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1 Ââåäåíèå

Â íàñòîÿùåé ðàáîòå ìû ðàññìîòðåëè çàäà÷ó Êîøè äëÿ ñëåäóþùåé ñè-
ñòåìû óðàâíåíèé àìáèïîëÿðíîé äèôôóçèè â ïîëóïðîâîäíèêîâîé ïëàçìå
â ôîðìàëèçìå ýëåêòðîíîâ è äûðîê â RN ïðè N ⩾ 3:

∂n

∂t
= a2

(
∆xn+ div(|n|m−1nDxϕ)

)
, (1)

∂p

∂t
= b2

(
∆xp− div(|p|m−1pDxϕ)

)
, (2)

∆xϕ = p− n, m ⩾ 1, a, b > 0, (3)
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ãäå ïåðåìåííûå n è p ñîîòâåòñòâóþò êîíöåíòðàöèÿì ýëåêòðîíîâ è äûðîê
ñîîòâåòñòâåííî.
Îòìåòèì, ÷òî â íàñòîÿùåé ðàáîòå ìû âïåðâûå ðàññìîòðåëè ñëó÷àé

m > 1. Ñëó÷àþ m = 1 ïîñâÿùåíî ìíîãî èíòåðåñíûõ ðàáîò. Îòìåòèì,
ïðåæäå âñåãî ðàáîòó [1]. Â ýòîé ðàáîòå ðàññìàòðèâàëñÿ ñëó÷àé R3 è èçó-
÷àëàñü ãëîáàëüíàÿ âî âðåìåí ðàçðåøèìîñòü çàäà÷è Êîøè äëÿ òàêîé ñè-
ñòåìû óðàâíåíèé:

nt = div(∇n+ n∇(ψ + V ))−R(n, p, x), (4)

pt = div(∇p+ p∇(−ψ + V ))−R(n, p, x), (5)

−ε2∆ψ = n− p−D(x). (6)

Îòìåòèì, îäíàêî, ÷òî ýòà ñèñòåìà óðàâíåíèé ñ ôèçè÷åñêîé òî÷êè çðåíèÿ
îøèáî÷íà, ïîñêîëüêó â óðàâíåíèå (5) äëÿ äûðîê ïîòåíöèàë V âíåøíåãî
ýëåêòðè÷åñêîãî ïîëÿ äîëæåí âõîäèòü êàê è ïîòåíöèàë ψ ñàìîñîãëàñî-
âàííîãî ýëåêòðè÷åñêîãî ïîëÿ ýëåêòðîíîâ è äûðîê ñî çíàêîì ¾−¿! Òåì
íå ìåíåå ýòî íå ñêîëüêî íå âëèÿåò íà ìàòåìàòè÷åñêîå êà÷åñòâî ðàáîòû!
Îòìåòèì òàêæå áîëåå ðàííþþ ðàáîòó [2].
Â íàñòîÿùåé ðàáîòå ìû äîêàçàëè ñóùåñòâîâàíèå, åäèíñòâåííîñòü è

ãëîáàëüíóþ âî âðåìåíè ðàçðåøèìîñòü ñëàáîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ
ñèñòåìû óðàâíåíèé (1)�(4), à òàêæå èçó÷èëè àñèìïòîòè÷åñêîå ïîâåäåíèå
ðåøåíèÿ {n, p, ϕ} ïðè áîëüøèõ âðåìåíàõ. Ïðè ýòîì ñóùåñòâåííî èñïîëü-
çîâàëè òåõíèêó ðàáîòû [3]. Çàìåòèì, ÷òî øèðîêèé ñïåêòð ðåçóëüòàòîâ îá
àñèìïòîòè÷åñêîì ïîâåäåíèè ïðè áîëüøèõ âðåìåíàõ äëÿ íåëèíåéíûõ ýâî-
ëþöèîííûõ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè ïîëó÷åí â ðàáîòàõ È. À.
Øèøìàðåâà, Ï. È. Íàóìêèíà, Å. È. Êàéêèíîé è Í. Õàÿøè (ñì. ðàáîòû
[4], [5]).

2 Âûâîä ñèñòåìû óðàâíåíèé

Ðàññìîòðèì äèôôóçèþ ýëåêòðîíîâ è äûðîê â ïîëóïðîâîäíèêîâîé
ïëàçìå (ñì. ðàáîòû [6], [7]). Óðàâíåíèÿ äèôôóçèè èìåþò âèä óðàâíåíèé
íåïðåðûâíîñòè äëÿ ýëåêòðîíîâ (e) è äûðîê (p) â RN ïðè N ⩾ 3:

∂Ne

∂t
+ div Je = 0,

∂Np

∂t
+ div Jp = 0, (7)

ïðè÷åì ïëîòíîñòè ïîòîêîâ Je è Jp âûðàæàþòñÿ ÷åðåç ïëîòíîñòè ÷èñëà
÷àñòèö è èõ ãðàäèåíòû ñîãëàñíî:

Je = −NebeeE−De∇Ne, Jp = NpbpeE−Dp∇Np, (8)

ãäå De, Dp � êîýôôèöèåíòû äèôôóçèè, à be, bp � ïîäâèæíîñòè ýëåêòðî-
íîâ è äûðîê, à e � çàðÿä ýëåêòðîíà, êîòîðûé îòðèöàòåëüíûé: e < 0. Ìû
ïðåäïîëàãàåì, ÷òî ïîäâèæíîñòè çàâèñÿò îò êîíöåíòðàöèè ýëåêòðîíîâ è
äûðîê ñîãëàñíî ñòåïåííîìó çàêîíó:

be = be0|Ne|m−1, bp = bp0|Np|m−1, m ⩾ 1. (9)
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Êðîìå òîãî, êîýôôèöèåíòû äèôôóçèè De, Dp ñâÿçàíû ñ ïîäâèæíîñòÿìè
be0, bp0 ñîîòíîøåíèÿìè (ñì. [6] ôîðìóëà 25.3):

De = Tbe0, Dp = Tbp0. (10)

Íàêîíåö, äëÿ ñàìîñîãëàñîâàííîãî ýëåêòðè÷åñêîãî ïîëÿ E ñïðàâåäëèâû
òàêèå óðàâíåíèÿ:

divD = 4πe(Np −Ne), D = εE, rotE = 0. (11)

Òàêèì îáðàçîì, åñëè ââåñòè ïîòåíöèàë ýëåêòðè÷åñêîãî ïîëÿ ϕ ñîãëàñíî
ôîðìóëå E = −∇ϕ, òî èç (7)�(11) ïîëó÷èì òàêóþ ñèñòåìó óðàâíåíèé:

∂Ne

∂t
= De∆xNe −

Dee

T
div(|Ne|m−1Ne∇ϕ), (12)

∂Np

∂t
= Dp∆xNp +

Dpe

T
div(|Np|m−1Np∇ϕ), (13)

∆xϕ = −4πe

ε
(Np −Ne). (14)

Ñèñòåìó óðàâíåíèé (12)�(14) ìîæíî â áåçðàçìåðíûõ ïåðåìåííûõ (ïî-
ñêîëüêó e < 0) ïðèâåñòè ê âèäó (1)�(3).

3 Îáîçíà÷åíèÿ

Â ðàáîòå ðàññìàòðèâàåòñÿ ñèòóàöèÿ, êîãäà N ∈ N è N ⩾ 3.
Ñèìâîëîì ⌊a, b⌉ ìû îáîçíà÷àåì âñåâîçìîæíûå âàðèàíòû:

[a, b], (a, b), [a, b), (a, b].

Ñèìâîëîì O(x,R) ⊂ RN ìû îáîçíà÷àåì îòêðûòûé øàð ñ öåíòðîì â
òî÷êå x ∈ RN è ðàäèóñîì R > 0. Ïîä Cα

loc(RN ) ïðè α ∈ (0, 1] ïîíè-
ìàåì ëèíåéíîå ïðîñòðàíñòâî òàêèõ ôóíêöèé f, ÷òî äëÿ ëþáîãî øàðà
O(x0, R0) ⊂ RN èìååì:

[f ]α;O(x0,R0) := sup
x̸=y, x,y∈O(x0,R0)

|f(x)− f(y)|
|x− y|α

< +∞. (15)

Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ f = f(x, t) ïðè (x, t) = RN × [0, T ] ïðèíàä-
ëåæèò Cα

x,loc(RN ) ïðè α ∈ (0, 1] ðàâíîìåðíî ïî t ∈ [0, T ], åñëè äëÿ ëþáîãî

øàðà O(x0, R0) ⊂ RN èìååì:

sup
t∈[0,T ]

[f(t)]α;O(x0,R0) = sup
t∈[0,T ]

sup
x̸=y, x,y∈O(x0,R0)

|f(x, t)− f(y, t)|
|x− y|α

< +∞.

(16)
Îòìåòèì, ÷òî ìû ïîëüçóåìñÿ îáîçíà÷åíèÿìè èç êíèãè [8]. Â ÷àñòíîñòè,
ìû èñïîëüçóåì òàêîå îáîçíà÷åíèå:

|f |0 := sup
x∈RN

|f(x)|. (17)

Ñèìâîëîì Dx � ìû îáîçíà÷àåì ãðàäèåíò, ñèìâîëîì Dxj � ÷àñòíóþ

ïðîèçâîäíóþ ïî ïåðåìåííîé xj , ñèìâîëîìD
2
xjxk

� ÷àñòíóþ ïðîèçâîäíóþ
âòîðîãî ïîðÿäêà ïî ïåðåìåííûì xj è xk â òàêîé æå ïîñëåäîâàòåëüíîñòè,
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ñèìâîëîì Dt � îáîçíà÷àåì ÷àñòíóþ ïðîèçâîäíóþ ïî âðåìåíè. Ñèìâîëîì
Dl

x ìû îáîçíà÷àåì ïðîèçâîëüíóþ ÷àñòíóþ ïðîèçâîäíóþ (ïî ïåðåìåííîé
x = (x1, . . . , xN )) ïîðÿäêà l ∈ N ∪ {0}.
Ñèìâîëîì C

(m,n)
x,t (RN × ⌊0, T ⌉) ìû îáîçíà÷àåì ëèíåéíîå ïðîñòðàíñòâî

òàêèõ ôóíêöèé f = f(x, t), ÷òî âñå ÷àñòíûå ïðîèçâîäíûå ïî ïåðåìåííîé
x äî ïîðÿäêà m ∈ N∪{0} è âñå ÷àñòíûå ïðîèçâîäíûå ïî ïåðåìåííîé t äî
ïîðÿäêà n ∈ N ∪ {0} ñóùåñòâóþò â êëàññè÷åñêîì ñìûñëå íà ìíîæåñòâå
RN × ⌊0, T ⌉ è ÿâëÿþòñÿ íåïðåðûâíûìè, ïðè÷åì ÷àñòíûå ïðîèçâîäíûå
ïî t ∈ ⌊0, T ⌉ â ãðàíè÷íûõ òî÷êàõ ïîíèìàþòñÿ â ñìûñëå âîçìîæíîñòè
íåïðåðûâíîãî ïðîäîëæåíèÿ â ãðàíè÷íóþ òî÷êó. Åñëè â äîïîëíåíèå ñàìà
ôóíêöèÿ è âñå å¼ ÷àñòíûå ïðîèçâîäíûå äî ïîðÿäêîâm è n âêëþ÷èòåëüíî

îãðàíè÷åíû, òî ìû èñïîëüçóåì îáîçíà÷åíèå C
(m,n)
b,x,t (RN × ⌊0, T ⌉).

Ñèìâîëîì Cb(RN ) ìû îáîçíà÷àåì ëèíåéíîå ïðîñòðàíñòâî ôóíêöèé

íåïðåðûâíûõ è îãðàíè÷åííûõ íà RN . Ñèìâîëîì C
(k)
b (RN ) ìû îáîçíà÷à-

åì ëèíåéíîå ïðîñòðàíñòâî k�ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíê-
öèé íà RN , ïðè÷åì ñàìà ôóíêöèÿ è âñå åå ÷àñòíûå ïðîèçâîäíûå äî ïî-
ðÿäêà k ÿâëÿþòñÿ îãðàíè÷åííûìè. Ñèìâîëîì Cb(RN × [0, T ]) ìû îáîçíà-
÷àåì ëèíåéíîå ïðîñòðàíñòâî íåïðåðûâíûõ è îãðàíè÷åííûõ ôóíêöèé íà
RN × [0, T ].
Ñèìâîëîì C([0, T ];B), ãäå B � áàíàõîâî ïðîñòðàíñòâî îòíîñèòåëüíî

íîðìû ∥·∥B, ìû îáîçíà÷àåì ëèíåéíîå ïðîñòðàíñòâî ôóíêöèé f, îïðåäå-
ëåííûõ íà [0, T ] ñî çíà÷åíèÿìè â B, òàêèõ, ÷òî

∥f(t1)− f(t2)∥B → +0 ïðè |t1 − t2| → +0 (18)

äëÿ ëþáûõ t1, t2 ∈ [0, T ]. Ïðè÷åì ëèíåéíîå ïðîñòðàíñòâî C([0, T ];B) ÿâ-
ëÿåòñÿ áàíàõîâûì îòíîñèòåëüíî íîðìû:

∥f∥BT := sup
t∈[0,T ]

∥f(t)∥B. (19)

Ñèìâîëîì C((0, T ];B) ìû îáîçíà÷àåì ëèíåéíîå ïðîñòðàíñòâî òàêèõ
ôóíêöèé f, ÷òî äëÿ ëþáîãî δ ∈ (0, T ) ôóíêöèÿ f ∈ C([δ, T ];B). Àíà-

ëîãè÷íûì îáðàçîì îïðåäåëÿåòñÿ ëèíåéíîå ïðîñòðàíñòâî C(1)((0, T ];B).
Ïîëîæèòåëüíûå ïîñòîÿííûå ìû îáû÷íî îáîçíà÷àåì áîëüøîé áóêâîé

C, åñëè ïîñòîÿííàÿ C çàâèñèò îò êàêèõ-òî ïàðàìåòðîâ ìû ïèøåì C ñ àð-
ãóìåíòàìè. Íà ïðîòÿæåíèè âñåé ñòàòüè ñèìâîëîì Mc,x,t ìû îáîçíà÷àåì
îïåðàòîð:

Mc,x,t :=
∂

∂t
− c2∆x, ∆x :=

N∑
j=1

D2
xjxj

, (20)

à ñèìâîëîì MT
c,x,t ìû îáîçíà÷àåì òðàíñïîíèðîâàííûé îïåðàòîð:

MT
c,x,t := − ∂

∂t
− c2∆x. (21)

Ñèìâîëàìè D(RN ), D(RN × (−∞, T )), D(RN+1) ìû îáîçíà÷àåì ëè-
íåéíûå òîïîëîãè÷åñêèå ïðîñòðàíñòâà îñíîâíûõ ôóíêöèé ñ êîìïàêòíûì
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íîñèòåëåì, à ñèìâîëàìè D ′(RN ), D ′(RN×(−∞, T )), D ′(RN+1) � ñîîòâåò-
ñòâóþùèå äâîéñòâåííûå ïðîñòðàíñòâà îáîáùåííûõ ôóíêöèé. Ïðè ýòîì
ñèìâîëîì ⟨·, ·⟩ ìû åäèíîîáðàçíî îáîçíà÷àåì ñîîòâåòñòâóþùåå ñïàðèâà-
íèå, ïðè÷åì èç êîíòåêñòà ÿñíî ìåæäó êàêèìè ïðîñòðàíñòâàìè.
Ñèìâîëîì Lm

loc(RN × [0, T )) ìû îáîçíà÷àåì òàêîå ëèíåéíîå ïðîñòðàí-

ñòâî ôóíêöèé f , ÷òî äëÿ ëþáîãî êîìïàêòà K ⊂ RN × [0, T ) ôóíêöèÿ

f ∈ Lm(K). Ñèìâîëîì W 1,∞
loc (RN × [0, T )) ìû îáîçíà÷àåì òàêîå ëèíåé-

íîå ïðîñòðàíñòâî ôóíêöèé f, ÷òî äëÿ ëþáîãî êîìïàêòà K ⊂ RN × [0, T )
ôóíêöèÿ f ∈ W 1,∞(K). Àíàëîãè÷íûì îáðàçîì îïðåäåëÿþòñÿ ëèíåéíûå

ïðîñòðàíñòâà Lm
loc(RN × [0,+∞)) è W 1,∞

loc (RN × [0,+∞)). Ìû èñïîëüçóåì
ñëåäóþùèå íîðìû íà ñîîòâåòñòâóþùèõ ëèíåéíûõ ïðîñòðàíñòâàõ:

∥f∥r,T := sup
t∈[0,T ]

∥f(t)∥r, ∥f∥T = ∥f∥1,T + ∥f∥∞,T , r ∈ [1,+∞], (22)

4 Ñëàáûå ðåøåíèÿ

Ïóñòü N ⩾ 3. Ðàññìîòðèì óðàâíåíèå â ñìûñëå D ′(RN+1) :

Mc,x,tEc(x, t) = δ(x)δ(t), (23)

Mc,x,t :=
∂

∂t
− c2∆x, MT

c,x,t := − ∂

∂t
− c2∆x, c > 0. (24)

Íåñëîæíî ïîêàçàòü, ÷òî

Ec(x, t) =
θ(t)

(4πc2t)N/2
exp

(
− |x|2

4c2t

)
. (25)

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ñèñòåìû óðàâíåíèé ïðè a, b > 0, m ⩾ 1:

∂n

∂t
= a2

(
∆xn+ div(|n|m−1nDxϕ)

)
, (x, t) ∈ RN × (0, T ], (26)

∂p

∂t
= b2

(
∆xp− div(|p|m−1pDxϕ)

)
, (x, t) ∈ RN × (0, T ], (27)

∆xϕ = p− n, (x, t) ∈ RN × (0, T ], (28)

n(x, 0) = n0(x), p(x, 0) = p0(x), x ∈ RN . (29)

Äàäèì îïðåäåëåíèå ëîêàëüíîãî âî âðåìåíè ñëàáîãî ðåøåíèÿ.

