divx(vn(t) ® v (t)) - P + pVav,(t) 1 Voop)da

+ @n(t) /Q(b(m) + B(m)vn(t)) ’ ¢da: + <.f(‘7t)7¢(‘)>v—17v

C.-Schw.
ineq.,
Green’s
f-la,

(2)
< /Q [ (t) ® va(8) [ Vath| d + /Q IV a0n ()| [Vath] dat

+M090n(t)/9(1+d|vn(t))|¢’dm+Hf("t>|’V—1”¢HV
C.-Bun.
ineq.,

C.-Schw.

ineq.

< dloal )E Vel oy + QY2 IVevn (Ol 2@ Vel oy )
+ on(t)Mo(12] + dIQI 2 [on (-, )| 1) ¥ 0wy
121 £ Ol bl < Tl lerm (33)
for a.e. t € (0,T), where, for the sake of brevity, we denote
Yo (t) = dloa (- t)llF + pl 21 Vava( )l 20
+ ()Mo (12] + A [vn (-, )|l 1r) + 1Q1V2FC )]y
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At second, note that, by the Sobolev embedding theorem [26, Ch.I|, V3
is compactly embedded in C§(€2), which implies that
1%llcy @ < Csab(@lllys, Ve VP, (34)

where Cgop(Q2) is a constant independent of ).
Now, combining (33) and (34) we establish the inequality

(0 0,90y s ya | < Csa @ Talbllys, VeV (35)

hence

|0svn (- 1)||y -5 < Csop(Q)Tn(t) for ace. t € (0,T). (36)
Finally, by virtue of (5), (6), (29), and (30) we conclude that there is a
positive constant M3, independent of n, such that

T
/ Y, (t)dt < Ms, ¥Yn>nyg,
0

which along with (36) implies that
Hat'vn('a t) HLl(O,T;V_S) < CSob(Q)M3' (37)
Estimates (31) and (37) now yield estimates (15) and (16) with
Cp = max {\/ My + Mo, Csob(Q)Mg}.

Proposition 2 is proved.

5 Proof of Theorem 1

5.1. Relative compactness of the family {v,},>n,. Let us recall the
following compactness result.

The Aubin-Lions—Simon Lemma. (|24, Corol. 4]) Assume X, B and Y
are three Banach spaces such that X —— B — Y, i.e. X is compactly
embedded in B and B is continuously embedded in Y. Then, the following
assertion holds true:

If some set F is bounded in LP(0,T;X), where 1 < p < 400, and set

OF /ot def {8@, o € f} is bounded in LY(0,T;Y) then F is relatively

compact in LP(0,T; B).

Proposition 2, the Rellich theorem, the Aubin—Lions—Simon lemma, and
the Alaoglu theorem imply that the assertion 1 of Theorem 1 holds true.
Indeed, X := V is compactly embedded in B := H by the Rellich theorem;
hence, according to (15) and (16), the set F := {v,}n>n, satisfies the
hypotheses in the Aubin-Lions-Simon lemma with p := 2 and Y := V3.
Therefore, by the Aubin-Lions—Simon lemma, the set {v;, }n>n, is relatively
compact in L?(0,T; H). Bound (15) also implies that, by the Alaoglu theo-
rem, {v,}n>n, is relatively weakly compact in L2(0,7; V) and relatively
weakly* compact in L*°(0,7; H). Due to these properties, there exist a
subsequence from {v,}n>n, and a limit vector-function v € L%(0,T; V) N
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L*>(0,T; H) satisfying the limiting relation (17). This completes the proof
of assertion 1 of Theorem 1.

5.2. Rescaling and shift. Following the previously carefully developed
procedure (see, for example, [3, 4, 5, 16, 17, 18]), let us fulfill some preliminary
considerations before we turn to the limiting passage as n — +oo in (12).

