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Abstract: A two-dimensional inverse problem of determination of
wave propagation velocity and kernel in a viscoelasticity equation
for a weakly horizontally inhomogeneous medium is presented.
The direct initial-boundary value problem for the displacement
function contains zero initial data and the Neumann condition of
a special form. The source of wave propagation is the Dirac delta
function. For inverse problem statement the displacement Fourier
transform is given at the border of the half-space. It is assumed
that the wave propagation velocity, kernel and displacement decom-
poses into an asymptotic series. In this paper, we construct a
method for determining unknowns functions with an accuracy of
O(&?), where ¢ is a small parameter. The theorems of global unique
solvability and stability are proved.
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1 Bsegeune. IlocTtanoBka 3amaun

Pacemorpuym mpu @ = (21, 29, 73) € R3, t € R, 23 > 0 uaTerpo-mudde-
peHIMaThHOe YPABHEHNE

Pu S~ D du
o = 20, (‘L(“v“)axj)

- &

t ou
+/0 k(xi,t—7) Z oz, (a(:pg, xg)amj> dr,
7=1

opu CIeAyIonnX HaYaJdbHbIX U T'PAHWYHBIX YCJIOBUAX

U 1<0= 0, (2)

0 t 0
a(xs,0) [8;34—/0 k(wl,t—r)au(x,r)dT]

= —0(21)0(22)d' (2),
T3 z3=+0
(3)
u(x,t) — byrakua cvemennst, a(re, r3) — kK03bdUIEEHT, ONMUCHIBAIOIINT CKO-
poOCTh pacmpocTpaneHust BOJH B cpeqe, k(x1,t) — dyHKIMa maMaTu, yau-
THIBAIOIIAA BA3KHUE CBOHCTBa cpeant; 0(-) — nenpra-dbyuknust Tupaka, 0'(-)
— npousBojHas o(-).

IIpsimas 3ama4a 3aka0uaeTcst B OThiCKanuil dbyaxium u(x,t) u3 ypas-
Henus (1) IpU COOTBETCTBYIONMX HAYAJBHBIX W TPDAHUYHBIX YCI0BHAX (2),
(3).

O6parnasi 3aja4a: onpejenuts kodddurmenr a(ry, £3) U 9gIpO UHTE-
rpasbHOro omneparopa k(xi,t), t > 0, Bxogamux B (1), eciim OTHOCHTENBHO
pemenus 3anaun (1)—(3) usBecrna gonosnuTebHag MHGOPMAIHS

Foy 2o [u](23, 6,0, M) lzg=10 = g(t, v, A), >0, v,AER, (4)
g(t, v, \) — 3amannas yHKIWA,
o0
Fy o lu)(zs, t,v,N) = [ ul(z, t)e~{ve1+A22) doy day — 06pas @ypobe byHK-

—00
nun u(z,t) 1o epeMeHHbIM 1, Lo (37eCh U jajiee § — MHUMAsl eIMHUIIA).

Onpenenenne 1. Tapa dynryud a(ra,x3) € CHR x [0,00)), k(z1,t) €
C(Rx[0,00)) nasweaemces pewenuem obpamnot sadawu (1)-(4), ecau coom-
sememeyrowee et pewenue npamoti sadawy (1)-(3) u(x,t) us xaacca 0606-
wennwz Gynxyud D' (RY X R) ydosaemsopaem (4) dan g(t, v, N), npunadae-
orcaweti waaccy D'([0,00)) daa durcuposarnnozo nenyaesozo nabopa (v, ).