Îïðåäåëåíèå 1. Ñëàáûì ëîêàëüíûì âî âðåìåíè ðåøåíèåì çàäà÷è Êî-
øè (26)�(29) íàçûâàåòñÿ òàêàÿ óïîðÿäî÷åííàÿ òðîéêà

{n, p, ϕ} ∈ Lm
loc(RN × [0, T ))×Lm

loc(RN × [0, T ))×W 1,∞
loc (RN × [0, T )), (30)
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÷òî äëÿ ëþáûõ ψ1, ψ2, ψ3 ∈ C∞
0 (RN × (−∞, T )) âûïîëíåíû ðàâåíñòâà:

T∫
0

∫
RN

n(x, t)MT
a,x,tψ1(x, t) dx dt−

∫
RN

n0(x)ψ1(x, 0) dx+

+ a2
T∫
0

∫
RN

|n(x, t)|m−1n(x, t) (Dxϕ(x, t), Dxψ1(x, t)) dx dt = 0, (31)

T∫
0

∫
RN

p(x, t)MT
b,x,tψ2(x, t) dx dt−

∫
RN

p0(x)ψ2(x, 0) dx−

− b2
T∫
0

∫
RN

|p(x, t)|m−1p(x, t) (Dxϕ(x, t), Dxψ2(x, t)) dx dt = 0, (32)

T∫
0

∫
RN

(Dxϕ(x, t), Dxψ3(x, t)) dx dt+

T∫
0

∫
RN

(p(x, t)−n(x, t))ψ3(x, t) dx dt = 0,

(33)
ïðè÷åì n0, p0 ∈ L1

loc(RN ) è m ⩾ 1.

Äàäèì îïðåäåëåíèå ãëîáàëüíîãî âî âðåìåíè ñëàáîãî ðåøåíèÿ.

Îïðåäåëåíèå 2. Ñëàáûì ãëîáàëüíûì âî âðåìåíè ðåøåíèåì çàäà÷è Êî-
øè (26)�(29) íàçûâàåòñÿ òàêàÿ óïîðÿäî÷åííàÿ òðîéêà

{n, p, ϕ} ∈ Lm
loc(RN × [0,+∞))×Lm

loc(RN × [0,+∞))×W 1,∞
loc (RN × [0,+∞)),

(34)
÷òî äëÿ ëþáûõ ψ1, ψ2, ψ3 ∈ C∞

0 (RN × (−∞,+∞)) âûïîëíåíû ðàâåíñòâà:

+∞∫
0

∫
RN

n(x, t)MT
a,x,tψ1(x, t) dx dt−

∫
RN

n0(x)ψ1(x, 0) dx+

+ a2
+∞∫
0

∫
RN

|n(x, t)|m−1n(x, t) (Dxϕ(x, t), Dxψ1(x, t)) dx dt = 0, (35)

+∞∫
0

∫
RN

p(x, t)MT
b,x,tψ2(x, t) dx dt−

∫
RN

p0(x)ψ2(x, 0) dx−

− b2
+∞∫
0

∫
RN

|p(x, t)|m−1p(x, t) (Dxϕ(x, t), Dxψ2(x, t)) dx dt = 0, (36)
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+∞∫
0

∫
RN

(Dxϕ(x, t), Dxψ3(x, t)) dx dt+

+∞∫
0

∫
RN

(p(x, t)− n(x, t))ψ3(x, t) dx dt = 0,

(37)

ïðè÷åì n0, p0 ∈ L1
loc(RN ) è m ⩾ 1.

Ñïðàâåäëèâà ñëåäóþùàÿ íåñëîæíàÿ:

Ëåììà 1. Âñÿêîå ãëîáàëüíîå âî âðåìåíè ñëàáîå ðåøåíèå {n, p, ϕ} çàäà÷è
Êîøè (26)�(29) â ñìûñëå îïðåäåëåíèÿ 2 ÿâëÿåòñÿ ëîêàëüíûì âî âðåìåíè
ñëàáûì ðåøåíèåì çàäà÷è Êîøè (26)�(29) â ñìûñëå îïðåäåëåíèÿ 1 äëÿ ëþ-
áîãî T > 0. Îáðàòíî, åñëè òðîéêà {n, p, ϕ} ÿâëÿåòñÿ ñëàáûì ëîêàëüíûì
âî âðåìåíè ðåøåíèåì çàäà÷è Êîøè â ñìûñëå îïðåäåëåíèÿ 1 äëÿ êàæäîãî
T > 0, òî ýòî ñëàáîå ãëîáàëüíîå âî âðåìåíè ðåøåíèå çàäà÷è Êîøè â
ñìûñëå îïðåäåëåíèÿ 2.

Íàêîíåö, ñïðàâåäëèâà ñëåäóþùàÿ:

Ëåììà 2. Âñÿêîå ñëàáîå ëîêàëüíîå âî âðåìåíè ðåøåíèå çàäà÷è Êîøè
(26)�(29) â ñìûñëå îïðåäåëåíèÿ 1 ïðåäñòàâèìî â ñëåäóþùåì âèäå ïðè
óñëîâèè ñóùåñòâîâàíèÿ ñîîòâåòñòâóþùèõ èíòåãðàëîâ:

ñ(x, t) =

∫
RN

Ea(x− y, t)n0(y) dy+

+ a2
t∫

−∞

∫
RN

Ea(x− y, t− τ) div
(
|ñ(y, τ)|m−1ñ(y, τ)Dyϕ̃(y, τ)

)
dy dτ, (38)

p̃(x, t) =

∫
RN

Eb(x− y, t)p0(y) dy−

− b2
t∫

−∞

∫
RN

Eb(x− y, t− τ) div
(
|p̃(y, τ)|m−1p̃(y, τ)Dyϕ̃(y, τ)

)
dy dτ, (39)

ϕ̃(x, t) =
1

(N − 2)ωN

∫
RN

ñ(y, t)− p̃(y, t)

|x− y|N−2
dy, (40)

ãäå ìû èñïîëüçîâàëè îáîçíà÷åíèå:

h̃(x, t) :=

{
h(x, t), åñëè t ⩾ 0;

0, åñëè t < 0.
(41)

Äîêàçàòåëüñòâî. Èòàê, ïóñòü {n, p, ϕ} � ýòî ñëàáîå ëîêàëüíîå âî âðå-
ìåíè ðåøåíèå çàäà÷è Êîøè (26)�(29) â ñìûñëå îïðåäåëåíèÿ 1. Òîãäà ñ
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ó÷åòîì (31) ïîëó÷èì ñëåäóþùóþ öåïî÷êó ðàâåíñòâ:

⟨Ma,x,tñ, ψ1⟩ =
〈
ñ,MT

a,x,tψ1

〉
=

T∫
0

∫
RN

n(x, t)MT
a,x,tψ1(x, t) dx dt =

=

∫
RN

n0(x)ψ1(x, 0) dx− a2
T∫

0

∫
RN

|n(x, t)|m−1n(x, t) (Dxϕ(x, t), Dxψ1(x, t)) dx dt =

=

∫
RN

n0(x)ψ1(x, 0) dx−a2
T∫

−∞

∫
RN

|ñ(x, t)|m−1ñ(x, t)
(
Dxϕ̃(x, t), Dxψ1(x, t)

)
dx dt =

= ⟨n0δ(t), ψ1⟩+
〈
a2 div(|ñ|m−1ñDxϕ̃), ψ1

〉
, (42)

èç êîòîðûõ ïîëó÷àåì ðàâåíñòâî â ñìûñëå D ′(RN × (−∞, T )) :

Ma,x,tñ = n0δ(t) + a2 div(|ñ|m−1ñDxϕ̃), (43)

èç êîòîðîãî ïðè óñëîâèè ñóùåñòâîâàíèè âñåõ ñâåðòîê ïîëó÷èì ðàâåíñòâî
(38) äëÿ ïî÷òè âñåõ (x, t) ∈ RN × (−∞, T ). Àíàëîãè÷íûì îáðàçîì èç (32)
ïðè óñëîâèè ñóùåñòâîâàíèÿ âñåõ ñâåðòîê ïîëó÷èì ðàâåíñòâî (39) äëÿ
ïî÷òè âñåõ (x, t) ∈ RN × (−∞, T ). Íàêîíåö, ñ ó÷åòîì (33) ñïðàâåäëèâà
ñëåäóþùàÿ öåïî÷êà ðàâåíñòâ:

〈
∆xϕ̃, ψ3

〉
=

〈
ϕ̃,∆xψ3

〉
=

T∫
−∞

∫
RN

ϕ̃(x, t)∆xψ3(x, t) dx dt =

= −
T∫

0

∫
RN

(Dxϕ(x, t), Dxψ3(x, t)) dx dt =

T∫
0

∫
RN

(p(x, t)− n(x, t))ψ3(x, t) dx dt =

=

T∫
−∞

∫
RN

(p̃(x, t)− ñ(x, t))ψ3(x, t) dx dt = ⟨p̃− ñ, ψ3⟩ , (44)

èç êîòîðîé ïîëó÷àåì ñëåäóþùåå ðàâåíñòâî â ñìûñëå D ′(RN × (−∞, T )) :

∆xϕ̃ = p̃− ñ. (45)

Çäåñü çàìåòèì, ÷òî ôóíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèÿ â ñìûñëå
D ′(RN+1)

∆xE0(x, t) = δ(t)δ(x) (46)

ÿâëÿåòñÿ, î÷åâèäíî, ðàñïðåäåëåíèå:

E0(x, t) = − 1

(N − 2)ωN

1

|x|N−2
δ(t) (47)
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è òîãäà åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ (45) â êëàññå, â êîòîðîì ñó-
ùåñòâóåò ñâåðòêà, ÿâëÿåòñÿ ñëåäóþùàÿ:

ϕ̃ = E0 ∗ (p̃− ñ) =
1

(N − 2)ωN

∫
RN

ñ(y, t)− p̃(y, t)

|x− y|N−2
dy. (48)

Ëåììà äîêàçàíà ïîëíîñòüþ.
□

5 Îáúåìíûé è ïîâåðõíîñòíûé ïîòåíöèàëû

Ðàññìîòðèì ñëåäóþùèé ïîâåðõíîñòíûé ïîòåíöèàë ïî íèæíåé êðûøêå
îáëàñòè RN × (0, T ):

V0(x, t) =

∫
RN

Ec(x− y, t)µ0(y) dy, c > 0. (49)

Ñïðàâåäëèâû î÷åâèäíûå ïðåîáðàçîâàíèÿ:

V0(x, t) =
1

πN/2

∫
RN

exp
(
−|z|2

)
µ0(x+ 2c

√
tz) dz. (50)

Èìååò ìåñòî ñëåäóþùàÿ:

Ëåììà 3. Åñëè µ0 ∈ C
(1)
b (RN ) ∩W 1,1(RN ), òî V0 ∈ C([0, T ];L1(RN ) ∩

L∞(RN )) äëÿ ëþáîãî T > 0. Åñëè µ0 ∈ C
(1)
b (RN ), òî

sup
t∈[0,T ]

sup
x1 ̸=x2

∣∣V0(x1, t)− V0(x
2, t)

∣∣
|x1 − x2|

⩽ C(N) sup
x∈RN

|Dxµ0(x)| . (51)

Åñëè µ0 ∈ C1+α(RN ) ïðè α ∈ (0, 1), òî äëÿ ëþáûõ x1, x2 ∈ RN è ëþáûõ
t1, t2 ∈ [0, T ] ñïðàâåäëèâî íåðàâåíñòâî:∣∣DxjV0(x

1, t1)−DxjV0(x
2, t2)

∣∣ ⩽
⩽ C(N)

[
Dxjµ0(x)

]
α

[
|x1 − x2|α + |t1 − t2|α/2

]
. (52)

Åñëè µ0 ∈ Cb(RN ), òî äëÿ ëþáîãî R > 0 èìååì:

lim
t→+0

sup
x∈O(0,R)

|V0(x, t)− µ0(x)| = 0. (53)

Íàêîíåö, åñëè µ0 ∈ Cb(RN ), òî èìååì:

Mx,tV0(x, t) = 0 äëÿ âñåõ (x, t) ∈ RN × (0,+∞), Mx,t :=
∂

∂t
− c2∆x,

(54)
ïðè÷åì äëÿ ëþáîé ôóíêöèè ψ ∈ C∞

0 (RN × (−∞, T )) ñïðàâåäëèâî ðàâåí-
ñòâî:

T∫
0

∫
RN

V0(x, t)M
T
x,tψ(x, t) dx dt−

∫
RN

µ0(x)ψ(x, 0) dx = 0, (55)



ÀÑÈÌÏÒÎÒÈÊÀ ÏÐÈ ÁÎËÜØÈÕ ÂÐÅÌÅÍÀÕ 1189

MT
x,t := − ∂

∂t
− c2∆x.

Äîêàçàòåëüñòâî. Øàã 1. Ñïðàâåäëèâû ñëåäóþùèå íåðàâåíñòâà:∫
RN

|V0(x, t1)− V0(x, t2)| dx ⩽

⩽
1

πN/2

∫
RN

∫
RN

exp
(
−|z|2

) ∣∣µ0(x+ 2c
√
t1z)− µ0(x+ 2

√
t2z)

∣∣ dz dx =

=
1

πN/2

∫
RN

∫
RN

exp
(
−|z|2

)
|µ0(y + δz)− µ0(y)| dy dz, δ := 2c(

√
t2−

√
t1).