Assuming that the test vector-function w in the integral equality (12)
vanishes in a neighborhood of the section {t = T'}, let us integrate the first
summand in the left-hand side of (12) in ¢ by parts, apply Green’s formula in
x to the convective term, and write out the resulting equality in an expanded
form, separating the integrals over segments (0,1/n) and (1/n,T) from each
other:

1/n
/ / (—vn - Ow — (vp @ y) : Vow + pVyv, : Vow
0 Q
— n®(nt)(b(x) + B(z)v,) - w) dedt

1/n
_/O <f('7t)vw(')t)>v—1,vdt_/Q’U()(ZB)"lU(ZL‘,O) dx

T
+ / / (—vn 0w — (v, ®vy) @ Vew + uVyv, : wa) dxdt
1/nJQ
T

— 1/ <f(‘,t),w(‘,t)>v,1jvdt =0,
(38)

where the fact that the support of the function ¢ — n®(nt) lays in [0,1/n]
is taken into account. In (38), we change the independent variable ¢ and the
sought vector-function v,, on the segments {0 <t < 1/n}and {1/n <t <T}
as follows.

On (1/n,T] we shift the timescale backwards and take

t:=t—1/n, Oy(z,t) :=v,(x,t) =v,(xz,t+1/n) forte (1/n,T]. (39)

Note that t € (0,7 — 1/n], dt = dt, 0, = Oy, and t = t + 1/n. Further, on
[0,1/n] we stretch the timescale and take

O :=nt, Ty(xz,9) :=v,(x,t) =v,(z,n 1) forte|0,1/n]. (40)

Note that ¥ € [0,1], dt = n~'dV, 8; = ndy, and t = n~19. Thus, (38) takes
the form

1
/ /(—'vn(m,ﬁ) - Ogw(z, n~19)
0 Jo
—n 7 (T (x,9) @ Ty(x,9)) : Vow(z,n 109)

+n Vo, (2, 9) : Vew(z,n 1)

—®(9)(b(x) + B(x)v,(x,v)) - w(e, n_lﬁ)) dxd?
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1
- 1/ (fCn™H ), w(n™ 1))y g dd - /Qvo<w>-w(:v,0>dm

/T 1/n/ —T,(z,1) - Frw(x, T+ 1/n)

(Tp(x,1) @ Tp(x, 1)) : Vow(x,t 4 1/n)

+ pV U (x, 1) : Vow(x, t + 1/n)) dexdt
T-1/n » " »
—/0 <f(.,t+1/n),w(-,t+1/n)>v,w dt = 0. (41)

In accord with the further limiting passage as n — +oo, in (41) we take
the test vector-function w = w, (x,t) depending on n in the following form:

w(x, ) = w(x,nt) for t € [0,1/n], i.e., for ¥ € [0,1];
wn(,t) = ¢ w(x, 1) =w(x,t—1/n) forte (1/n, T,
ie., fort € (0,7 —1/n),
(42)
where W = W(x,9) and w = w(x,t) are arbitrary smooth test vector-
functions defined on Q x [0,1] and Q x [0,T], respectively, such that w =

w = 0 in a neighborhood of 99, w
{t = T}, and the matching condition

0 in a neighborhood of the plane

w(x,1—0)=w(x,0+) (43)
holds. We notice that condition (43) yields that the weak derivative dyw,, is
bounded in Qr, which implies that w, € C([0,T]; V) and dyw,, € L?(0,T; H)

and therefore w,, is an admissible test vector-function for (38) and (41).
Inserting (42) into (41), we get

/ / ) - Ogw(x, ) — n~ L (Ty(x,9) @ Ty(x, ) : Voo (x,9)
+n UV, o, (2, 9) : Vw(x, )
— (V) (b(z) + B(z)v,(,9)) - w(x,V)) dedd

1
n_l/o <f("”_lﬁ)vﬁ('ﬂ9)>v—1,V€w B /Q’UO("B) -w(x,0) dx
T-1/n _ _ N B
+/0 /Q(—ﬁn(w,t)-ﬁgw(w,t) (O (@, 1) @ T (2, 1)) : Vowb(x, 1)
+ uVo Uy (2, 1) : Vow(z, 1)) dedt

T-1/n _ ~ ~
_ /O (FCTH 1), B D))y dE = 0. (44)
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Furthermore, we notice that
Up(x,1 —0) = vp(x,0+) in Q (45)

due to (39), (40) and the regularity properties of v,, (see inclusions (11) in
Definition 1). The rest of the proof of Theorem 1 is based on a thorough
study of (44) with account of (45).