Hacrositiiee nccnegoBanme OTHOCUTCS K KJIACCy OOPATHBIX 3a/ad JIMHEH-
HOMl AMHAMUYECKOH BA3KOYNIPYTOCTH. Ba3koymnpyrue cpenbl — 3TO Cpenbl ¢
NaMSATBIO (COCTOSTHME TAKWX CDENl B TEKYIUA MOMEHT BDEMEHU 3aBUCUT OT
BCeil mpepicTopun mportiecca). VIckoMoit BeTMIrHON B OCTABJICHHON 3a1ate
ABJIACTCI CKOPOCTH PACIHPOCTPAaHEHUdA YIPYIUX BOJIH U AP0 MHTErPAJIBLHO-
o oIeparopa, MOAEJUPYIOIIEro dBJICHUE MaMATH, KOTOPOe UMeeT MeCTO IpHU
PacupOCTPAHEHNHM BOJHOBBIX MIPOIECCOB B BA3KOYIPYTHUX Cpejax.
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Bajiaun onpejenenus siapa (3aBUCSIIEro 0T BDEMEHHO U IIPOCTPAHCTBEH-
HBIX [EPEMEHHbIX) — HAIPABJIEHUE B TEOPUM OOPATHBIX 33144, BO3HUKIIEE
B KOHIle TpOIIoro croserns [1|-[8] B cBsi3nm ¢ m3ydeHmeM CBOWCTB cpesn ¢
NaMSTBIO, B YACTHOCTH, HOBBIX CHHTETHUYECKHX MAaTEPUAJIOB (MOJHUMEPOB,
KOMITOBUTOB). I7pO, OT KOTOPOro 3aBUCHT TOBEIEHUE CPEJl, HE TOIIACTCS
HETMIOCPEICTBEHHOMY U3MEPEHWI0, €0 MOXKHO OIPEJETUTb TOJBKO TEOPEeTH-
gecku. Bojiee monpobHBI aHAIN3 MCTOYHUKOB TI0 JTAHHOMY HAIPaBJIEHUIO
npejcraBieH B Mouorpadun [9], Koropasi sIBIsieTCsl OJHON W3 MOCTETHUX
dbyHIaMEHTAIBHBIX PAbOT B 00JIACTH HCCAEN0BAHUS OOPATHBIX 3aJad JJis
cpes ¢ maMATbio (mam ¢ mocaenedicteueM). B Hell mpecTaBiieHBI pe3yiib-
TaThl UCCJEI0BAHUS KOPPEKTHOCTH Psi/la TTOCTAHOBOK OJHOMEDPHBIX U MHO-
FOMEPHBIX 00PATHBIX JUHAMUYECKUX 3324 JIJId TUIEePOOIMIECKUX HHTEIPO-
nuddepeHuaIbHbIX YPABHEHN, BOSHUKAIONIUX IIPHU ONUCAHUY BHYTPEHHUX
XapaKTEPUCTUK CPEJI C MOCJIE/IEACTBUEM 10 W3MEPEHUAM BOJIHOBOT'O IIOJIS B
JocTynHbIX obuiacTax. Jlokazanel TeopeMbl 06 OJIHO3HAYHON pPa3penuMOCTU
[IOCTABJIEHHBIX OOPATHBIX 33/1a4, a TAKKe II0JIydYeHbl OIEHKN HElNpPEPBIBHOIT
3aBUCUMOCTH PEITeHnt 3TUX 33189 OT BXOIHBIX JaHHBIX.

W3 mepBbIX pe3yabTATOB O OOPATHBIM 3agadaM JUHEHHON BI3KOYIIPY-
roctu (6iM3KUM K JanHO#) MoxkHOo ormeruts [3], [10], [11]. B paGore [3]
MOy 9€Ha JIOKAIbHAS PA3PEITUMOCTh U eANHCTBEHHOCTD “B 11€/IOM~ OITHOME]D-
HOM OOpPATHOMN 3a7a9¥ OTPEeIeIeHUS sIAPa WHTETPATHHOTO OTIePATOPA CBEPT-
KU YPAaBHEHUS BABKOYNPYTOCTH C MOCTOAHHBIME KodddurmernTamu. [Ipsamoit
3aJtadeil siByigercd 3agada Ko ¢ pactupegenenabivu gaaabiMu. OOparHast
3ajada 3aMeHsIeTCd CHCTeMOM MHTerpaabHbIX ypaBHenuit Boabreppa BTOPO-
ro poja. B [10], [11] ans pemenus o6paTHbIX 33129 B OrPAaHUYEHHON 00J1acTH
MPUMEHAETCS METOJ PA3IeIeHI TEPEMEHHBIX, ¢ TTOMOIITBI0 KOTOPOTO 334N
CBOJATCA K CUCTEME MHTCI'PAJIbHBIX ypaBHeHI/IIU/I BOJIBTEPPOBCKOT'O TUIIA OTHO-
CHUTEBHO HEM3BECTHBIX (DYHKIINI, 3aBUCAIINX OT BPEMEHHON ITEPEMEHHON.