(56)

Ñïðàâåäëèâû ðàâåíñòâà:

µ0(y+δz)−µ0(y) =
1∫

0

d

dσ
µ0(y+σδz) dσ = δ

1∫
0

(z,Dyµ0(y + σδz)) dσ, (57)

èç êîòîðûõ ïîëó÷àåì îöåíêó:

|µ0(y + δz)− µ0(y)| ⩽ |δ||z|
1∫

0

|Dyµ0(y + σδz)| dσ. (58)

Èç (56) ñ ó÷åòîì (58) ïîëó÷àåì îöåíêó:∫
RN

|V0(x, t1)− V0(x, t2)| dx ⩽

⩽ 2c
∣∣√t2 −√

t1
∣∣ 1

πN/2

∫
RN

|z| exp
(
−|z|2

)
dz

∫
RN

|Dyµ0(y)| dy → +0 (59)

ïðè |t1 − t2| → +0. Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì îöåíêó:

sup
x∈RN

|V0(x, t1)− V0(x, t2)| ⩽

⩽ 2c
∣∣√t1 −√

t2
∣∣ sup
y∈RN

|Dyµ0(y)|
1

πN/2

∫
RN

|z| exp
(
−|z|2

)
dz → +0 (60)

ïðè |t1− t2| → +0. Íàêîíåö, î÷åâèäíî, ÷òî äëÿ êàæäîãî ôèêñèðîâàííîãî
t ∈ [0, T ] ïîòåíöèàë V0 ∈ L1(RN ) ∩ L∞(RN ).
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Øàã 2. Äîêàçàòåëüñòâî (51). Ñïðàâåäëèâû íåðàâåíñòâà ïðè
xσ := σx1 + (1− σ)x2:∣∣V0(x1, t)− V0(x

2, t)
∣∣ ⩽

⩽
1

πN/2

∫
RN

exp
(
−|z|2

)
|x1 − x2|

1∫
0

∣∣∣Dxσµ0(x
σ + 2c

√
tz)

∣∣∣ dσ dz ⩽
⩽ C(N)|x1 − x2| sup

x∈RN

|Dxµ0(x)| . (61)

Íåðàâåíñòâî (52) äîêàçûâàåòñÿ àíàëîãè÷íûì îáðàçîì. Ëåììà äîêàçàíà
ïîëíîñòüþ.

□

Òåïåðü ðàññìîòðèì ñëåäóþùèé ïîâåðõíîñòíûé ïîòåíöèàë ïî âåðõíåé
êðûøêå îáëàñòè RN × (0, t):

W0(x, t) :=
1

(N − 2)ωN

∫
RN

µ1(y, t)

|x− y|N−2
dy. (62)

Ñïðàâåäëèâà ñëåäóþùàÿ:

Ëåììà 4. Åñëè µ1 ∈ C([0, T ];L1(RN )∩L∞(RN )), òîW0 ∈ C([0, T ];C
(1)
b (RN )).

Êðîìå òîãî, äëÿ ëþáûõ µ11, µ12 ∈ C([0, T ];L1(RN )∩L∞(RN )) ñïðàâåäëè-
âà îöåíêà:

∥|DxW0[µ11]−DxW0[µ12]|∥∞,T ⩽ C(N)∥µ11 − µ12∥T . (63)

Åñëè µ1 ∈ C([0, T ];L1(RN ) ∩ L∞(RN )), òî ñïðàâåäëèâà îöåíêà:

sup
t∈[0,T ]

[DxjW0(x, t)]α ⩽ C(N,α)∥µ1∥T äëÿ ëþáîãî α ∈ (0, 1), j = 1, N.

(64)
Åñëè µ1 ∈ C([0, T ];L1(RN ) ∩ L∞(RN )) è äîïîëíèòåëüíî äëÿ êàæäîãî
t ∈ [0, T ] ôóíêöèÿ µ1 ∈ Cα

x,loc(RN ) ïðè α ∈ (0, 1), òî äëÿ âñåõ (x, t) ∈
O(x0, R0/2)× [0, T ] èìååì W0 ∈ C

(2)
x,b (R

N ) äëÿ êàæäîãî t ∈ [0, T ] è ñïðà-

âåäëèâî ðàâåíñòâî:

D2
xjxk

W0(x, t) =
1

(N − 2)ωN

∫
RN\O(x0,R0)

µ1(y, t)

(
D2

yjyk

1

|x− y|N−2

)
dy+

+
1

(N − 2)ωN

∫
O(x0,R0)

(µ1(y, t)− µ1(x, t))

(
D2

yjyk

1

|x− y|N−2

)
dy+

+
µ1(x, t)

(N − 2)ωN

∫
∂O(x0,R0)

(
Dyk

1

|x− y|N−2

)
cos(ny, ej) dSy, (65)
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ãäå ny � âíåøíÿÿ íîðìàëü ïî îòíîøåíèþ ê øàðó O(x0, R0), ïðè÷åì

∆xW0(x, t) = µ1(x, t) äëÿ âñåõ (x, t) ∈ RN × [0, T ]. (66)

Áîëåå òîãî, äëÿ ëþáîé ôóíêöèè ψ ∈ C∞
0 (RN × (−∞, T )) ñïðàâåäëèâî

ðàâåíñòâî:

T∫
0

∫
RN

(DxW0(x, t), Dxψ(x, t)) dx dt+

T∫
0

∫
RN

µ1(x, t)ψ(x, t) dx dt = 0. (67)

Äîêàçàòåëüñòâî. Øàã 1. Äîêàçàòåëüñòâî (63). Äîêàçàòåëüñòâî îñíîâà-
íî íà êëàññè÷åñêèõ ñâîéñòâàõ íüþòîíîâñêîãî ïîòåíöèàëà è ìîæåò áûòü
äîêàçàíî íà îñíîâå, íàïðèìåð, ðåçóëüòàòîâ ëåììû 4.1 ðàáîòû [9].
Øàã 2. Äîêàçàòåëüñòâî (64). Ïóñòü δ := |x1 − x2| ∈ (0, 1) è x0 =

(x1 + x2)/2. Ñïðàâåäëèâû ðàâåíñòâà:

DxjW0(x
1, t)−DxjW0(x

2, t) =
1

(N − 2)ωN
[I1 + I2 + I3] , (68)

I1 := −
∫

O(x0,δ)

(
Dyj

1

|x1 − y|N−2

)
µ1(y, t) dy, (69)

I2 :=

∫
O(x0,δ)

(
Dyj

1

|x2 − y|N−2

)
µ1(y, t) dy, (70)

I3 := −
∫

RN\O(x0,δ)

[
Dyj

1

|x1 − y|N−2
−Dyj

1

|x2 − y|N−2

]
µ1(y, t) dy. (71)

Åñëè y ∈ O(x0, δ), òî

|x1−y| ⩽ |x0−y|+|x0−x1| < 3

2
δ, |x2−y| ⩽ |x0−y|+|x0−x2| < 3

2
δ. (72)

Ñ ó÷åòîì (72) ïîëó÷èì îöåíêè:

|I1| ⩽ C(N)∥µ1∥∞,T

∫
O(x1,3/2δ)

1

|x1 − y|N−1
dy ⩽ C(N)∥µ1∥∞,T |x1 − x2|,

(73)

|I2| ⩽ C(N)∥µ1∥∞,T

∫
O(x2,3/2δ)

1

|x2 − y|N−1
dy ⩽ C(N)∥µ1∥∞,T |x1 − x2|.

(74)
Åñëè y ∈ RN\O(x0, δ), òî èìååò ìåñòî îöåíêà:

|xσ−y| ⩾ |x0−y|−|xσ−x0| ⩾ 1

2
|x0−y|, xσ = σx1+(1−σ)x2, σ ∈ [0, 1],

(75)
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Dyj

1

|x1 − y|N−2
−Dyj

1

|x2 − y|N−2
=

1∫
0

d

dσ

(
Dyj

1

|xσ − y|N−2

)
=

=

1∫
0

(
x1 − x2, DxσDyj

1

|xσ − y|N−2

)
dσ. (76)

Èç (76) ñ ó÷åòîì (75) ïîëó÷èì îöåíêó:∣∣∣∣Dyj

1

|x1 − y|N−2
−Dyj

1

|x2 − y|N−2

∣∣∣∣ ⩽
⩽ C(N)|x1 − x2|

1∫
0

1

|xσ − y|N
dσ ⩽ C(N)|x1 − x2| 1

|x0 − y|N
. (77)

Ñ ó÷åòîì (77) èç (71) ïîëó÷èì îöåíêó:

|I3| ⩽ C(N)|x1 − x2|
∫

RN\O(x0,δ)

|µ1(y, t)|
|y − x0|N

dy =

= C(N)|x1 − x2|
∫

O(x0,1)\O(x0,δ)

|µ1(y, t)|
|y − x0|N

dy+

+ C(N)|x1 − x2|
∫

RN\O(x0,1)

|µ1(y, t)|
|y − x0|N

dy ⩽

⩽ C(N)[|x1 − x2|
∣∣ln |x1 − x2|

∣∣ ∥µ1∥∞,T + |x1 − x2|∥µ1∥1,T ]. (78)

Èòàê, ñ îäíîé ñòîðîíû, èç (68) ñ ó÷åòîì (73), (74) è (78) ïîëó÷èì îöåíêó:∣∣DxjW0(x
1, t)−DxjW0(x

2, t)
∣∣ ⩽ C(N,α)∥µ1∥T |x1 − x2|α (79)

ïðè |x1−x2| < 1 è äëÿ ëþáîãî α ∈ (0, 1). Ñ äðóãîé ñòîðîíû, ïðè |x1−x2| ⩾
1 èìååì:∣∣DxjW0(x

1, t)−DxjW0(x
2, t)

∣∣ ⩽ 2∥|DxW0|∥∞,T |x1 − x2|α ⩽

⩽ C(N)∥µ1∥T |x1 − x2|α (80)

äëÿ ëþáîãî α ∈ (0, 1). Òàêèì îáðàçîì, èç (79) è (80) ïîëó÷èì èñêîìóþ
îöåíêó:

sup
t∈[0,T ]

[DxjW0(x, t)]α = sup
t∈[0,T ]

sup
x1 ̸=x2

∣∣DxjW0(x
1, t)−DxjW0(x

2, t)
∣∣

|x1 − x2|α
⩽

⩽ C(N,α)∥µ1∥T . (81)

Øàã 3. Äîêàçàòåëüñòâî (65) è (66). ßâëÿåòñÿ êëàññè÷åñêèì ðåçóëü-
òàòîì òåîðèè íüþòîíîâñêîãî ïîòåíöèàëà.

□
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Ðàññìîòðèì ñëåäóþùèé îáúåìíûé ïîòåíöèàë:

U0[ρ0, ρ1](x, t) =

t∫
0

∫
RN

ρ0(y, τ) (DyEc(x− y, t− τ), Dyρ1(y, τ)) dy dτ. (82)

Ñïðàâåäëèâà ñëåäóþùàÿ:

Ëåììà 5. Åñëè ρ0 ∈ C([0, T ];L1(RN )∩L∞(RN )), ρ1 ∈ C([0, T ];C
(1)
b (RN )),

òî U0 ∈ C([0, T ];L1(RN ) ∩ L∞(RN )). Êðîìå òîãî, ñïðàâåäëèâà îöåíêà:

∥U0[ρ01, ρ11]− U0[ρ02, ρ12]∥T ⩽ C(T, θ,N)T θ
[
∥|Dxρ11|∥∞,T ∥ρ01 − ρ02∥T+

+ ∥ρ02∥T ∥|Dxρ11 −Dxρ12|∥∞,T

]
, (83)

äëÿ ëþáîãî θ ∈ (0, 1/2) è ëþáûõ

ρ01, ρ02 ∈ C([0, T ];L1(RN ) ∩ L∞(RN )), ρ11, ρ12 ∈ C([0, T ];C
(1)
b (RN )).

Íàêîíåö, åñëè ρ0 ∈ C([0, T ];L∞(RN )), ρ1 ∈ C([0, T ];C
(1)
b (RN )) è äîïîë-

íèòåëüíî ρ0, Dxjρ1 ∈ Cα
x,loc(RN ) ïðè α ∈ (0, 1), j = 1, N ðàâíîìåðíî ïî

t ∈ [0, T ], òî U0 ∈ C
(1,0)
x,t (RN × [0, T ]) è ñïðàâåäëèâà ôîðìóëà:

DxjU0(x, t) =

t∫
0

∫
RN

(
DyjDyEc(x− y, t− τ), ρ0(x, τ)Dxρ1(x, τ)−

− ρ0(y, τ)Dyρ1(y, τ)
)
dy dτ, (x, t) ∈ RN × [0, T ], j = 1, N. (84)

Åñëè ρ0 ∈ C([0, T ];L1(RN ) ∩ L∞(RN )), ρ1 ∈ C([0, T ];C
(1)
b (RN )), òî

sup
t∈[0,T ]

[U0(x, t)]α ⩽ C(N,α)T (1−α)/2∥ρ0∥T ∥|Dxρ1|∥∞,T (85)

äëÿ ëþáîãî α ∈ (0, 1).

Äîêàçàòåëüñòâî. Øàã 1. Ïóñòü äëÿ îïðåäåëåííîñòè 0 ⩽ t2 < t1 ⩽ T .
Òîãäà ñïðàâåäëèâî ðàâåíñòâî:

U0(x, t1)− U0(x, t2) =

t1∫
t2

∫
RN

ρ0(y, τ) (DyEc(x− y, t1 − τ), Dyρ1(y, τ)) dy dτ+

+

t2∫
0

∫
RN

ρ0(y, τ) (DyEc(x− y, t1 − τ)−DyEc(x− y, t2 − τ), Dyρ1(y, τ)) dy dτ :=

:= J1(x, t1, t2) + J2(x, t1, t2). (86)

Çàìåòèì, ÷òî ñïðàâåäëèâû ñëåäóþùèå îöåíêè ôóíäàìåíòàëüíîãî ðåøå-
íèÿ Ec(x, t) :

|DxEc(x, t)| ⩽ C
1

tµ1 |x|N+1−2µ1
, µ1 ∈ (1/2, 1), (87)
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|DxEc(x, t)| ⩽ C
tµ2

|x|N+1+2µ2
, µ2 > 0. (88)

Ïîýòîìó äëÿ J1 èìåþò ìåñòî òàêèå îöåíêè:

∫
RN

|J1(x, t1, t2)| dx ⩽

⩽ sup
(x,t)∈RN×[0,T ]

|Dxρ1(x, t)| sup
t∈[0,T ]

∫
RN

|ρ0(x, t)| dx
t1∫

t2

∫
RN

|DxEc(x, t1 − τ)| dx dτ ⩽

⩽ C

t1∫
t2

 1

(t1 − τ)µ1

∫
O(0,R)

dy

|y|N+1−2µ1
+ (t1 − τ)µ2

∫
RN\O(0,R)

dy

|y|N+1+2µ2

 dτ ⩽

⩽ C(R)

[
(t1 − t2)

1−µ1

1− µ1
+

(t1 − t2)
1+µ2

1 + µ2

]
→ +0 (89)

ïðè |t1 − t2| → +0. Àíàëîãè÷íûì îáðàçîì, ïîëó÷àåì îöåíêó:

sup
x∈RN

|J1(x, t1, t2)| sup
(x,t)∈RN×[0,T ]

|Dxρ1(x, t)| sup
(x,t)∈RN×[0,T ]

|ρ0(x, t)|×

×
t1∫

t2

|DxEc(x, t1 − τ)| dx dτ ⩽ C(R)

[
(t1 − t2)

1−µ1

1− µ1
+

(t1 − t2)
1+µ2

1 + µ2

]
→ +0

(90)

ïðè |t1 − t2| → +0. Âûðàæåíèå äëÿ J2 ïåðåïèøåì â ñëåäóþùåì âèäå:

J2(x, t1, t2) =

=

t2∫
0

∫
RN

ρ0(x− y, τ) (DyEc(y, t1 − τ)−DyEc(y, t2 − τ), Dxρ1(x− y, τ)) dy dτ =

=

t2∫
0

∫
O(0,δ)

ρ0(x− y, τ) (DyEc(y, t1 − τ)−DyEc(y, t2 − τ), Dxρ1(x− y, τ)) dy dτ+

+

t2∫
0

∫
RN\O(0,δ)

ρ0(x−y, τ) (DyEc(y, t1 − τ)−DyEc(y, t2 − τ), Dxρ1(x− y, τ)) dy dτ =

= J21(x, t1, t2) + J22(x, t1, t2), δ = |t1 − t2|1/2. (91)
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Äëÿ J21(x, t1, t2) ñïðàâåäëèâû ñëåäóþùèå îöåíêè ïðè µ1 ∈ (1/2, 1):∫
RN

|J21(x, t1, t2)| dx ⩽ sup
t∈[0,T ]

∫
RN

|ρ0(x, t)| dx sup
(x,t)∈RN×[0,T ]

|Dxρ1(x, t)| ×

× C

t2∫
0

∫
O(0,δ)

1

|y|N+1−2µ1

[
1

(t1 − τ)µ1
+

1

(t2 − τ)µ1

]
dy dτ =

= C
δ2µ1−1

2µ1 − 1

[
(t1 − t1)

1−µ1

1− µ1
+

t1−µ1

2

1− µ1

]
⩽ C(t1 − t2)

(2µ1−1)/2, µ1 ∈ (1/2, 1),

(92)

è àíàëîãè÷íûì îáðàçîì ïîëó÷àåì òàêóþ îöåíêó:

sup
x∈RN

|J21(x, t1, t2)| dx ⩽ sup
(x,t)∈RN×[0,T ]

|ρ0(x, t)| sup
(x,t)∈RN×[0,T ]

|Dxρ1(x, t)| ×

× C

t2∫
0

∫
O(0,δ)

1

|y|N+1−2µ1

[
1

(t1 − τ)µ1
+

1

(t2 − τ)µ1

]
dy dτ =

= C
δ2µ1−1

2µ1 − 1

[
(t1 − t1)

1−µ1

1− µ1
+

t1−µ1

2

1− µ1

]
⩽ C(t1 − t2)

(2µ1−1)/2, µ1 ∈ (1/2, 1).