5.3. Limiting passage in the family {v,},>n,. The initial infinite-
simal layer equations. Applying the shift and rescaling (i.e. transformat-
ions (39) and (40)) in estimates (15) and (16) and discarding the nonnegative
expressions containing v,, we derive the following estimates for the family

{ﬁn}nznoz

|Onll oo 0,1;0) + 17 1/2 1Pnllz2(0,1;v) < lVnllzee 0,18y + 10l L2 0,mv) < Co,
(46)

HaﬁﬁnHLl(m;V*S) < HatUnHLl(O,T;V*?’) < Co, (47)

where Cj is the same constant, as in (15) and (16).

Estimate (46) implies that the family {Ty,}n>p, is uniformly bounded in
L*>(0,1; H). Due to this, assertion 2 of Theorem 1 follows immediately from
the Alaoglu theorem. Moreover, the limit vector-function v = w*- lim v,

n—-+4oo
admits the bound
19| oo (0,1;m) < Co- (48)

Further, taking w = 0 in (44), we get
/ / ) - 09w (x,0) — n~ (T (x,9) @ Tp(x,0)) : Vow(zx,?)
+n Vo, (2, 9) - Vo (x, )
— &) (b(x) + B(x)v,(x,9)) - w(x, ﬂ))dmdﬁ
1
—n_l/ (f(,n10), (-, 9)), Vdﬁ—/vo(m) cw(z,0)dr =0 (49)
0 ’ Q
for all test vector-functions w satisfying the conditions imposed above for
(42) and vanishing in a neighborhood of the plane {9 = 1}.

Due to the elementary inequality FG < (F? 4+ G?)/2 (VF,G € R), and
estimate (46), we have

// 9) @ Up(x,v)) : V,w(x, 9)dedd

H’UnHLoo ©0,1::)IVa®@llc@xo ) < Co IVa® |l c@xo ) o 0,

(50)
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i.e. the convective term in (49) converges to zero as n — +oo. Due to the
Cauchy—Bunyakovsky inequality and estimate (46), we establish

1
/ / N 0, (2, 9) : Voo (z, 9)dedyd
0 JQ

IN

o _ _
" V20| 2 (0,1;L2(€)4xd) |Vw HLQ(O,l;LQ(Q)dXd)

7 _
S 700HvwaLQ(O,l;LQ(Q)dXd) — 0, (51)

\/ﬁ n—+0o

i.e. the viscous dissipative term in (49) also converges to zero as n — +00.
Analogously,

1
nl/o (FCn719), (-, 0) )ymn 4, dV

1 1
< [ 1sen @ olvas

1 _
< gHf”C([O,T];V*l)||w||L1(O,1;V) noaho U (52)

By virtue of (19), for the remaining terms in (49) we have
1
/ / (—ﬁn(w,ﬁ) cOgw(x, ) — () (b(x) + B(x)v,(z,9)) -ﬁ(mﬁ))dmdﬁ
o Jo

—/vo(w)'w(w,())dac —
Q

n—-+00

1
/0 /Q (—v(z, ) - Oy (@, 9) — (0)(b(z) + B(z)o(z,9)) - w(x, 0))dedd

—/vo(m)-w(w,O)dm. (53)
Q

Now, collecting the results (50)—(53), from (49) we deduce the integral equal-

1ty
1
/0 /Q (—v(x,9) - Oyw(w, 9) — B(I)(b(z) + B(x)5(,9)) - W(e, 1)) dedd

- / wo(x) - W, 0)dz = 0 (54)
Q

for all test vector-functions w satisfying the above imposed conditions.
By virtue of (2), (4) and (48), using a standard procedure similar to
derivation of the bound (37), from (54) we easily deduce the estimate

105 oo 0,1,y < Mol|®l 10,11 (1 + D] oo (0,1,1)) < Mol|®|lcpo,17(1 + dCo);

(55)
hence 0yv € L*(0,1; H), which along with inclusion © € L*(0,1; H) by
[24, Lem. 4] gives that v € C([0, 1]; H).
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Finally, due to these regularity properties of v, the sufficient arbitrariness
of w, and the Weyl decomposition
LX(Q)% = H o VW(Q),

the integral equality (54) implies that equation (20a) holds a.e. in £ x (0,1)
with some scalar function p, and the initial condition (20c) holds in the sense
of the strong trace in H. That is,  is a strong solution to problem (20).