Hampueitnee pa3BuTre NCCIEIOBAHNUI, B TACTHOCTH, 33 TIOCTETHAE JECATD
JerT oTpaxkeHo, manpumep, B paborax [12]-[29]. B paborax [12|-[17] oriu-
YUTETHHOM 0COBEHHOCTHIO MCCIEIOBAHNUIL IO OMPEIEIEHUIO siiep (MMEoIux
CTIETIMAJIBHBIN BUJT) SIBJISIETCS] WCTIOJIB30BAHUE COCPEIOTOUECHHOTO MCTOTHUKA
BO3MYIIEHIsST BOJH U CBEJIEHHE WCXOJHON 33Ja4ui K PEIIeHUI0 3a7ad WHTe-
rpajibHOU TeoMmerpun. Perennsvu oOpaTHBIX 33724 SBJSOTCS KO03hduIm-
€HTBl YPAaBHEHUS] U MPOCTPAHCTBEHHBIE YACTHU SJEP, HOCUTETh KOTOPBIX CO-
CpPeJI0TOUEH B HEKOTOPOH KOMITAKTHON 00j1acTu mpocTpaHcTBa. B crarbsx
[18], [19] ocHOBHBIM pe3y/IBTATOM SIBJISIETCS TI00AIbHAS OJHO3HATHAS pa3-
PEITUMOCTE OJJHOMEPHBIX 00PATHBIX 3334 B IPOCTPAHCTBAX HEMPEPBIBHBIX
dbyuKnmit ¢ BecoBoit HopMmoit. B mocsieinue roibl Hab/I0aeTCs yBEINYIEHNE
KOJIMYeCTBa MyOIuKanmnii o YUCJAEHHBIM pacdeTaM OJHOMEPHbBIX sijiep UHTe-
rpabHBIX onepaTopos [20]-[24].
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OcobbIit mHTEPEC TPECTABIIIIOT MHOTOMEPHBIE 00PATHBIE 33/Ia4H TT0 OIIPe-
JEJICHUIO siJIep, KOIJa MCKOMas (DYHKIIMsT 3aBUCUT OT JABYX u 00Jiee IepeMen-
uBIX. MHOrOMepHas obpaTHas 3a7ada st (1) ¢ HAYaIBHBIME U TDAHWYHBI-
mu ycaosusvn (2) u (3), monosmmuTenbHON nHbOpMmanmei (6) wccaemoBa-
Ha B [25]. B s70i1 pabore HA OCHOBe KOMOMHAIN MeTOTA IIKAJ OAHAXOBBIX
OPOCTPAHCTB M METOJa BECOBBIX HOPM IMOJIyU€HA TJIOOJbHAS OJHOIHATHAS
Pa3penmMoCThb 3aa9n onpeiesennst sapa k(z,t) B Kiaacce dOyHKIHI, aHa-
JINTUYECKUX TI0 MEPEMEHHON & U IVIAJIKUX TI0 TIEPEMEHHOI ¢.

B pabore [26] paccmoTpena onHa MOJEIbHAS 3a7ada OMPEIETCHU JIBY-
MEPHOTO #/ipa UHTerpo-iuddepeHInaspHor0 ypaBHeHust B cpejie co cyrabo
FOPU30HTAJIBHON HEOJHOPOIHOCTBIO, B KOTOPOil Pa3BUTHI METOJIbl PEIIeHUS
obpaTHBIX 3ajad u3 [27].

W3 pabor, nmocssieHHbiXx KO3 OUITMEHTHRIM 00pATHBIM 33,/1a4aM JIJIsd Bs3-
KOYIPYI'MX CPeJ, KOTOPBIX OJIHOBPEMEHHO OIPEJIESIIOTCS JIpa, UHTErPasib-
HBIX OTIEPATOPOB, MOKHO OTMeTUTh paborsl |28], [29]. Hampumep, B [29] usy-
YeHa MOJIeJIbHAs OJJHOMEpPHAas 3a/a4a OJHOBPEMEHHOI'O OIIPe/IeJIeHusd CKOPO-
CTH PACITPOCTPAHEHUST BOJH W si/Ipa WHTErpaIhLHOTO omeparopa. [lokazwiBa-
ercs, 9ro 0be Hem3BeCcTHbIE (PYHKITMU OTHON TePEeMEHHON OIHO3HATHO OIIpe-
aendrorcs 3aganuemM obpaza Pypbe 1Mo MPOCTPAHCTBEHHON TEPEMEHHON pe-
IMeHWsT TPAMOM 3329y Ha TPAHUIE TTOJIYTPOCTPAHCTBA. YCTAHABINBACTCS
YCJIOBHAST OTEHKA, YCTOWINBOCTH PETTEHUS 33T H.