(93)

Äëÿ òîãî ÷òîáû ïîëó÷èòü îöåíêó âåëè÷èíû J22(x, t1, t2) çàìåòèì, ÷òî
èìåþò ìåñòî íåðàâåíñòâà:

DyEc(y, t1− τ)−DyEc(y, t2− τ) =

1∫
0

dσ
d

dσ
DyEc(y, σt1+(1−σt2− τ)) =

= (t1 − t2)

1∫
0

dσDtσDyEc(y, tσ), tσ := σt1 + (1− σ)t2 − τ, (94)

ïðè÷åì èìååò ìåñòî îöåíêà:

|DtDxEc(x, t)| ⩽ C
1

tµ1 |x|N+3−2µ1
, µ1 ∈ (0, 1), (95)

ñ ó÷åòîì êîòîðîé èç (94) ïîëó÷èì íåðàâåíñòâî:

|DyEc(y, t1 − τ)−DyEc(y, t2 − τ)| ⩽

⩽ C[t1 − t2]
1

|y|N+3−2µ1

1∫
0

θ(tσ)

tµ1
σ

⩽ C[t1 − t2]
1

|y|N+3−2µ1

1

(t2 − τ)µ1
. (96)
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Ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:∫
RN

|J22(x, t1, t2)| dx ⩽

⩽ C sup
(x,t)∈RN×[0,T ]

|Dxρ1(x, t)| sup
t∈[0,T ]

∫
RN

|ρ0(x, t)| dx×

× [t1 − t2]

t2∫
0

dτ

(t2 − τ)µ1

∫
RN\O(0,δ)

dy

|y|N+3−2µ1
⩽ C

t1 − t2
δ3−2µ1

=

= C(t1 − t2)
(2µ1−1)/2, µ1 ∈ (1/2, 1). (97)

Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì îöåíêó:

sup
x∈RN

|J22(x, t1, t2)| ⩽

⩽ C sup
(x,t)∈RN×[0,T ]

|Dxρ1(x, t)| sup
(x,t)∈RN×[0,T ]

|ρ0(x, t)| dx×

× [t1 − t2]

t2∫
0

dτ

(t2 − τ)µ1

∫
RN\O(0,δ)

dy

|y|N+3−2µ1
⩽ C

t1 − t2
δ3−2µ1

=

= C(t1 − t2)
(2µ1−1)/2, µ1 ∈ (1/2, 1). (98)

Èòàê, èç (91)�(98) ïîëó÷àåì, ÷òî∫
RN

|J2(x, t1, t2)| dx ⩽ (t1 − t2)
(2µ1−1)/2, (99)

sup
x∈RN

|J22(x, t1, t2)| ⩽ C(t1 − t2)
(2µ1−1)/2, (100)

ãäå µ1 ∈ (1/2, 1). Ñëåäîâàòåëüíî, èç (86) ñ ó÷åòîì (89), (90) è (99), (100)
ïîëó÷èì, ÷òî ∫

RN

|U0(x, t1)− U0(x, t2)| ⩽ C(t1 − t2)
θ, (101)

sup
x∈RN

|U0(x, t1)− U0(x, t2)| ⩽ C(t1 − t2)
θ (102)

äëÿ ëþáîãî θ ∈ (0, 1/2) è âñåõ 0 ⩽ t2 < t1 ⩽ T . Íàêîíåö, î÷åâèäíî, ÷òî
äëÿ êàæäîãî t ∈ [0, T ] ôóíêöèÿ U0 ∈ L1(RN ) ∩ L∞(RN ).
Øàã 2. Äîêàçàòåëüñòâî (83). Ïóñòü

ρ01, ρ02 ∈ C([0, T ];L1(RN ) ∩ L∞(RN )), ρ11, ρ12 ∈ C([0, T ];C
(1)
b (RN )).
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Òîãäà ñïðàâåäëèâî ðàâåíñòâî:

U0[ρ01, ρ11](x, t)− U0[ρ02, ρ12](x, t) =

=

t∫
0

∫
RN

[ρ01(y, τ)− ρ02(y, τ)] (DyEc(x− y, t− τ), Dyρ11(y, τ)) dy dτ+

+

t∫
0

∫
RN

ρ02(y, τ) (DyEc(x− y, t− τ), Dy [ρ11(y, τ)− ρ12(y, τ)]) dy dτ :=

:= K1 +K2. (103)

Ñ ó÷åòîì (87) è (88) äëÿ ëþáûõ R > 0, µ1 ∈ (1/2, 1) è µ2 > 0 èìåþò
ìåñòî îöåíêè:

∥K1∥1,T ⩽ C∥ρ01 − ρ02∥1,T ∥|Dxρ11|∥∞,T×

×
[
T 1−µ1

1− µ1

R2µ1−1

2µ1 − 1
+

1

(N + 2µ2)RN+2µ2

Tµ2+1

µ2 + 1

]
, (104)

∥K1∥∞,T ⩽ C∥ρ01 − ρ02∥∞,T ∥|Dxρ11|∥∞,T×

×
[
T 1−µ1

1− µ1

R2µ1−1

2µ1 − 1
+

1

(N + 2µ2)RN+2µ2

Tµ2+1

µ2 + 1

]
, (105)

∥K2∥1,T ⩽ C∥ρ02∥1,T ∥|Dxρ11 −Dxρ12|∥∞,T×

×
[
T 1−µ1

1− µ1

R2µ1−1

2µ1 − 1
+

1

(N + 2µ2)RN+2µ2

Tµ2+1

µ2 + 1

]
, (106)

∥K2∥∞,T ⩽ C∥ρ02∥∞,T ∥|Dxρ11 −Dxρ12|∥∞,T×

×
[
T 1−µ1

1− µ1

R2µ1−1

2µ1 − 1
+

1

(N + 2µ2)RN+2µ2

Tµ2+1

µ2 + 1

]
. (107)

Èç (103) ñ ó÷åòîì îöåíîê (104)�(107) äëÿ ëþáîãî θ ∈ (0, 1/2) ïîëó÷èì
îöåíêó:

∥U0[ρ01, ρ11]− U0[ρ02, ρ12]∥T ⩽ C(T, θ)T θ
[
∥|Dxρ11|∥∞,T ∥ρ01 − ρ02∥T+

+ ∥ρ02∥T ∥|Dxρ11 −Dxρ12|∥∞,T

]
, (108)

ãäå ïîñòîÿííàÿ C = C(θ, T,N) ÿâëÿåòñÿ ìîíîòîííî íåóáûâàþùåé ôóíê-
öèåé ïî T > 0.
Øàã 3. Äîêàçàòåëüñòâî (84). Ïóñòü x ∈ O(x0, R0/2). Ñïðàâåäëèâî

ðàâåíñòâî:

U0(x, t) = U01(x, t) + U02(x, t), (109)
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U01(x, t) =

t∫
0

∫
RN\O(x0,R0)

ρ0(y, τ) (DyEc(x− y, t− τ), Dyρ1(y, τ)) dy dτ,

(110)

U02(x, t) =

t∫
0

∫
O(x0,R0)

ρ0(y, τ) (DyEc(x− y, t− τ), Dyρ1(y, τ)) dy dτ. (111)

Ñîâåðøåííî ïîíÿòíî, ÷òî U01(x, t) ∈ C
(1,0)
x,t (O(x0, R0/2)× [0, T ]), ïðè÷åì

DxjU01(x, t) = −
t∫

0

∫
RN\O(x0,R0)

ρ0(y, τ)
(
DyjDyEc(x− y, t− τ), Dyρ1(y, τ)

)
dy dτ.

(112)

Äëÿ U02 âîñïîëüçóåìñÿ ñòàíäàðòíîé ñõåìîé. Ââåäåì ôóíêöèþ:

η(s) =

{
0, åñëè 0 ⩽ s ⩽ 1,

1, åñëè s ⩾ 2,
η(s) ∈ C(1)[0,+∞), 0 ⩽ η′(s) ⩽ 2.

(113)
Äëÿ ëþáîãî ε > 0 ðàññìîòðèì ôóíêöèþ:

U02ε(x, t) =

t∫
0

∫
O(x0,R0)

η

(
|x− y|
ε

)
ρ0(y, τ) (DyEc(x− y, t− τ), Dyρ1(y, τ)) dy dτ.

(114)

Î÷åâèäíî, ÷òî U02ε ∈ C
(1,0)
x,t (O(x0, R0/2)× [0, T ]) ïðè ε > 0, ïðè÷åì

lim
ε→+0

sup
(x,t)∈O(x0,R0/2)×[0,T ]

|U02ε(x, t)− U02(x, t)| = 0. (115)

Ââåäåì ôóíêöèþ:

U02j(x, t) :=

t∫
0

∫
O(x0,R0)

(
DyjDyEc(x− y, t− τ), ρ0(x, τ)Dxρ1(x, τ)−

− ρ0(y, τ)Dyρ1(y, τ)
)
dy dτ−

−
t∫

0

∫
∂O(x0,R0)

(DyEc(x− y, t− τ), ρ0(x, τ)Dxρ1(x, τ)) cos(ny, ej) dSy dτ,

(116)

ãäå ny � âíåøíÿÿ íîðìàëü ïî îòíîøåíèþ ê øàðó O(x0, R0). Íåñëîæíî
äîêàçàòü, ÷òî

lim
ε→+0

sup
(x,t)∈O(x0,R0/2)×[0,T ]

∣∣DxjU02ε(x, t)− U02j(x, t)
∣∣ = 0. (117)
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Èç (115) è (117) âûòåêàåò, ÷òî

DxjU02(x, t) =

t∫
0

∫
O(x0,R0)

(
DyjDyEc(x− y, t− τ), ρ0(x, τ)Dxρ1(x, τ)−

− ρ0(y, τ)Dyρ1(y, τ)
)
dy dτ−

−
t∫

0

∫
∂O(x0,R0)

(DyEc(x− y, t− τ), ρ0(x, τ)Dxρ1(x, τ)) cos(ny, ej) dSy dτ,

(118)

Òåïåðü çàìåòèì, ÷òî â ñèëó îöåíêè (88) â ïðåäåëå ïðè R0 → +∞ èç (112)
è (118) ïîëó÷èì, ÷òî

Dxj
U0(x, t) = Dxj

U01(x, t) +Dxj
U02(x, t) →

→
t∫

0

∫
RN

(
DyjDyEc(x− y, t− τ), ρ0(x, τ)Dxρ1(x, τ)− ρ0(y, τ)Dyρ1(y, τ)

)
dy dτ.

(119)

Ñòàëî áûòü, ïðèõîäèì ê âûâîäó, ÷òî

DxjU0(x, t) =

=

t∫
0

∫
RN

(
Dyj

DyEc(x− y, t− τ), ρ0(x, τ)Dxρ1(x, τ)− ρ0(y, τ)Dyρ1(y, τ)
)
dy dτ.

(120)

Øàã 4. Äîêàçàòåëüñòâî (85). Ïóñòü δ := |x1 − x2| ∈ (0, 1),
x0 = (x1 + x2)/2. Òîãäà ñïðàâåäëèâî ðàâåíñòâî:

U0(x
1, t)− U0(x

2, t) = I1 + I2 + I3, (121)

I1 :=

t∫
0

∫
O(x0,δ)

ρ0(y, τ)
(
DyEc(x

1 − y, t− τ), Dyρ1(y, τ)
)
dy dτ, (122)

I2 := −
t∫

0

∫
O(x0,δ)

ρ0(y, τ)
(
DyEc(x

2 − y, t− τ), Dyρ1(y, τ)
)
dy dτ, (123)

I3 :=

t∫
0

∫
RN\O(x0,δ)

ρ0(y, τ)
(
DyEc(x

1 − y, t− τ)−DyEc(x
2 − y, t− τ), Dyρ1(y, τ)

)
dy dτ.

(124)
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Äëÿ I1 è I2 ñïðàâåäëèâû îöåíêè ïðè µ1 ∈ (1/2, 1):

|I1| ⩽ C(N)∥ρ0∥∞,T ∥|Dxρ1|∥∞,T

t∫
0

dτ

(t− τ)µ1

∫
O(x1,3δ/2)

dy

|x1 − y|N+1−2µ1
⩽

⩽ C(N)∥ρ0∥∞,T ∥|Dxρ1|∥∞,T
T 1−µ1

1− µ1

|x1 − x2|2µ1−1

2µ1 − 1
, (125)

|I2| ⩽ C(N)∥ρ0∥∞,T ∥|Dxρ1|∥∞,T

t∫
0

dτ

(t− τ)µ1

∫
O(x2,3δ/2)

dy

|x2 − y|N+1−2µ1
⩽

⩽ C(N)∥ρ0∥∞,T ∥|Dxρ1|∥∞,T
T 1−µ1

1− µ1

|x1 − x2|2µ1−1

2µ1 − 1
. (126)

Äëÿ îöåíèâàíèÿ I3 çàìåòèì, ÷òî ïðè y ∈ RN\O(x0, δ) ñïðàâåäëèâà îöåí-
êà ïðè µ1 ∈ (1/2, 1):∣∣DyEc(x

1 − y, t− τ)−DyEc(x
2 − y, t− τ)

∣∣ ⩽
⩽ C(N)|x1 − x2| 1

(t− τ)µ1

1

|x0 − y|N+2−2µ1
. (127)

Òîãäà èìååì:

|I3| ⩽ C(N)∥ρ0∥∞,T ∥|Dxρ1|∥∞,T |x1 − x2|
t∫

0

dτ

(t− τ)µ1
×

×
∫

RN\O(x0,δ)

dy

|x0 − y|N+2−2µ1
⩽ C(N)∥ρ0∥∞,T ∥|Dxρ1|∥∞,T

T 1−µ1

1− µ1

|x1 − x2|2µ1−1

1− µ1
.

(128)

Òàêèì îáðàçîì, èç (121) ñ ó÷åòîì (125)�(128) ïîëó÷èì îöåíêó:∣∣U0(x
1, t)− U0(x

2, t)
∣∣ ⩽ C(N,α)∥ρ0∥∞,T ∥|Dxρ1|∥∞,TT

(1−α)/2|x1 − x2|α
(129)

äëÿ ëþáîãî α ∈ (0, 1) è |x1 − x2| ∈ (0, 1). Åñëè |x1 − x2| ⩾ 1, òî ñòàíäàðò-
íûì îáðàçîì ïîëó÷àåì îöåíêó:∣∣U0(x

1, t)− U0(x
2, t)

∣∣ ⩽ C(N,α)∥ρ0∥T ∥|Dxρ1|∥∞,TT
(1−α)/2|x1 − x2|α

(130)
äëÿ ëþáîãî α ∈ (0, 1). Òàêèì îáðàçîì, èç (129) è (130) ïðèõîäèì ê îöåíêå
(85).
Ëåììà äîêàçàíà ïîëíîñòüþ.