5.4. Uniqueness of v. The following proposition holds true.

Proposition 3. Assume that the data €2, vg, ®, b, B satisfy the conditions
imposed in Section 1. Then the strong solution © to problem (20) is unique.

Proof. Let 91 and Dy be two strong solutions of problem (20), corresponding
to the same given data ®, b, B, and vg. Denote v, := U9 — ©;. Subtracting
the equation (20a) with ¥; from the equation (20a) with D2, multiplying the
resulting equation by v, integrating over €2, employing condition (2) for b;;,
and applying the Cauchy—Bunyakovsky inequality, we get

d

@Ilm(wﬁ)llfq = (V) /QIB%(w)v*(w,ﬁ) (@, 9)de < dMo®(9)|[5.(-,9) ||,
vV e [0,1].

By Gronwall’s lemma, from this inequality we deduce that
9
[, 9) 32 < 11 (-,0) |3 exp{ o / o()ay'} =0, Vi eo,1],
0
since U,(+,0) = vg —vg = 0. Thus U, = 0; hence v; = T2 in Q x (0,1).
Proposition 3 is proved. O

Having proved this proposition, we have completed the justification of
assertion 3 of Theorem 1.

5.5. Limiting passage in the family {v,},>,,. Equations of the outer
flow. Introduce into consideration the characteristic function of the segment
{0<t<T—-1/n}:

0, (F) = 1 for Q<’£<T—1/n,
L0 for t¢ (0,7 —1/n).

Taking w = 0 in (44), we get
T
| [ e ot~ Gl 9 (w1 s V(e
+ uV U (2, t) : Vow(z, 1)) dedt

T
/0 On(B)(F (- 4+ 1/n), @ (-, 1))y, -1 ydE = 0 (56)

for all test vector-functions w satisfying the conditions imposed above for
(42) and vanishing in a neighborhood of the plane {t = 0}.
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Similarly to estimates (46) and (47), using the shift and rescaling we derive
the following uniform in n estimates for the family {En}n>n0:

|Vnll oo (0.7—1/m;r) + 100l 200,7-1/m5v) < Co, (57)
1070nll L1 (0,71 /mv—3) < Co, (58)

where Cj is the same constant, as in estimates (15), (16), (46), and (47). Due
to (57), (58), the Aubin-Lions-Simon lemma, the Alaoglu theorem, and the
limiting relation

0, — 1 weakly* in L°°(0,7) and strongly in L"(0,7) Vr € [1,+00),

n—-+o0o
(59)
there exist a subsequence from {’T)n} and a limit vector-function

v € L®(0,T; H)n L*(0,T; V)
such that
0,v, — v weakly* in L>(0,T; H),
n—-+00
strongly in L?>7(0,T; H) and weakly in L>77(0,T;V),

Vv e (0,1. (60)

In turn, the strong and weak* limiting relations in (60) yield that

0,00 @ Uy = 0,0, @ (00,) —> v®U  weakly in L*77(0,T; L' (Q)4*9).

n—-+00

(61)
Further, due to representations (39), estimate (16), and the elementary finite
increment formula (see in [24, Lem. 4]), we have

T-1/n _ N _ B
/0 an('7t) _vn(',t)”V—Sdt:
. T-1/n _ B N
0

[24, Lem. 4] T ~ __(16)
< n_l/ 10r0n (- Dllysdf < n'Co —s 0. (62)
0

- n——+oo

Since H is compactly embedded in V=3, the strong limiting relations in (17)
and (60) imply that

T
w8 —v(, )|l y-sdt — 0, 63
| 10aD = o Dlly-sd 5 0 (63)
T—l/n1 _ _ _
[ 1860 =8Bl o 5 0 Ymzme(61)
0 n——+o0o