HpI/IH]_[I/IHI/IaJ[beIM OTJINYMEM OT BBIMIECIIEPEINCTCHHBIX DE3YJIbTATOB U CYy-
MIECTBEHHON HOBU3HON MAHHON PaboThl aBasgeTcd TOT (haKT, 9TO B HEH mpes-
CTaBJIEHA MHOTOMEpHaa 0OpaTHasd 3a/1a9a OTHOBPEMEHHOTO OTIPeIeTeHIST KO-
spduimenTa ypaBHeHud BA3KOYIPYTOCTH U sIIPa WHTETPATBHOTO OTIEPATOPA,
OIUCBIBAIOMIAX CBOMCTBA BA3ZKOYNPYTO# Cpeabl A4 IOJIyIIPOCTPAHCTBA.

OTMeTI/IM, 9TO OAHOBPEMEHHOE€ BOCCTAaHOBJICHNE HECKOJIbKUX IIapPaMETPOB
JUTST CPEJT € TOCTEIEeHCTBIEM, HECOMHEHHO, SBJISIETCA aKTYaJbHON 3ajadeit
C TOYKM 3peHuA 1_[pI/IJ'[O)KGHI/IIU/I7 TaK KaK CTaHOBHUTCA BO3MO2KHBIM IIDOBOJUTH
aHaJIU3 BAWAHHAA IAMATU CPeAbl, HAPUMED, Ha CKOPOCTU PACIPOCTPAHECHUA
BOJTH B TIpocTpaHcTBe. [ mpakTuiecKnx MPUIOXKeHn 60/iee WHTEPECHBIM
SIBJIAETCS CJIyYail, KOTJa XapaKTePUCTUKU CPEJbl 3aBUCAT OT JBYX U 0O-
Jiee mepeMmenubix. Hampumep, jid reodu3nKn OJHUM U3 OCHOBHBIX BOIIPO-
COB SIBJISIETCS KOJTMYECTBEHHAS OIEHKa TOPU30HTAJIBHBIX HEOTHODOIHOCTEI
B CKOPOCTAX celicMraeckux BoJyiH. Hakorsiers! (hbakThl, CBUIETEIBCTBYONINE
0 CYIIECTBOBAHUHU BHYTPHU 3eMJIH HEOIHOPOIHOCTEN 110 reorpauyiecum Ko-
OpJIMHATAM, UJIU MOPU3OHTAJIBHBIX HeogHoponHoctreil. K uncny takux dak-
TOB OTHOCSTCS CUCTEMATUYECKUE OTKJIOHEHUs rojiorpadoB BOJH OT yCpe/-
HEHHOrO rojiorpada, acUMeTpHus IPABUTAIIMOHHOTO ¥ 3JIEKTPOMATHUTHOTO
nosteit. [lpu aToMm oTk/oHEHUA OT rojorpadoB, OTBedaUX chepudecKu-
CUMMETPUYHOMY PACIIPEIeJEHUIO CKOPOCTel YIIPYTUX BOJIH, JIOCTATOYHO Ma-

ast [30].
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B panHoit pabore, KOTopast siBJISETCs IIPOJI0JIKEHUEM MCCIe/[0BAHUSL, T1PE/1-
craBjieHHOrO B [31], npe/yiozKen HOBbI LOJX0/ K OJHOBPEMEHHOMY OLIPE/Ie-
JICHVIO TTApaMeTPOB, 3aBUCSIIMX OT JBYX MEPEMEHHBIX, B YPABHEHUH BSI3KO-
YIPYTOCTH JI7Is OTyTpocTpaHcTBa. HoBu3HA MOIX0/a 3aKTI0TAETCS B IPE/T-
nostozkeHun, 910 k(x1,t), a(xre,rs3) caabo 3aBUCAT OT TOPU3OHTATBHBIX IT€-
PEMEHHBIX Z1, T2 CJEIYIOMUM 00pa30M:

a(xa,x3) = ap(x3) + exgai(x3) + O 52),
k‘(l‘l, t) = k‘o(t) + 6.1'1k71(t) + 0(52),

rge € — MaJiblit mapamerp.