□

Ðàññìîòðèì êëàññè÷åñêèé îáúåìíûé òåïëîâîé ïîòåíöèàë:

U(x, t) :=

t∫
0

∫
RN

Ec(x− y, t− τ)ρ(y, τ) dy dτ. (131)
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Äëÿ ïîòåíöèàëà U0 ñïðàâåäëèâ íàáîð êëàññè÷åñêèõ ðåçóëüòàòîâ, êîòî-
ðûå ìû ñîáðàëè â ñëåäóþùåé:

Ëåììà 6. Åñëè ρ ∈ L∞(RN × (0, T )), òî U ∈ C
(1,0)
x,t,b (R

N × [0, T ]) è èìååò
ìåñòî ðàâåíñòâî:

DxjU(x, t) =

t∫
0

∫
RN

DxjEc(x− y, t− τ)ρ(y, τ) dy dτ, j = 1, N. (132)

Êðîìå òîãî, äëÿ ëþáûõ θ1, θ2 ∈ (0, 1) è x1, x2 ∈ RN , t1, t2 ∈ [0, T ] èìååò
ìåñòî íåðàâåíñòâî:∣∣DxjU(x1, t1)−DxjU(x2, t2)

∣∣ ⩽
⩽ C(N, θ1, θ2, T )∥ρ∥∞,T

[
|x1 − x2|θ1 + |t1 − t2|θ2/2

]
, j = 1, N. (133)

Åñëè ρ ∈ Cb(RN × [0, T ]) è ρ ∈ Cα
x,loc(RN ) ïðè α ∈ (0, 1) ðàâíîìåðíî ïî

t ∈ [0, T ], òî U ∈ C
(2,0)
x,t,b (R

N × [0, T ]) è ñïðàâåäëèâî ðàâåíñòâî:

D2
xjxk

U(x, t) =

t∫
0

∫
RN

D2
yjyk

Ec(x− y, t− τ) (ρ(y, τ)− ρ(x, τ)) dy dτ. (134)

Åñëè ρ ∈ Cb(RN × [0, T ]) è ρ ∈ Cα
x,loc(RN ) ïðè α ∈ (0, 1) ðàâíîìåðíî ïî

t ∈ [0, T ], òî U ∈ C
(0,1)
x,t,b (R

N × (0, T ]) è ñïðàâåäëèâî ðàâåíñòâî:

DtU(x, t) = ρ(x, t)+

t∫
0

∫
RN

DtEc(x−y, t−τ) (ρ(y, τ)− ρ(x, τ)) dy dτ. (135)

Íàêîíåö, åñëè ρ ∈ Cb(RN × [0, T ]) è ρ ∈ Cα
x,loc(RN ) ïðè α ∈ (0, 1) ðàâíî-

ìåðíî ïî t ∈ [0, T ], òî ñïðàâåäëèâî ðàâåíñòâî:

DtU(x, t)− c2∆xU(x, t) = ρ(x, t) ïðè (x, t) ∈ RN × (0, T ]. (136)

Èìååò ìåñòî ïðåäåëüíîå ñâîéñòâî:

lim
t→+0

sup
x∈RN

|U(x, t)| = 0. (137)

Íàêîíåö, èç ëåììû 6 âûòåêàåò ñëåäóþùàÿ:

Ëåììà 7. åñëè ρ ∈ Cb(RN × [0, T ]) è ρ ∈ Cα
x,loc(RN ) ïðè α ∈ (0, 1)

ðàâíîìåðíî ïî t ∈ [0, T ], òî äëÿ ëþáîé ôóíêöèè ψ ∈ C∞
0 (RN × (−∞, T ))

ñïðàâåäëèâî ðàâåíñòâî:

T∫
0

∫
RN

U(x, t)MT
x,tψ(x, t) dx dt =

T∫
0

∫
RN

ρ(x, t)ψ(x, t) dx dt, (138)

MT
x,t := − ∂

∂t
− c2∆x.
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6 Ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé

Ðàññìîòðèì ñëåäóþùóþ âñïîìîãàòåëüíóþ ñèñòåìó èíòåãðàëüíûõ
óðàâíåíèé:

n(x, t) =

∫
RN

Ea(x− y, t)n0(y) dy−

− a2
t∫

0

∫
RN

(
DyEa(x− y, t− τ), |n(y, τ)|m−1n(y, τ)Dyϕ(y, τ)

)
dy dτ, (139)

p(x, t) =

∫
RN

Eb(x− y, t)p0(y) dy+

+ b2
t∫

0

∫
RN

(
DyEb(x− y, t− τ), |p(y, τ)|m−1p(y, τ)Dyϕ(y, τ)

)
dy dτ, (140)

ϕ(x, t) =
1

(N − 2)ωN

∫
RN

n(y, t)− p(y, t)

|x− y|N−2
dy. (141)

Ñïðàâåäëèâà ñëåäóþùàÿ:

Ëåììà 8. Äëÿ ëþáûõ n0, p0 ∈ C
(1)
b (RN ) ∩ W 1,1(RN ) ïðè m ⩾ 1 íàé-

äåòñÿ òàêîå ìàêñèìàëüíîå T0 = T0(n0, p0) > 0, ÷òî äëÿ ëþáîãî T ∈
(0, T0) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå {n, p, ϕ} ∈ C([0, T ];L1(RN ) ∩
L∞(RN ))×C([0, T ];L1(RN )∩L∞(RN ))×C([0, T ];C(1)

b (RN )) ñèñòåìû èí-
òåãðàëüíûõ óðàâíåíèé (139)�(141), ïðè÷åì ëèáî T0 = +∞ ëèáî T0 < +∞
è â ýòîì ïîñëåäíåì ñëó÷àå èìååì:

lim
T↑T0

(∥n∥T + ∥p∥T ) = +∞. (142)

Äîêàçàòåëüñòâî. ßâëÿåòñÿ ñëåäñòâèåì ìåòîäà ñæèìàþùèõ îòîáðàæå-
íèé è ñòàíäàðòíîãî àëãîðèòìà ïðîäîëæåíèÿ ðåøåíèÿ âîëüòåðîâñêèõ èí-
òåãðàëüíûõ óðàâíåíèé âî âðåìåíè, à òàêæå ëåìì 3�5.

□

Ñïðàâåäëèâà ñëåäóþùàÿ:

Ëåììà 9. Ïðè âûïîëíåíèè óñëîâèé ëåììû 8 äëÿ ëþáîãî T ∈ (0, T0)
ñïðàâåäëèâû îöåíêè:

sup
t∈[0,T ]

[n(x, t)]α ⩽ C(N,α)
[
∥|Dxn0|∥∞ + T (1−α)/2∥n∥mT (∥n∥T + ∥p∥T )

]
,

(143)

sup
t∈[0,T ]

[p(x, t)]α ⩽ C(N,α)
[
∥|Dxp0|∥∞ + T (1−α)/2∥p∥mT (∥n∥T + ∥p∥T )

]
,

(144)
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sup
t∈[0,T ]

[Dxjϕ(x, t)]α ⩽ C(N,α) (∥n∥T + ∥p∥T ) , j = 1, N (145)

äëÿ ëþáîãî α ∈ (0, 1). Êðîìå òîãî, ñïðàâåäëèâû îöåíêè:

sup
t∈[0,T ]

sup
x̸=y

∣∣|n(x, t)|m−1n(x, t)Dxϕ(x, t)− |n(y, t)|m−1n(y, t)Dyϕ(y, t)
∣∣

|x− y|α
⩽

⩽ K(n0, n, p, T,m, α) < +∞, (146)

sup
t∈[0,T ]

sup
x̸=y

∣∣|p(x, t)|m−1p(x, t)Dxϕ(x, t)− |p(y, t)|m−1p(y, t)Dyϕ(y, t)
∣∣

|x− y|α
⩽

⩽ K(p0, p, n, T,m, α) < +∞ (147)

äëÿ ëþáîãî α ∈ (0, 1), ïîýòîìó n, p ∈ C
(1,0)
x,t,b (R

N × [0, T ]) è èìåþò ìåñòî
ðàâåíñòâà:

Dxjn(x, t) =
1

πN/2

∫
RN

exp
(
−|z|2

)
Dxjn0(x+ 2a

√
tz) dz−

− a2
t∫

0

∫
RN

(
DyjDyEa(x− y, t− τ), |n(x, τ)|m−1n(x, τ)Dxϕ(x, τ)−

− |n(y, τ)|m−1n(y, τ)Dyϕ(y, τ)
)
dy dτ, (148)

Dxjp(x, t) =
1

πN/2

∫
RN

exp
(
−|z|2

)
Dxjp0(x+ 2b

√
tz) dz+

+ b2
t∫

0

∫
RN

(
DyjDyEb(x− y, t− τ), |p(x, τ)|m−1p(x, τ)Dxϕ(x, τ)−

− |p(y, τ)|m−1p(y, τ)Dyϕ(y, τ)
)
dy dτ, (149)

∆xϕ(x, t) = p(x, t)− n(x, t) äëÿ âñåõ (x, t) ∈ RN × [0, T ]. (150)

Äîêàçàòåëüñòâî. Îöåíêè (143), (144) è (145) ÿâëÿþòñÿ ñëåäñòâèÿìè
íåðàâåíñòâ (51), (85) è (64). Ñ ó÷åòîì (143)�(145) ïîëó÷àåì îöåíêè (151)
è (152). Ïðè ýòîì â ñèëó îöåíîê (151) è (152) è (84), (66) ïîëó÷àåì ðà-

âåíñòâà (148), (149) è (150), ïðè÷åì n, p ∈ C
(1,0)
x,t (RN × [0, T ]). Ââåäåì

îáîçíà÷åíèå:

J(x, t) :=

t∫
0

∫
RN

(
DyjDyEa(x− y, t− τ), |n(x, τ)|m−1n(x, τ)Dxϕ(x, τ)−

− |n(y, τ)|m−1n(y, τ)Dyϕ(y, τ)
)
dy dτ = J1(x, t) + J2(x, t), (151)
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J1(x, t) :=

:=

t∫
0

∫
RN\O(x,1)

(
DyjDyEa(x− y, t− τ), |n(x, τ)|m−1n(x, τ)Dxϕ(x, τ)−

− |n(y, τ)|m−1n(y, τ)Dyϕ(y, τ)
)
dy dτ, (152)

J2(x, t) :=

:=

t∫
0

∫
O(x,1)

(
DyjDyEa(x− y, t− τ), |n(x, τ)|m−1n(x, τ)Dxϕ(x, τ)−

− |n(y, τ)|m−1n(y, τ)Dyϕ(y, τ)
)
dy dτ. (153)

Äëÿ J1 èìååò ìåñòî òàêàÿ îöåíêà:

∥J1∥∞,T ⩽ C(N)T∥n∥m∞,T [∥n∥T + ∥p∥T ]
∫

RN\O(x,1)

dy

|x− y|N+2
=

= C(N)T∥n∥m∞,T [∥n∥T + ∥p∥T ] . (154)

Äëÿ J2 èìååò ìåñòî òàêàÿ îöåíêà:

∥J2∥∞,T ⩽ C(N)K(n0, n, p, T,m, α) sup
(x,t)∈RN×[0,T ]

t∫
0

dτ

(t− τ)µ1
×

×
∫

O(x,1)

dy

|x− y|N+2−2µ1−α
⩽ C(N,α, µ1)K(n0, n, p, T,m, α)T

1−µ1 (155)

äëÿ ëþáîãî µ1 ∈ (1−α/2, 1), α ∈ (0, 1). Ñ ó÷åòîì (151)�(155) èç ðàâåíñòâà
(148) ïîëó÷èì îöåíêó:

∥|Dxn|∥∞,T ⩽ C(N)∥|Dxn0|∥∞ + C(N)T∥n∥m∞,T [∥n∥T + ∥p∥T ] +
+ C(N,α, µ1)K(n0, n, p, T,m, α)T

1−µ1 . (156)

Àíàëîãè÷íûì îáðàçîì èç ðàâåíñòâà (149) ïîëó÷èì òàêóþ îöåíêó:

∥|Dxp|∥∞,T ⩽ C(N)∥|Dxp0|∥∞ + C(N)T∥p∥m∞,T [∥n∥T + ∥p∥T ] +
+ C(N,α, µ1)K(p0, p, n, T,m, α)T

1−µ1 . (157)

Èç ðàâåíñòâ (156) è (157) ïîëó÷àåì, ÷òî, â ÷àñòíîñòè, n, p ∈ C
(1,0)
x,t,b (R

N ×
[0, T ]).

□

Èìååò ìåñòî ñëåäóþùàÿ:
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Ëåììà 10. Â êëàññå n, p ∈ C([0, T ];L1(RN ) ∩ L∞(RN )) ∩ C
(1,0)
x,t,b (R

N ×
[0, T ]), n0, p0 ∈ C

(1)
b (RN ) ∩W 1,1(RN ) ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé

(139)�(141) ýêâèâàëåíòíà ñëåäóþùåé:

n(x, t) =

∫
RN

Ea(x− y, t)n0(y) dy+

+ a2
t∫

0

∫
RN

Ea(x− y, t− τ) div
(
|n(y, τ)|m−1n(y, τ)Dyϕ(y, τ)

)
dy dτ, (158)

p(x, t) =

∫
RN

Eb(x− y, t)p0(y) dy−

− b2
t∫

0

∫
RN

Eb(x− y, t− τ) div
(
|p(y, τ)|m−1p(y, τ)Dyϕ(y, τ)

)
dy dτ, (159)

ϕ(x, t) =
1

(N − 2)ωN

∫
RN

n(y, t)− p(y, t)

|x− y|N−2
dy (160)

äëÿ âñåõ (x, t) ∈ RN × [0, T ].

Äîêàçàòåëüñòâî. ßâëÿåòñÿ ñëåäñòâèåì ëåìì 8, 9 è ëåìì 3�5. □

Ñïðàâåäëèâà ñëåäóþùàÿ:

Ëåììà 11. Åñëè n0, p0 ∈ C1+α(RN ) ∩W 1,1(RN ) ïðè α ∈ (0, 1), òî ñó-
ùåñòâóåò òàêîå ìàêñèìàëüíîå T0 = T0(n0, p0) > 0, ÷òî äëÿ ëþáîãî
T ∈ (0, T0) ñèñòåìà óðàâíåíèé (158)�(160) èìååò åäèíñòâåííîå ðåøå-
íèå â êëàññå:

{n, p, ϕ} ∈ C([0, T ];L1(RN ) ∩ L∞(RN ))×

× C([0, T ];L1(RN ) ∩ L∞(RN ))× C([0, T ];C
(1)
b (RN )), (161)

n, p ∈ C
(1,0)
x,t,b (R

N × [0, T ]), ïðè÷åì Dxjn,Dxjp,Dxjϕ ∈ Cβ
x,loc(R

N ) ïðè β ∈
(0, 1), j = 1, N ðàâíîìåðíî ïî t ∈ [0, T ]. Áîëåå òîãî,

div(|n(x, t)|m−1n(x, t)Dxϕ(x, t)) ∈ Cb(RN × [0, T ]) ∩ Cβ
x,loc(R

N ), (162)

div(|p(x, t)|m−1p(x, t)Dxϕ(x, t)) ∈ Cb(RN × [0, T ]) ∩ Cβ
x,loc(R

N ) (163)

ðàâíîìåðíî ïî t ∈ [0, T ].

Äîêàçàòåëüñòâî. ßâëÿåòñÿ ñëåäñòâèåì ëåìì 8 è 10, à òàêæå ñâîéñòâ
(52), (64) è (133).