Combining (62), (63) and (64) and using arbitrariness of nj, by the triangle
inequality we deduce that © = v in L'(0,T; V 3). Since both ¥ and v belong
to L2(0,T; H), this implies that

v(x,t) =v(x,t) for ae. (x,t) € Q. (65)
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Now, using relations (6);, (59)(61) and (65) and re-denoting t := t, we
pass to the limit in (56) as n — +oo and by this derive the integral equality

T
/ / (—v(z,t) - Qpw(w,t) — (v(z,t) @ v(w, b)) : Vow(z,t)
0o Ja

T
+ uVgv(z,t) : Vow(z,t)) dedt — /0 (f(-1), 'LT:(-?t)>V_1’th =0.
(66)

The regularity demands on the set of test vector-functions w in this integral
equality can be loosen as compared to the ones imposed on the test vector-
function w in (42). More certainly, relying on the standard density arguments,
we can set that, in (66), w merely belongs to L%(0,T; V'), Oyw merely belongs
to L?(0,T; H), and w vanishes in a neighborhood of the sections {t = 0}
and {t =T}.

Note that the integral equality (66) is exactly the integral equality (24)
with w = w, which along with the inclusion v(-,t) € V is equivalent in the
sense of distributions to the system consisting of equations (21a) and (21b).

5.6. Completion of the proof of assertion 3 of Theorem 1. We divide
the final part of the proof of the assertion 3 of Theorem 1 into justification
of two lemmas. At first, we refine the regularity of the limit vector-function
v as compared to the assertion 1 of the theorem.

Lemma 1. Inclusions
ve L®0,T; H)NL*0,T;V), dwe LY0,T;V™),
veC(0,T; H) ifd=2, v € Cuear([0,T]; H) ifd=3

hold, i.e. the limit vector-function v meets the reqularity conditions (23).

Proof. Inclusion v € L>(0,T; H)NL?*(0,T; V) has already been established
in the assertion 1 of the theorem.

The properties dyv € L*4(0,T; V1), v € C([0,T]; H) (in the case d = 2)
and Cyeak ([0, T]; H) (in the case d = 3) appear as the classical regularity
result of the theory of non-stationary Navier—Stokes equations by virtue of
inclusion v € L>(0,T; H) N L*(0,T; V), condition f € C([0,T]; V1), the
integral equality (24) (or, equivalently, (66)), for details see, for example, [27,
Ch. 3, Secs. 3.1,3.3, 3.4]. O

At second, we show that the initial condition v(-,0) = ©(-,1) holds true
in the proper sense:

Lemma 2. The limiting relations (25) and (26) hold in the respective cases
d=2andd=3.

Proof. Justification of the limiting relations (25) and (26) is a natural modifi-
cation of the arguments from [18, Sec.4.5]. At first, note that, by the finite
increment formula [24, Lem. 4], from (47) it follows that the family of mapp-
ings (¥ — wy,(-,9)): [0,1] = V3 is equi-continuous. On the other hand,
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due to estimate (46) the values of the functions ¥ — v, (-,9) belong to the
interval |0, (-,9)|| g < Co, which is a compact subset of V3. By the Arcela—
Ascoli theorem, this implies that the set {U,}n>n, is relatively compact in
C(]0,1]; V—3). Therefore, there is a subsequence, still denoted by n, such
that ©,(-,9) — ©(-,9) in V3 uniformly on the segment {0 < < 1}.

n—-+0o

Quite analogously, from (57) and (58) we deduce that v,(-,t) — o(-,1)

n—+oo

strongly in V=3 uniformly on the segment {0 < t < T — 1/ng}, at least
for some subsequence. These two limiting relations and identities (45) and
(65) imply that v(-,0+) = ¥(-,1) in V3. Combining the latter relation with
the regularity properties v € C([0,1]; H) (for d € {2,3}), v € C([0,T]; H)
(for d = 2), and v € Cyeax([0,T]; H) (for d = 3), we conclude that both
conditions (25) and (26) are valid.

Lemma 2 is proved. O

Thus, v is a weak solution to problem (21).
The proof of Theorem 1 is completed.

6 Concluding remarks

6.1. A note on uniqueness of the solution to system (20)—(21).
Proposition 3, along with the well-known provisions of the theory of Navier—
Stokes equations [27, Ch. 3, Th. 3.2], leads to the following result.

Proposition 4. In the two-dimensional case (i.e., when d = 2), the “strong-
weak” solution to system (20)—(21) in the sense of Definitions 2 and 3 is
UNIqUE.

6.2. A note on the strong solution to problem (21). Since problem
(20) is linear, assuming that the data €2, vy, ®, b, B are sufficiently smooth,
we can obtain as much regularity as desired for © and p,. In particular, the
following result is valid.

Lemma 3. In addition to the conditions imposed on the given data in Section
1, assume that vo € V2, b € C2(Q)4, B € C?(Q)¥4, and ® € C2([0,1]).
Then the strong solution © of problem (20) has the additional regularity

v e C([0,1); V?), (67a)
Dyt € L™¥(0,1; V?). (67b)

Proof. Justification of this lemma is quite standard in the theory of evolution-
ary equations and simulates the proofs of Proposition 1.2 from [27, Ch. 3|
and Lemma 2 from [3]. Therefore, we present it here rather schematically.
At first, from Proposition 3 we recall that the strong solution ¥ is unique
and note that it can be constructed by the Galerkin method as the limit of the
sequence of smooth Galerkin’s approximations U, (m € N), as m — 4o0.
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At second, by virtue of the Galerkin system, we construct the set of three
energy estimates

()l < Mullvollzr + Ms, V9 € [0,1], (68)
vai('aﬂ)ui2(g)dxd < MGHVx'UOH%Q(Q)dxd + M77 Vi e [Oa 1]: (69)
180 (-, 9)|IF < Ms|| Agvollg + Mo, V0 €[0,1], (70)

where the constants My—My depend only on d, €2, [|b|| 2 )¢, and [|B|| o2 iy dxa-
From (68)-(70), and the well-known inequality |19, Ch. 1, Sec. 1.5, formula
(16)]
pllwz2(ye < Co@Asdllr2oye: Vb € W) N Wy * ()7,

it follows that ¥ € L>(0, 1; V2), which along with the conditions b € C%(Q)9,
B € C?(Q)%*? and ® € C2([0,1]) gives that

090 = PPy (b + Bv) € L(0, 1; VQ),

i.e. inclusion (67b) holds true.
Finally, inclusion (67a) follows from (67b) by [24, Lem. 4].
Lemma 3 is proved. O

By Lemma 3, we immediately conclude that, if vg € V2, b € C2(ﬁ)d,
B € C?(Q)?4 and ® € C2(]0,1]), then

o(,1) e V2 (71)

Thus, Lemma 3 and the well-known provisions of the theory of Navier—
Stokes equations [27, Ch. 3, Th.3.5,3.6| lead to the following result in the
two-dimensional case.

Theorem 2. Assume that d = 2, 00 € C3, vy € V2, f € C([0,T); H),
of € C(0,T;; VY, be C?(Q)4, B e C?2(Q)¥4, and ® € CZ(]0,1]).

Then the pair of solutions © and v to the respective problems (20) and
(21) has the additional reqularity

v € C([0,1;V?), 9dyv € L>(0,1;V?), (72a)
v e L®0,T; VI nw?2(Q)?), ow e L*0,T;V)NL®(0,T; H). (72b)

Remark 1. The presence of the regularity properties (72b) means that the
weak solution to problem (21), under the assumptions of Theorem 2, actually
becomes the strong solution in the usual sense. (The exact notion of strong
solution is given, for example, in [8, Ch.V, Sec.2|.)