□

Ñïðàâåäëèâà ñëåäóþùàÿ îñíîâíàÿ:
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Òåîðåìà 1. Äëÿ ëþáûõ n0, p0 ∈ C1+α(RN ) ∩ W 1,1(RN ) ïðè α ∈ (0, 1)
è m ⩾ 1 íàéäåòñÿ òàêîå ìàêñèìàëüíîå T0 = T0(n0, p0) > 0, ÷òî äëÿ
ëþáîãî T ∈ (0, T0) ñóùåñòâóåò åäèíñòâåííîå â êëàññå

{n, p, ϕ} ∈ C([0, T ];L1(RN ) ∩ L∞(RN ))×

× C([0, T ];L1(RN ) ∩ L∞(RN ))× C([0, T ];C
(1)
b (RN )), (164)

n, p ∈ C
(1,0)
x,t,b (R

N × [0, T ]) ñëàáîå ëîêàëüíîå âî âðåìåíè ðåøåíèå çàäà÷è

Êîøè â ñìûñëå îïðåäåëåíèÿ 1, ïðè÷åì ëèáî T0 = +∞ ëèáî T0 < +∞ è â
ýòîì ïîñëåäíåì ñëó÷àå èìååò ìåñòî ïðåäåëüíîå ñâîéñòâî:

lim
T↑T0

(∥n∥T + ∥p∥T ) = +∞. (165)

Êðîìå òîãî, ïðè ýòîì n, p ∈ C
(2,0)
x,t,b (R

N × [0, T ]) ∩ C
(0,1)
x,t,b (R

N × (0, T ]),

ϕ ∈ C
(2)
x,b (R

N ) äëÿ êàæäîãî t ∈ [0, T ], ïðè÷åì ñïðàâåäëèâû ïîòî÷å÷íûå
ðàâåíñòâà:

∂n

∂t
= a2

(
∆xn+ div(|n|m−1nDxϕ)

)
, (x, t) ∈ RN × (0, T ], (166)

∂p

∂t
= b2

(
∆xp− div(|p|m−1pDxϕ)

)
, (x, t) ∈ RN × (0, T ], (167)

∆xϕ = p− n, (x, t) ∈ RN × [0, T ], (168)

n(x, 0) = n0(x), p(x, 0) = p0(x) äëÿ âñåõ x ∈ RN . (169)

Äîêàçàòåëüñòâî. Òåîðåìà ÿâëÿåòñÿ ñëåäñòâèåì ëåìì 3�7 9�11, à òàêæå
ëåììû 2.

□

7 Àïðèîðíûå îöåíêè

Ïðåæäå âñåãî çàìåòèì, ÷òî ñïðàâåäëèâû îöåíêè ïðè t > 0 :

∥Ec∥r ⩽ C(N, r)t−(N/2)(1−1/r), r ∈ [1,+∞], (170)

∥|DxEc|∥r ⩽ C(N, r)t−N/2(1−1/r)−1/2, r ∈ [1,+∞]. (171)

Èç èíòåãðàëüíûõ óðàâíåíèé (158) è (159) âûòåêàþò ñëåäóþùèå ðàâåí-
ñòâà:

Dxn(x, t) =

∫
RN

Ea(x− y, t)Dyn0(y) dy−

− a2
t∫

0

∫
RN

DyEa(x− y, t− τ) div
(
|n(y, τ)|m−1n(y, τ)Dyϕ(y, τ)

)
dy dτ,

(172)
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Dxp(x, t) =

∫
RN

Eb(x− y, t)Dyp0(y) dy+

+ b2
t∫

0

∫
RN

DyEb(x− y, t− τ) div
(
|p(y, τ)|m−1p(y, τ)Dyϕ(y, τ)

)
dy dτ.

(173)

Èñïîëüçóÿ íåðàâåíñòâî Þíãà äëÿ ñâåðòêè è îöåíêó 63 ñ ó÷åòîì (170)
è (171) èç èíòåãðàëüíûõ óðàâíåíèé (172) è (173) ïîëó÷èì ñëåäóþùèå
èíòåãðàëüíûå íåðàâåíñòâà ïðè t ∈ [0, T ] äëÿ ëþáîãî ôèêñèðîâàííîãî
T ∈ (0, T0) è r ∈ [1,+∞]:

∥|Dxn|∥r ⩽ ∥|Dxn0|∥r +

+ C(N)

t∫
0

1

(t− s)1/2
[
∥|n|m−1n(n− p)∥r(s) +

∥∥|Dx(|n|m−1n)||Dxϕ|
∥∥
r
(s)

]
ds,

(174)

∥|Dxp|∥r ⩽ ∥|Dxp0|∥r +

+ C(N)

t∫
0

1

(t− s)1/2
[
∥|p|m−1p(n− p)∥r(s) +

∥∥|Dx(|p|m−1p)||Dxϕ|
∥∥
r
(s)

]
ds,

(175)

ïðè÷åì èìååì:

∥|n|m−1n(n−p)∥r ⩽ (∥n∥T + ∥p∥T )m+1
, ∥|p|m−1p(n−p)∥r ⩽ (∥n∥T + ∥p∥T )m+1

,
(176)∥∥|Dx(|n|m−1n)||Dxϕ|

∥∥
r
⩽ C(N,m) ∥|Dxn|∥r (∥n∥T + ∥p∥T )m , (177)∥∥|Dx(|p|m−1p)||Dxϕ|

∥∥
r
⩽ C(N,m) ∥|Dxp|∥r (∥n∥T + ∥p∥T )m . (178)

Òàêèì îáðàçîì, èç (174) è (175) ñ ó÷åòîì (176)�(178) ïîëó÷èì íåðàâåí-
ñòâà:

∥|Dxn|∥r ⩽ ∥|Dxn0|∥r + C(N)T 1/2 (∥n∥T + ∥p∥T )m+1+

+ C(N,m) (∥n∥T + ∥p∥T )m
t∫

0

1

(t− s)1/2
∥|Dxn|∥r (s) ds, (179)

∥|Dxp|∥r ⩽ ∥|Dxn0|∥r + C(N)T 1/2 (∥n∥T + ∥p∥T )m+1+

+ C(N,m) (∥n∥T + ∥p∥T )m
t∫

0

1

(t− s)1/2
∥|Dxp|∥r (s) ds. (180)
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Èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà�Áåëëìàíà�Áèõàðè [10] èç (179) è (180)
ïîëó÷èì îöåíêè äëÿ âñåõ t ∈ [0, T ] è r ⩾ 1:

∥|Dxn|∥r (t) ⩽
(
∥|Dxn0|∥r + C(N)T 1/2 (∥n∥T + ∥p∥T )m+1

)
×

× exp
(
C(N,m)T 1/2 (∥n∥T + ∥p∥T )m

)
, (181)

∥|Dxp|∥r (t) ⩽
(
∥|Dxp0|∥r + C(N)T 1/2 (∥n∥T + ∥p∥T )m+1

)
×

× exp
(
C(N,m)T 1/2 (∥n∥T + ∥p∥T )m

)
. (182)

Çíà÷èò,

n, p ∈ L∞(0, T ;W 1,r(RN )) ïðè r ∈ [1,+∞]. (183)

Èç îöåíîê (181), (182) íåñëîæíî ïîëó÷èòü, ÷òî

div(|n|m−1nDxϕ), div(|p|m−1pDxϕ) ∈ L∞(0, T ;Lr(RN ))

äëÿ âñåõ r ∈ [1,+∞]. (184)

Êðîìå òîãî,

ϕ ∈ L∞(0, T ;W 2,∞(RN )). (185)

Ñ ó÷åòîì (183) èç èíòåãðàëüíûõ óðàâíåíèé (172), (173) òî÷íî òàêæå êàê
ïðè äîêàçàòåëüñòâå ëåììû 5 (ñì. øàã 1) ïîëó÷èì, ÷òî

Dxjn,Dxjp ∈ C((0, T ];L1(RN ) ∩ L∞(RN )). (186)

Îòñþäà è èç ðåçóëüòàòà òåîðåìû 1 ïîëó÷èì, ÷òî

n, p ∈ C((0, T ];W 1,r(RN )) äëÿ âñåõ r ∈ [1,+∞]. (187)

Èñïîëüçóÿ î÷åâèäíûå ñâîéñòâà ñâåðòêè èç (158) è (159) ìîæíî ïîëó÷èòü
ïðè m ⩾ 2 è ïðè m = 1 ðàâåíñòâà:

DxjDxn(x, t) =

∫
RN

Ea(x− y, t)DyjDyn0(y) dy+

+ a2
t∫

0

∫
RN

DyEa(x− y, t− τ)
(
(DyjDy(|n(y, τ)|m−1n(y, τ)), Dyϕ(y, τ))+

+ (Dy(|n(y, τ)|m−1n(y, τ)), DyjDyϕ)+

+Dyj

(
|n(y, τ)|m−1n(y, τ)(n(y, τ)− p(y, τ))

) )
dy dτ, (188)
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DxjDxp(x, t) =

∫
RN

Eb(x− y, t)DyjDyp0(y) dy−

− b2
t∫

0

∫
RN

DyEb(x− y, t− τ)
(
(DyjDy|p(y, τ)|m−1p(y, τ), Dyϕ(y, τ))+

+ (Dy(|p(y, τ)|m−1p(y, τ)), DyjDyϕ)+

+Dyj

(
|p(y, τ)|m−1p(y, τ)(n(y, τ)− p(y, τ))

) )
dy dτ. (189)

Çàìåòèì, ÷òî ñïðàâåäëèâû ðàâåíñòâà:

DxjDx

(
|n|m−1n

)
= m|n|m−1DxjDxn+m(m− 1)|n|m−3nDxjnDxn, (190)

DxjDx

(
|p|m−1p

)
= m|p|m−1DxjDxp+m(m− 1)|p|m−3pDxjpDxp. (191)

Èç (188) è (189) ñ ïîìîùüþ íåðàâåíñòâà Þíãà äëÿ ñâåðòîê ìîæíî ïîëó-
÷èòü îöåíêè äëÿ ëþáîãî r ∈ [1,+∞]:

∥DxjDxn∥r(t) ⩽ C(N)∥DxjDxn0∥r+

+ C(N,m)T 1/2∥|DxjDxϕ|∥∞,T ∥n∥m−1
∞,T ∥|Dxn|∥r,T+

+ C(N,m)T 1/2(∥|Dxn|∥r,T + ∥|Dxp|∥r,T )(∥n∥T + ∥p∥T )m+

+ C(N,m)(m− 1)T 1/2∥|Dxϕ|∥∞,T ∥n∥m−2
∞,T ∥Dxjn∥∞,T ∥|Dxn|∥r,T+

+ C(N,m)∥|Dxϕ|∥∞,T ∥n∥m−1
∞,T

t∫
0

1

(t− s)1/2
∥DxjDxn∥r(s) ds, (192)

∥DxjDxp∥r(t) ⩽ C(N)∥DxjDxp0∥r+

+ C(N,m)T 1/2∥|DxjDxϕ|∥∞,T ∥p∥m−1
∞,T ∥|Dxp|∥r,T+

+ C(N,m)T 1/2(∥|Dxn|∥r,T + ∥|Dxp|∥r,T )(∥n∥T + ∥p∥T )m+

+ C(N,m)(m− 1)T 1/2∥|Dxϕ|∥∞,T ∥p∥m−2
∞,T ∥Dxjp∥∞,T ∥|Dxp|∥r,T+

+ C(N,m)∥|Dxϕ|∥∞,T ∥p∥m−1
∞,T

t∫
0

1

(t− s)1/2
∥DxjDxp∥r(s) ds, (193)
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Èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà�Áåëëìàíà-Áèõàðè [10] ïîëó÷èì îöåí-
êè äëÿ ëþáîãî t ∈ [0, T ]:

∥DxjDxn∥r(t) ⩽
(
C(N)∥DxjDxn0∥r+

+ C(N,m)T 1/2∥|DxjDxϕ|∥∞,T ∥n∥m−1
∞,T ∥|Dxn|∥r,T+

+ C(N,m)T 1/2(∥|Dxn|∥r,T + ∥|Dxp|∥r,T )(∥n∥T + ∥p∥T )m+

+ C(N,m)(m− 1)T 1/2∥|Dxϕ|∥∞,T ∥n∥m−2
∞,T ∥Dxjn∥∞,T ∥|Dxn|∥r,T

)
×

× exp
(
C(N,m)T 1/2∥|Dxϕ|∥∞,T ∥n∥m−1

∞,T

)
, (194)

∥DxjDxp∥r(t) ⩽
(
C(N)∥DxjDxp0∥r+

+ C(N,m)T 1/2∥|DxjDxϕ|∥∞,T ∥p∥m−1
∞,T ∥|Dxp|∥r,T+

+ C(N,m)T 1/2(∥|Dxn|∥r,T + ∥|Dxp|∥r,T )(∥n∥T + ∥p∥T )m+

+ C(N,m)(m− 1)T 1/2∥|Dxϕ|∥∞,T ∥p∥m−2
∞,T ∥Dxjp∥∞,T ∥|Dxp|∥r,T

)
×

× exp
(
C(N,m)T 1/2∥|Dxϕ|∥∞,T ∥p∥m−1

∞,T

)
. (195)

Çíà÷èò, n, p ∈ L∞(0, T ;W 2,r(RN )) ïðè r ∈ [1,+∞]. Àíàëîãè÷íî äîêàçà-
òåëüñòâó ñîîòíîøåíèé (187) è ñ ó÷åòîì (187) ïîëó÷èì èç (188), (189),
÷òî

D2
xjxk

n,D2
xjxk

p ∈ C((0, T ];L1(RN ) ∩ L∞(RN )). (196)

Îòñþäà è ñ ó÷åòîì (187) ïîëó÷èì, ÷òî

n, p ∈ C((0, T ];W 2,r(RN )) äëÿ âñåõ r ∈ [1,+∞]. (197)
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Íàêîíåö ïðè t ∈ (0, T ) ñ ó÷åòîì (135) ñïðàâåäëèâû ðàâåíñòâà:

Dtn(x, t) =

∫
RN

DtEa(x−y, t)n0(y) dy+a2 div(|n(x, t)|m−1n(x, t)Dxϕ(x, t))+

+ a2
t∫

0

∫
RN

DtEa(x− y, t− τ)
(
div(|n(y, τ)|m−1n(y, τ)Dyϕ(y, τ))−

− div(|n(x, τ)|m−1n(x, τ)Dxϕ(x, τ))
)
dy dτ =

=

∫
RN

∆yEa(x− y, t)n0(y) dy + a2 div(|n(x, t)|m−1n(x, t)Dxϕ(x, t))+

+ a4
t∫

0

∫
RN

∆yEa(x− y, t− τ)
(
div(|n(y, τ)|m−1n(y, τ)Dyϕ(y, τ))−

− div(|n(x, τ)|m−1n(x, τ)Dxϕ(x, τ))
)
dy dτ =

=

∫
RN

Ea(x− y, t)∆yn0(y) dy + a2 div(|n(x, t)|m−1n(x, t)Dxϕ(x, t))−

−a4
t∫

0

∫
RN

(
DyEa(x− y, t− τ), Dy div(|n(y, τ)|m−1n(y, τ)Dyϕ(y, τ))

)
dy dτ,

(198)

Dtp(x, t) =

∫
RN

Eb(x−y, t)∆yp0(y) dy−b2 div(|p(x, t)|m−1p(x, t)Dxϕ(x, t))+

+b4
t∫

0

∫
RN

(
DyEb(x− y, t− τ), Dy div(|p(y, τ)|m−1p(y, τ)Dyϕ(y, τ))

)
dy dτ.