6.3. Two examples of explicit formulas for the “corrected” initial
velocity v(-,1). Equation (20a) has a rather simple form and therefore
can be easily integrated explicitly for some fairly simple matrices B, which
leads to explicit formulas of the “corrected” initial velocity field ©(-,1). In
conclusion of this article, let us observe two results in this direction in the
two-dimensional case and draw a few notable conclusions.
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Firstly, assume that
_ - acos¢ asing
b=0, IBg_<—asin<;5 acosqb)’ (73)
where values a € R and ¢ € [0,27) are constant and given. For simplicity
and clarity of representation of solutions, also assume that
Qc{xeR* x>0,y >0} (74)

and that the given initial velocity field vg belongs to V' and is extended
beyond §2 by zero. Denote

[V
(V) d:efexp{acosqb/ @(ﬁ’)dﬁ’}.
0

With these given data and with account of the above notation, the unique
strong solution of problem (20) has the form

v(x,9) = U()vo(x), (x,9) € Qx[0,1], (75)

and the associated pressure function is defined by the formula

T —_
Di(x,0) = (asinQS)(I)(z?)\I/(ﬁ)/ vo2(x), x9)dx]| + const, (x,9) € Q x [0,1].
0
(76)
The validity of representations (75) and (76) for the solution is established by
their direct substitution into equations (20a), (20b) and subsequent calculat-

ion with additional account of condition div,vy = 0.
By virtue of (4) and (75), we have

o(x,1) = e Pyg(x) for z € Q. (77)

Now, we formulate a simple result that follows from Theorem 1, Proposition
4 and formula (77):

Theorem 3. Assume d =2 and conditions (2)—(7), (73), (74), and vo € V

hold; then v = 1ir+n v, 1S the unique weak solution of the initial-boundary
n—-+0oo

value problem for the system of Navier—Stokes equations (21a), (21b) endowed
with the no-slip boundary condition (21d) and the “corrected” initial condition

v(z,0+) = e*“%vy(z) for x € Q. (78)
Remark 2. If B is given by (73) and vo € V' then one has
Bwvg = (acos¢)vg + (asing)vg, where vy = (vo2, —vo1);

hence, by the Weyl decomposition, Pso1(Bvg) = (acos ¢)vg and condition (9)
takes the form

v(x,0+) = (1 4+ acos p)vg(x).
Note that this condition does not coincide with condition (78), except for
the cases, when a = 0, or ¢ = ©/2, or ¢ = 3w/2. Thus, we confirm a
conjecture that was announced in Section 1: in general, the system consisting
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of equations (8), (1b), (1d), and (9), is not a proper approzimation of (1)
for large n € N,

Secondly, assume that
b satisfies conditions (2), B =0, (79)

and ® and v satisfy conditions (4) and (7), respectively.
By the Weyl decomposition, one has

b= bsol + Vxﬁ*, bsol = Psol(b) € H, Tx € WLQ(Q)v (80)

where by and T, are considered uniquely given, because b is given.
With these given data, the unique strong solution to problem (20) has the
form

9
5(@,9) = vo(x) + by () /0 SN, (,9)cqx[0,1],  (81)

and the associated pressure function is defined by the formula
p.(x,9) = ®()Tu(x) + const, (x,9) € Q x [0,1]. (82)

The validity of representations (81) and (82) for the solution is established
by their direct substitution into equations (20a), (20b) and subsequent calcul-
ation.

By virtue of (4) and (81), we have

80
B2, 1) = v0(@) + beor(@) 2 vy (@) + Pat(b)(z) forz € Q. (83)

Now, we formulate a simple result that follows from Theorem 1, Proposi-

tion 4 and formula (83):

Theorem 4. Assume d =2, conditions (2)—(7) and B = 0 hold.

Then v = lim v, is the unique weak solution to the initial-boundary
n—-+00

value problem for the system of Navier—Stokes equations (21a), (21b) endowed
with the no-slip boundary condition (21d) and the “corrected” initial condition

v(x,04+) = vo(x) + Psol(b) () for x € Q. (84)

Remark 3. Condition (84) is exactly condition (9) with B = 0. Thus we
conclude that, if the impulsive term in (1a) does not depend on solution v,
then the singular term F = 5(t:0)b(:c) is its proper approximation for large
n € N. As it has already been noticed in Section 1, the result of Theorem 4
is in good agreement with the classical formulations of problems on exterior
instantaneous force action on hydrodynamic flows |6, 20, 22, 28§|.
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