(199)

Èç ðàâåíñòâ (198), (199) ñ ó÷åòîì ïîëó÷åííûõ ðàíåå îöåíîê âûòåêàåò,
÷òî Dtn,Dtp ∈ L∞(0, T ;Lr(RN )) äëÿ âñåõ r ∈ [1,+∞]. Ñíîâà, êàê è ïðè
äîêàçàòåëüñòâå (196) èç èíòåãðàëüíûõ óðàâíåíèé (198) è (199) ïîëó÷èì,
÷òî

Dtn,Dtp ∈ C((0, T ];L1(RN ) ∩ L∞(RN ))). (200)

Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî

n, p ∈ C(1)((0, T ];Lr(RN )) äëÿ âñåõ r ∈ [1,+∞]. (201)

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ îñíîâíàÿ:
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Òåîðåìà 2. Åñëè ëèáî m = 1 ëèáî m ⩾ 2, n0, p0 ∈ C1+α(RN )∩W 1,1(RN )
ïðè α ∈ (0, 1) è, êðîìå òîãî, n0, p0 ∈ W 2,r(RN ) äëÿ ëþáîãî r ∈ [1,+∞],
òî ñëàáîå ëîêàëüíîå âî âðåìåíè ðåøåíèå {n, p, ϕ} çàäà÷è Êîøè â ñìûñëå
îïðåäåëåíèÿ 1 îáëàäàåò òàêîé ãëàäêîñòüþ: n, p ∈ C((0, T ];W 2,r(RN )) ∩
C(1)((0, T ];Lr(RN )), ϕ ∈ L∞(0, T ;W 2,∞(RN )) äëÿ âñåõ r ∈ [1,+∞] è äëÿ
ëþáîãî T ∈ (0, T0), ãäå T0 = T0(n0, p0) > 0 îïðåäåëåíî â òåîðåìå 1.

Ñïðàâåäëèâà ñëåäóþùàÿ:

Ëåììà 12. Åñëè u ∈ C((0, T ];W 2,r(RN )) äëÿ r ∈ [1,+∞] è ϕ(t) ∈
C

(2)
b (RN ) äëÿ êàæäîãî t ∈ [0, T ], m ⩾ 1, òî ñïðàâåäëèâû ñîîòíîøåíèÿ:∫

RN

∆u(x, t)f(u(x, t)) dx ⩽ 0 äëÿ âñåõ t ∈ (0, T ], (202)

∫
RN

f(u(x, t)) div(|u(x, t)|m−1u(x, t)Dxϕ(x, t)) dx = 0 äëÿ âñåõ t ∈ (0, T ],

(203)
ãäå f = sign(s), f = sign(s+), f = sign(s−), f = sign((s− h)+).

Äîêàçàòåëüñòâî. Øàã 1. Äîêàçàòåëüñòâî (202). Ïóñòü ñíà÷àëà fε ∈
C

(1)
b (−∞,+∞) è ÿâëÿåòñÿ ìîíîòîííî íåóáûâàþùåé. Òîãäà äëÿ t ∈ (0, T ]

ñïðàâåäëèâû ñîîòíîøåíèÿ:∫
RN

∆u(x, t)fε(u(x, t)) dx = −
∫
RN

f ′ε(u(x, t)) |Dxu(x, t)|2 dx ⩽ 0. (204)

Ðàññìîòðèì òåïåðü, íàïðèìåð, ñëó÷àé ôóíêöèè f = sign(s). Òîãäà â êà-
÷åñòâå ôóíêöèè fε ïðè ε > 0 âîçüìåì ôóíêöèþ:

fε :=


1, åñëè s ⩾ ε,

sin
( π
2ε
s
)
, åñëè s ∈ [−ε, ε],

−1, åñëè s ⩽ −ε.
(205)

Íåñëîæíî óáåäèòüñÿ â òîì, ÷òî fε ∈ C
(1)
b (−∞,+∞), ïðè÷åì äëÿ êàæäîãî

s ∈ R èìååì:

fε(s) → f(s) ïðè ε→ +0, |fε(s)| ⩽ 1, (206)

0 ⩽ f ′ε(s) ⩽
π

2ε
. (207)

Ñ ó÷åòîì (207) èç (204) ïîëó÷èì íåðàâåíñòâî:∫
RN

∆u(x, t)fε(u(x, t)) dx ⩽ 0 äëÿ ëþáîãî ε > 0. (208)
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Ñ ó÷åòîì (206) â ïðåäåëå ïðè ε→ +0 èç (208) ïîëó÷èì íåðàâåíñòâî:∫
RN

∆u(x, t) sign(u(x, t)) dx ⩽ 0 äëÿ ëþáîãî t ∈ (0, T ]. (209)

Øàã 2. Äîêàçàòåëüñòâî (203). Ðàññìîòðèì ôóíêöèþ f = sign(s). Ïðè
t ∈ (0, T ] ñïðàâåäëèâà ñëåäóþùàÿ öåïî÷êà ðàâåíñòâ:∫

RN

sign(u(x, t)) div(|u(x, t)|m−1u(x, t)Dxϕ(x, t)) dx =

=

∫
RN

sign(u(x, t))
(
Dx(|u(x, t)|m−1u(x, t)), Dxϕ(x, t)

)
dx+

+

∫
RN

|u(x, t)|m∆xϕ(x, t) dx =

=

∫
RN

(Dx|u(x, t)|m, Dxϕ(x, t)) dx+

∫
RN

|u(x, t)|m∆xϕ(x, t) dx =

= −
∫
RN

|u(x, t)|m∆xϕ(x, t) dx+

∫
RN

|u(x, t)|m∆xϕ(x, t) dx = 0. (210)

Àíàëîãè÷íûì îáðàçîì, ðàññìàòðèâàþòñÿ ôóíêöèè f = sign(s+), f =
sign(s−). Ðàññìîòðèì ôóíêöèþ f = sign((s − m)+). Çàìåòèì, ÷òî åñëè
|u|m−1u ∈W 1,r(RN ), òî ôóíêöèÿ

uh := sign((u−h)+)|u|m−1u =

{
|u|m−1u, ïðè u ⩾ h,

0, ïðè u < h,
uh ∈W 1,r(RN ),

Dxuh :=

{
Dx|u|m−1u, åñëè u ⩾ h,

0, åñëè u < h.

Äàëüíåéøèå ðàññóæäåíèÿ àíàëîãè÷íû (210). Ëåììà äîêàçàíà ïîëíîñòüþ.
□

Òåïåðü óìíîæèì îáå ÷àñòè óðàâíåíèÿ (166) íà ôóíêöèþ sign(n) ïðè
t ∈ (0, T ] è ñ ó÷åòîì òåîðåìû 2 è ëåììû 12 ïîëó÷èì öåïî÷êó ñîîòíîøå-
íèé: ∫

RN

nt(x, t) sign(n(x, t)) dx ⩽ 0, (211)

∫
RN

nt(x, t) sign(n(x, t)) dx =
d

dt

∫
RN

|n(x, t)| dx, (212)

∫
RN

|n(x, t)| dx ⩽
∫
RN

|n(x, ε)| dx äëÿ âñåõ t ∈ [ε, T ], ε ∈ (0, T ). (213)
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Â ïðåäåëå ïðè ε→ +0 è èç òåîðåìû 2 ïîëó÷èì íåðàâåíñòâî:∫
RN

|n(x, t)| dx ⩽
∫
RN

|n0(x)| dx ïðè t ∈ [0, T ]. (214)

Àíàëîãè÷íûì îáðàçîì èç óðàâíåíèÿ (166) ïîëó÷èì îöåíêó:∫
RN

|p(x, t)| dx ⩽
∫
RN

|p0(x)| dx ïðè t ∈ [0, T ]. (215)

Ïóñòü òåïåðü h := ∥n0∥∞. Òîãäà èç óìíîæèâ óðàâíåíèå (166) íà sign((n−
h)+) ñ ó÷åòîì òåîðåìû 2 è ëåììû 12 ïîëó÷èì íåðàâåíñòâî:

d

dt

∫
RN

(n(x, t)− h)+(x, t) dx ⩽ 0 ïðè t ∈ (0, T ], (216)

èç êîòîðîãî, êàê è ðàíåå, ïîëó÷àåì îöåíêó:∫
RN

(n(x, t)− h)+ dx ⩽
∫
RN

(n0(x)− h)+ dx = 0 ïðè t ∈ [0, T ]. (217)

Îòñþäà ïîëó÷àåì, ÷òî

n(x, t) ⩽ ∥n0∥∞ äëÿ âñåõ (x, t) ∈ RN × [0, T ]. (218)

Èç óðàâíåíèÿ (167) àíàëîãè÷íûì îáðàçîì ïîëó÷àåì, ÷òî

p(x, t) ⩽ ∥p0∥∞ äëÿ âñåõ (x, t) ∈ RN × [0, T ]. (219)

Åñëè óìíîæèò óðàâíåíèå (166) íà sign(n+), à óðàâíåíèå (167) íà sign(p+),
òî ñ ó÷åòîì òåîðåìû 2 è ëåììû 12 ïîëó÷èì íåðàâåíñòâà äëÿ âñåõ t ∈
[0, T ]:∫

RN

n+(x, t) dx ⩽
∫
RN

n+0 (x) dx,

∫
RN

p+(x, t) dx ⩽
∫
RN

p+0 (x) dx. (220)

Åñëè óìíîæèò óðàâíåíèå (166) íà sign(n−), à óðàâíåíèå (167) íà sign(p−),
òî ñ ó÷åòîì òåîðåìû 2 è ëåììû 12 ïîëó÷èì íåðàâåíñòâà äëÿ âñåõ t ∈
[0, T ]:∫

RN

n−(x, t) dx ⩽
∫
RN

n−0 (x) dx,

∫
RN

p−(x, t) dx ⩽
∫
RN

p−0 (x) dx. (221)

Íàêîíåö, åñëè ïðîèíòåãðèðîâàòü óðàâíåíèÿ (166) è (167), òî ïîëó÷èì
ðàâåíñòâà äëÿ âñåõ t ∈ [0, T ]:∫

RN

n(x, t) dx =

∫
RN

n0(x) dx,

∫
RN

p(x, t) dx =

∫
RN

p0(x) dx. (222)
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Ñ ó÷åòîì (220) è (222) ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ:∫
RN

n+(x, t) dx+

∫
RN

n−(x, t) dx =

∫
RN

n+0 (x) dx+

∫
RN

n−0 (x) dx ⩾

⩾
∫
RN

n+(x, t) dx+

∫
RN

n−0 (x) dx, (223)

∫
RN

n−(x, t) dx ⩾
∫
RN

n−0 (x) dx. (224)

Òàêæå ïîëó÷àåì, ÷òî ∫
RN

p−(x, t) dx ⩾
∫
RN

p−0 (x) dx. (225)

Èç (221) è (224), (225) ïîëó÷èì ðàâåíñòâà:∫
RN

n−(x, t) dx =

∫
RN

n−0 (x) dx,

∫
RN

p−(x, t) dx =

∫
RN

p−0 (x) dx. (226)

Èç (222) è (226) ïîëó÷àåì, ÷òî∫
RN

n+(x, t) dx =

∫
RN

n+0 (x) dx,

∫
RN

p+(x, t) dx =

∫
RN

p+0 (x) dx. (227)

Åñëè n0, p0 ⩾ 0 äëÿ âñåõ x ∈ RN , òî èç (226) ïîëó÷àåì, ÷òî n, p ⩾ 0
äëÿ âñåõ (x, t) ∈ RN × [0, T ]. Òàêèì îáðàçîì, ñïðàâåäëèâà ñëåäóþùàÿ
âñïîìîãàòåëüíàÿ:

Ëåììà 13. Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 2 è, êðîìå òîãî, n0, p0 ⩾
0, òî äëÿ ëîêàëüíîãî âî âðåìåíè ñëàáîãî ðåøåíèÿ çàäà÷è Êîøè â ñìûñëå
îïðåäåëåíèÿ 1 ñïðàâåäëèâû ñëåäóþùèå àïðèîðíûå îöåíêè:

0 ⩽ n(x, t) ⩽ ∥n0∥∞, 0 ⩽ p(x, t) ⩽ ∥p0∥∞, ∥n∥1,T ⩽ ∥n0∥1,
∥p∥1,T ⩽ ∥p0∥1 äëÿ âñåõ (x, t) ∈ RN × [0, T ]. (228)

Èç òåîðåìû 1 è ëåììû 13 ïðèõîäèì ê ñëåäóþùåé:

Ëåììà 14. Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 2 è, êðîìå òîãî, n0, p0 ⩾
0, òî â òåîðåìå 1 âðåìÿ T0(n0, p0) = +∞.

8 Àñèìïòîòè÷åñêîå ïîâåäåíèå ñëàáîãî ðåøåíèÿ ïðè
áîëüøèõ âðåìåíàõ

Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2. Òîãäà óìíîæèì îáå ÷àñòè óðàâ-
íåíèÿ (166) íà |n|q−2n ïðè (x, t) ∈ RN × (0, T ] è q ⩾ 2. Ñïðàâåäëèâà
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ñëåäóþùàÿ öåïî÷êà ðàâåíñòâ:

1

a2
1

q

d

dt

∫
RN

|n|q dx =

∫
RN

|n|q−2n∆xndx+

∫
RN

|n|q−2n div(|n|m−1nDxϕ) dx =

= −(q − 1)

∫
RN

|n|q−2|Dxn|2 dx+m

∫
RN

(Dxn,Dxϕ)|n|m+q−3ndx+

+

∫
RN

|n|m+q−1∆xϕdx =

= −(q − 1)

∫
RN

|n|q−2|Dxn|2 dx+
1

m+ q − 1

∫
RN

(Dx|n|m+q−1, Dxϕ) dx+

+

∫
RN

|n|m+q−1∆xϕdx =

= −(q − 1)

∫
RN

|n|q−2|Dxn|2 dx+
m+ q − 2

m+ q − 1

∫
RN

|n|m+q−1∆xϕdx =

= −(q − 1)

∫
RN

|n|q−2|Dxn|2 dx+
m+ q − 2

m+ q − 1

∫
RN

|n|m+q−1(p− n) dx. (229)

Àíàëîãè÷íûì îáðàçîì, óìíîæàÿ óðàâíåíèå (167) íà |p|q−2p è èíòåãðèðóÿ
ïî ÷àñòÿì, ïîëó÷èì ðàâåíñòâî:

1

b2
1

q

d

dt

∫
RN

|p|q dx = −(q − 1)

∫
RN

|p|q−2|Dxp|2 dx−

− m+ q − 2

m+ q − 1

∫
RN

|p|m+q−1(p− n) dx. (230)

Ñêëàäûâàÿ ðàâåíñòâà (229) è (230), ïîëó÷èì ðàâåíñòâî:

1

q

d

dt

[
1

a2
∥n∥qq +

1

b2
∥p∥qq

]
+(q−1)

∫
RN

|n|q−2|Dxn|2 dx+(q−1)

∫
RN

|p|q−2|Dxp|2 dx =

=
m+ q − 2

m+ q − 1

∫
RN

(
|n|m+q−1 − |p|m+q−1

)
(p− n) dx. (231)

Åñëè äîïîëíèòåëüíî ìû ïîòðåáóåì, ÷òîáû n0, p0 ⩾ 0, òî n, p ⩾ 0 è ïî-
ýòîìó äëÿ ïðàâîé ÷àñòü ðàâåíñòâà (231) áóäåò âûïîëíåíî íåðàâåíñòâî:∫

RN

(
nm+q−1 − pm+q−1

)
(p− n) dx ⩽ 0. (232)
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Ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé èç (231) ñ ó÷åòîì (232) ïîëó÷èì
íåðàâåíñòâî:

1

q

d

dt

[
1

a2
∥n∥qq +

1

b2
∥p∥qq

]
+
4(q − 1)

q2

∫
RN

[∣∣∣Dx(|n|q/2)
∣∣∣2 + ∣∣∣Dx(|p|q/2)

∣∣∣2] dx ⩽ 0.

(233)
Çàìåòèì, ÷òî â ðàáîòå [3] äîêàçàíà ëåììà 1 òàêîãî ñîäåðæàíèÿ:

Ëåììà 15. Åñëè v ∈W 2,r(RN )∩L1(RN ) ïðè r ∈ [2,+∞), òî ñóùåñòâó-
åò òàêàÿ ïîñòîÿííàÿ C = C(r,N) > 0, ÷òî âûïîëíåíî íåðàâåíñòâî:

∥v∥(N(r−1)+2)r/(N(r−1))
r ⩽ C∥v∥2r/(N(r−1))

1

∥∥∥∣∣∣Dx(|v|r/2)
∣∣∣∥∥∥2

2
. (234)

Èç ëåììû 15 ïðè óñëîâèÿõ n0, p0 ⩾ 0 ñ ó÷åòîì îöåíîê (228) ïîëó÷èì
îöåíêè ñíèçó:∥∥∥∣∣∣Dx(|n|q/2)

∣∣∣∥∥∥2
2
⩾

C

∥n0∥2q/(N(q−1))
1

∥n∥(N(q−1)+2)q/(N(q−1))
q , (235)

∥∥∥∣∣∣Dx(|p|q/2)
∣∣∣∥∥∥2

2
⩾

C

∥p0∥2q/(N(q−1))
1

∥p∥(N(q−1)+2)q/(N(q−1))
q . (236)

Èç íåðàâåíñòâà (233) ñ ó÷åòîì (235) è (236) ïîëó÷èì îöåíêó:

d

dt

[
1

a2
∥n∥qq +

1

b2
∥p∥qq

]
+

+ C(q,N)

[
a2α

∥n0∥2q/(N(q−1))
1

(
∥n∥qq
a2

)α

+
b2α

∥p0∥2q/(N(q−1))
1

(
∥p∥qq
b2

)α
]
⩽ 0,

(237)

α :=
N(q − 1) + 2

N(q − 1)
.

Èç (237) ïîëó÷èì òàêóþ îöåíêó:

d

dt
(f1(t) + f2(t)) +A (fα1 (t) + fα2 (t)) ⩽ 0, (238)

f1 :=
∥n∥qq
a2

, f2 :=
∥p∥qq
b2

. (239)

A = min {A1, A2} , (240)

A1 := C(q,N)
a2α

∥n0∥2q/(N(q−1))
1

, A2 := C(q,N)
b2α

∥p0∥2q/(N(q−1))
1

. (241)

Â ñèëó âûïóêëîñòè âíèç ôóíêöèè xβ ïðè β ∈ (1,+∞), x > 0, òî ïðèõî-
äèì ê òàêîé îöåíêå:

dz

dt
+Bzα ⩽ 0, z := f1 + f2, B :=

A

2α−1
, (242)
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èç êîòîðîãî ïîëó÷àåì:

z(t) ⩽
1(

z1−α
0 +Bt

)1/(α−1)
. (243)

Îòñþäà ïîëó÷àåì îöåíêè:

∥n∥q ⩽
C1

(C3 +Bt)N(1−1/q)/2
, ∥p∥q ⩽

C2

(C3 +Bt)N(1−1/q)/2
, q ∈ [2,+∞),

(244)

C1 := a2/q, C2 := b2/q, C3 :=

(
∥n0∥qq
a2

+
∥p0∥qq
b2

)−2/(N(q−1))

. (245)

Òåïåðü çàìåòèì, ÷òî ñïðàâåäëèâî ñëåäóþùåå èíòåðïîëÿöèîííîå íåðà-
âåíñòâî äëÿ ïðîñòðàíñòâ Ëåáåãà:

∥u∥q ⩽ ∥u∥θs∥u∥1−θ
t , (246)

1

q
=
θ

s
+

1− θ

t
, θ ∈ [0, 1], 1 ⩽ t ⩽ q ⩽ s ⩽ +∞. (247)

Òåïåðü çàìåòèì, ÷òî èìåþò ìåñòî íåðàâåíñòâà

∥n∥2 ⩽
C1

(C3 +Bt)N/4
, ∥p∥2 ⩽

C2

(C3 +Bt)N/4
, (248)

∥n∥1 ⩽ ∥n0∥1, ∥p∥1 ⩽ ∥p0∥1. (249)

Ïîëîæèì â (246) è (247) s = 2, t = 1. Òîãäà ñ ó÷åòîì (248) è (249)
ïîëó÷èì îöåíêè:

∥n∥q ⩽
C4

(C3 +Bt)N(1−1/q)/2
, C4 = C

2(1−1/q)
1 ∥n0∥(2−q)/q

1 , q ∈ [1, 2],

(250)

∥p∥q ⩽
C5

(C3 +Bt)N(1−1/q)/2
, C5 = C

2(1−1/q)
2 ∥p0∥(2−q)/q

1 , q ∈ [1, 2].

(251)
Òàêèì îáðàçîì, îöåíêè (244) ïðè q ∈ [2,+∞) äëÿ ∥n∥q è ∥p∥q ìû ðàñ-
ïðîñòðàíèëè íà àíàëîãè÷íûå îöåíêè (250) è (251), íî óæå ïðè q ∈ [1, 2].
Â ðàáîòå [3] äîêàçàíà ñëåäóþùàÿ ëåììà (ñì. ëåììà 3 ðàáîòû [3]):

Ëåììà 16. Äëÿ ëþáîãî r ∈ [1,+∞] ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ
C = C(r,N) > 0, ÷òî

∥G(t) ∗ ϕ−MG(t)∥r ⩽ C∥ϕ∥L1(RN ;1+|x|)t
−(N/2)(1−1/r)−1/2

äëÿ ëþáîãî t > 0 (252)

è äëÿ ëþáîãî ϕ ∈ L1(RN ; 1 + |x|), ïðè÷åì

M :=

∫
RN

ϕ(x) dx, G(t) :=
1

(4πt)N/2
exp

(
−|x|2/(4t)

)
.

Ñïðàâåäëèâà ñëåäóþùàÿ îñíîâíàÿ:
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Òåîðåìà 3. Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 2 è äîïîëíèòåëüíî
n0, p0 ∈ L1(RN ; 1 + |x|), òîãäà äëÿ ëþáîãî q ∈ (1,+∞) íàéäóòñÿ òàêèå
ïîñòîÿííûå C1(q,N,m) > 0 è C2(q,N,m) > 0, ÷òî ïðè t > 0 ñïðàâåäëè-
âû íåðàâåíñòâà:

∥n(t)−MnEa(t)∥q ⩽
C1

tβ(q)
, ∥p(t)−MpEb(t)∥q ⩽

C2

tβ(q)
, (253)

β(q) :=

{
N(1− 1/q)/2 + 1/2, åñëè N > 3/m,

3(1− 1/q)/2 + 1/2− ε, åñëè N = 3, m = 1
(254)

äëÿ ëþáîãî ε > 0, ãäå

Mn :=

∫
RN

n0(x) dx, Mp :=

∫
RN

p0(x) dx. (255)

Êðîìå òîãî, ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ C3(q,N,m) > 0, ÷òî ïðè
t > 0 ñïðàâåäëèâî íåðàâåíñòâî:

∥|Dxϕ(t)−DxΦ(t)|∥q ⩽
C3

tσ(q)
, q >

N

N − 1
, (256)

Φ(x, t) =
1

(N − 2)ωN

∫
RN

1

|x− y|N−2
(MnEa(y, t)−MpEb(y, t)) dy, (257)

σ(q) :=

{
N(1− 1/q)/2− 1/2, åñëè N > 3/m,

3(1− 1/q)/2− 1/2− ε, åñëè N = 3, m = 1
(258)

äëÿ ëþáîãî ε > 0.

Äîêàçàòåëüñòâî. Â ñèëó ðåçóëüòàòà ëåìì 2 è 10 âñÿêîå ñëàáîå ðåøåíèå
çàäà÷è Êîøè â ñìûñëå îïðåäåëåíèÿ 1 è òîëüêî îíî ÿâëÿåòñÿ ðåøåíèåì
ñîîòâåòñòâóþùåé ãëàäêîñòè óðàâíåíèé

n(x, t) =

∫
RN

Ea(x− y, t)n0(y) dy−

− a2
t∫

0

∫
RN

(
DyEa(x− y, t− τ), |n(y, τ)|m−1n(y, τ)Dyϕ(y, τ)

)
dy dτ, (259)

p(x, t) =

∫
RN

Eb(x− y, t)p0(y) dy+

+ b2
t∫

0

∫
RN

(
DyEb(x− y, t− τ), |p(y, τ)|m−1p(y, τ)Dyϕ(y, τ)

)
dy dτ, (260)

ϕ(x, t) =
1

(N − 2)ωN

∫
RN

n(y, t)− p(y, t)

|x− y|N−2
dy. (261)
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Ñ ó÷åòîì ëåììû 16 ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

∥n(t)−MnEa(t)∥q ⩽ C1q∥n0∥L1(RN ;1+|x|)t
−N(1−1/q)/2−1/2+

+ a2

∥∥∥∥∥∥
t∫

0

ds
(
DxEa(t− s) ∗ |n(s)|m−1n(s)Dxϕ(s)

)∥∥∥∥∥∥
q

, (262)

∥p(t)−MpEb(t)∥q ⩽ C2q∥n0∥L1(RN ;1+|x|)t
−N(1−1/q)/2−1/2+

+ b2

∥∥∥∥∥∥
t∫

0

ds
(
DxEb(t− s) ∗ |p(s)|m−1p(s)Dxϕ(s)

)∥∥∥∥∥∥
q

. (263)

Äàëüíåéøèå ðàññóæäåíèÿ áóäåì ïðîâîäèòü äëÿ íåðàâåíñòâà (262), ïî-
ñêîëüêó äëÿ íåðàâåíñòâà (263) ðàññóæäåíèÿ òå æå ñàìûå. Èòàê, ñïðà-
âåäëèâî ðàâåíñòâî:∥∥∥∥∥∥

t∫
0

ds
(
DxEa(t− s) ∗ |n(s)|m−1n(s)Dxϕ(s)

)∥∥∥∥∥∥
q

⩽

⩽

∥∥∥∥∥∥∥
t/2∫
0

ds
(
DxEa(t− s) ∗ |n(s)|m−1n(s)Dxϕ(s)

)∥∥∥∥∥∥∥
q

+

+

∥∥∥∥∥∥∥
t∫

t/2

ds
(
DxEa(t− s) ∗ |n(s)|m−1n(s)Dxϕ(s)

)∥∥∥∥∥∥∥
q

:= K1 +K2. (264)

Äëÿ K2 ñïðàâåäëèâà òàêàÿ îöåíêà:

K2 ⩽

t∫
t/2

∥|DxEa(t− s)|∥1∥|n(s)|m−1n(s)|Dxϕ(s)|∥q ds ⩽

⩽ C

t∫
t/2

1

(t− s)1/2
∥n(s)∥mmqq1∥|Dxϕ(s)|∥qq2 ds,

1

q1
+

1

q2
= 1. (265)

Èç óðàâíåíèÿ (261) ñ ó÷åòîì òåîðåìû 1 ðàáîòû [11] ïîëó÷èì îöåíêó:

∥|Dxϕ|∥r1 ⩽ C (∥n∥r2 + ∥p∥r2) ,
1

r1
=

1

r2
− 1

N
, r2 > 1, r1 = qq2.

(266)
Çàìåòèì, ÷òî òðåáîâàíèå r2 > 1 ïðèâîäèò íàñ ê íåîáðåìåíèòåëüíîìó
óñëîâèþ:

q2 >
1

q

N

N − 1
,

1

q1
+

1

q2
= 1.
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Òàêèì îáðàçîì, èç (265) ñ ó÷åòîì (266), à òàêæå îöåíîê (244), (250) è
(251) ïîëó÷èì îöåíêó:

K2 ⩽ C

t∫
t/2

1

(t− s)1/2
1

smN(1−1/(mqq1))/2

1

sN(1−1/r2)/2
ds, (267)

ïðè÷åì ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ:

mN

2

(
1− 1

mqq1

)
+
N

2

(
1− 1

r2

)
=
N

2
(m+ 1)− N

2

(
1

qq1
+

1

r2

)
=

=
N

2
(m+ 1)− N

2

(
1

qq1
+

1

qq2
+

1

N

)
=
N

2
(m+ 1)− N

2

(
1

q
+

1

N

)
=

=
N

2

(
m+ 1− 1

q

)
− 1

2
, (268)

ñ ó÷åòîì êîòîðîé èç (267) ïîëó÷èì òàêóþ îöåíêó:

K2 ⩽
C

tN(m+1−1/q)/2−1
, t > 0. (269)

Òåïåðü ïîëó÷èì îöåíêó äëÿ K1. Ñïðàâåäëèâà ñëåäóþùàÿ öåïî÷êà íåðà-
âåíñòâ:

K1 ⩽

t/2∫
0

∥|DxEa(t− s)|∥q ∥|n(s)|
m|Dxϕ(s)|∥1 ds ⩽

⩽ C

t/2∫
0

1

(t− s)N(1−1/q)/2+1/2
∥n(s)∥mmr1∥|Dxϕ(s)|∥r2 ds, (270)

1

r1
+

1

r2
= 1, ∥|DxEa(t)|∥q ⩽

C

tN(1−1/q)/2+1/2
, (271)

ïðè÷åì â ñèëó òåîðåìû 1 ðàáîòû [11] èìååì:

∥|Dxϕ|∥r2 ⩽ C (∥n∥r3 + ∥p∥r3) ,
1

r2
=

1

r3
− 1

N
, r3 > 1. (272)

Ïðè÷åì òðåáîâàíèå r3 > 1 ïðèâîäèò íàñ ê íåîáðåìåíèòåëüíîìó óñëîâèþ:

r2 >
N

N − 1
,

1

r1
+

1

r2
= 1.

Èç (270) ñ ó÷åòîì (272) ïîëó÷èì îöåíêó:

K1 ⩽ C

t/2∫
0

1

(t− s)N(1−1/q)/2+1/2

1

(A1 +A2s)mN(1−1/(mr1))/2+N(1−1/r3)/2
ds,

(273)
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ïðè÷åì A1, A2 > 0 è ñïðàâåäëèâû ðàâåíñòâà:

mN

2

(
1− 1

mr1

)
+
N

2

(
1− 1

r3

)
=

=
N

2
(m+ 1)− N

2

(
1

r1
+

1

r2
+

1

N

)
=
N

2

(
m− 1

N

)
=
mN − 1

2
. (274)

Èç (273) ñ ó÷åòîì (274) ïîëó÷èì îöåíêó:

K1 ⩽ C

t/2∫
0

1

(t− s)N(1−1/q)/2+1/2

1

(A1 +A2s)(mN−1)/2
ds ⩽

⩽
C

tN(1−1/q)/2+1/2

t/2∫
0

ds

(A1 +A2s)(mN−1)/2
=

=
C

tN(1−1/q)/2+1/2

1, åñëè N > 3/m,
1

A2
ln

(
A2

2A1
t+ 1

)
, åñëè N = 3, m = 1.

(275)

Òàêèì îáðàçîì, èç (262) ñ ó÷åòîì (264), (269), (275) ïîëó÷èì ïåðâóþ
îöåíêó èç (253). Àíàëîãè÷íûì îáðàçîì ïðèõîäèì êî âòîðîé îöåíêå èç
(253).
Äëÿ äîêàçàòåëüñòâà îöåíêè (256) çàìåòèì, ÷òî â ñèëó (253) ñïðàâåä-

ëèâû îöåíêè:∥∥∥∥∥∥
∣∣∣∣∣∣
∫
RN

(
Dx

1

|x− y|N−2

)
(n(y, t)−MnEa(y, t)) dy

∣∣∣∣∣∣
∥∥∥∥∥∥
q

⩽

⩽ C(N, q)∥n(t)−MnEa(t)∥r ⩽
C

tβ(r)
, (276)

1

q
=

1

r
− 1

N
, r > 1. (277)

Çàìåòèì, ÷òî íåðàâåíñòâî r > 1 âûïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà

q >
N

N − 1
. (278)

Êðîìå òîãî, íåñëîæíûì âû÷èñëåíèÿìè ïîëó÷àåì, ÷òî

β(r) = β(q)− 1. (279)

Èç (276), (278) è (279) ïîëó÷àåì îöåíêó (256). Òåîðåìà äîêàçàíà ïîëíî-
ñòüþ.

□
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