B pasencrBax (5) O6ygem cunrtarh ag(r3) 3aJaHHON BEJIMYMHOM, npudeMm
ao(wg) >m > 0.

OcHoBrast 1e1b JaHHO PaboThl — TOCTPOEHNE MeToja HaxoXK aeHus ko(t)
u ay1(z3), k1(t) ¢ Toanocreio a0 Bemmumasr O(e2). Jlia 9TOr0, Kak MBI yBH-
JM j1asiee, JIOCTATOYHO 3ajarb GyHKIuoo ¢(t, v, \) jyisi JABYX DPas3/IUdHBIX
HeHyseBbIX HAOOPOB (V4, \;), j =1,2.

Teoperndeckas MeHHOCTH PAOOTHI — MOJTyUEHWE HEOOXOMMMBIX W JOCTA-
TOYHBIX yCJIOBHUH TJI0DATBHOM OHOZHATHOM Pa3PeImuMocT 00paTHON 331391
(1)—(4) n oneHKM yCTORYIMBOCTH €€ PEIIeHUs.

Teoperndeckue pe3ysIibTATHI ABIAIOTC (DYHIAMEHTOM )i MTPAKTUICCKUX
HPUJIOXKEHUN B PEIICHUU CEMMUYECKUX 33134 U YUC/ICHHOR peajm3anuu J1aH-
HOI'0 mMcCCjea0BaHuAg. SICTa,HOB.HeHO7 qTO 1IPpU yBEJIWYCHUU CUJIBL 3E€MJICTPA-
CeHWsl, TPYHT BeJleT cebsl He KakK yIpyroe, a Kak BI3KOympyroe reio [32].
I'pyHTBI — 9TO CpeBI ¢ MAMATHIO, TO €CTh COCTOSTHUE TAKUX CPeJT B TeKYIHi
MOMEHT BPEMEHW 3aBUCHT OT BCell mpeabicTopu mpotecca. 06 3ToM, HATPH-
Mep, yKasbiBaeTcss B pabore [33], B KOTOPOIi MpUBOAUTCS TOAPOGHBIN 0630D
MCCJIETOBAHUH 110 BBISICHEHHIO TPUPOJIBI MOTJIONIEHUsT CEHMUYIECKUX BOJH B
IPYHTaX W PACCMOTPEHBI OCHOBHDBIE 3aKOHOMEPHOCTH TOTJIONIEHHUST BOJTH Ha-
OpSTZKEHNH B IUCTIEPCHBIX U TIOMYCKATBHBIX TPYyHTaX. Kak mokasamo B pabore
[34], HeydeT mormomamux CBORCTE CPEJIbl BEJET K CYIIECTBEHHBIM HCKaYKe-
HUSIM TIPH BOCCTAHOBJIEHUN CKOPOCTHON MOJENN Cpeibl. ABTOp TpenoaraeT
CIe/IATh YACICHHBIN aHATN3 BAUSHUS PYHKITMH TAMSITH Ha CKOPOCTD PACIIPO-
CTPaHEHUs BOJH B MOJYIPOCTpaHCTBe mo3aHee. OCHOBON st IHCIEHHOTO
aHaJIM3a SIBJIAIOTCS AJTOPUTMBI, TPUBEICHHBIE B MOHOrpadun [35].

(5)

Perenne npsivoit 3amaun (1)—(3) npegcrasuM B BUjie Psijia [0 CTENEHSIM €
oo
u(z,t) = Zejuj(a;,t). (6)
=0
Torua, yunreiast (4) u (6), nmeem

FL Tu)(as,t,v,\)

Z1,T2

o)
= U(iL’l,ZCQ,t) = Z&JUj(itl,wz,t).
x3=40 =0

Herpynno nposeputs, 4ro u; (ciaegosaresnsno u Uj) — deTHBIE 10 COBOKYII-
HOCTH Z1,T2 TIPHU YETHBIX j U HeUeTHLIE — IPU HeUYeTHHIX j. TeM caMbIM, 10
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usBectnoit dbyuxuun U (1, z2,t) moxuo naiitu Uy(xy, e, t) u Uy(x1,x2,1) C
rounocrbio 1o O(e2) [27]:

U(xla €2, t) + U(—.Tl, —I2, t)

U0($17$27t) = 2 )
U ) 7t - U(— I >t
U1(.’E1,332,t) _ ($1 Z2 ) 5 ( Ty, —X2 )'

Tak kax Meron mpeanosaraer onpexpenenune aj(xs), ko(t), ki(t) ¢ Tou-
HOCTBIO 10 mompasku mopsaaka O(e?), To B sToM cayuae, mogcrasias (5),
(6) B (1), moyvaem aBe 06paTHbLIE OJHOMEDHBIE 3311 [TOC/IEI0BATETLHOTO
ompenenennd ko(t) u ay(xs), k1(t) :

(i) Badaua onpedesernua dynruyui ko(t) u up(z,t) us pasencmes

(e 22

8%3

0
(91’3

82U0 82160 82u0
o2 _ao(x?’)[ax% e

t 82u0 82u0 0 8’&0
+/0 ko(t — 7) [ao(xg)[ax%-l- 8$%} +a—m(ao(x3)8—m) (z, 7)dr,

|+
(7)

ug |t<0= 0, (8)

8u0
81’3 / ko(t —7) ( )dT]

Fo 2o [wo] (23,8, v, N | zg=+0 = Fay 2, [Uo](t, v, A) =2 go(t, v, A), t>0. (10)

r3=-40

(1) Badaua onpedesenusn Pynryuii ai(xs), ki(t) uui(z,t) us pasencme

82u1 . 0 6UO 8’11,1 0 8’U,0
o2 L[ko, af@(lfzm(fﬂs)aixg + a0($3)8733) + 5 Dy ($2@1($3)8x2)
82U1 82u1 8 uQ
+ao(z3) [835% + D22 } + $2a1($3)7ax% }
t 82160 aQUQ 0 aUO
—i—/o x1k1(7) |ap(x3) [833% + 922 } + 87333((10@3)3756:) (x,7)dT,
(11)
u1| |t<0= 0, (12)
Oug Ouq t Ouyg
L[ko, xgal(acg)ax + ao(xg)axg} + ao(xg)m/o ki (t — T)a—xng +0— 0,
xr3=
(13)

Fozo 1) (23,8, 0, N)|zg=r0 = Foy 2o [U1] (6, 0, N) =2 g1 (8, v, X)), t>0. (14)
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2 3apaua onpenesienns pyHKumit ko(t) um ug(z,t)

Bsejsiem HOByIO mepemenHyio z o dopmyse

= i = " dg Colz2) = a e A
R 3>.—/0 = ) = Ve 1G)

Yepes ¢~ 1(2) obosmadtena dbynkmms, obparas K ¢(r3).
ITyctn

v(2,t, 0, \) i= Fyy ay[uo] (07 (2), ¢, 1)

w(z,t, v, \) == [v(z,t, v, \) + /0 ko(t — m)v(z, 7, v, )\)dT] exp (—ko(0)t/2) .
Torna
v(z,t,v,\) = exp (ko(0)t/2) w(z,t, v, \)
(15)

+/0 ro(t — 1) exp (ko(0)7/2) w(z, T, v, A)dT,
To(t) = —ko(t) —/tko(t—T)To(T) dr. (16)
0

OTHOocuTenbHO HOBBIX GyHKIM w(z,t,v,\) u ro(t) mig z > 0, t € R
HOJTY YaeM:

2'LU 2w t
(‘(9%2 _ ?922 b H (2 Aw — /0 Wt — Dz, N dr,  (7)
wlico =0, (18)
8w_cf)(z)w _ 1 , —lr
9:  200(2) s @0 (0= grm).
wlamso = olto N+ [ Folt —m)o(rov, ) (20)
0
: 2 2\ 2 7“(2)(0> .
H(z,v,0) = q(2) = (" + A7) (2) + == = 10(0),
. [ch(2)]* — 2c0(2)cj(2)
q(z) = 20) ,

h(t) :=ry(t)exp (ro(0)t/2), go(t, v, A) := Fuy w,[g0](t, v, A) exp(ro(0)t/2),
Ko(t) == ko(t) exp (ro(0)t/2) .

31ech, K IPUMepY, 7, T(; 0O3HAYaeT OMEPAINI0 OJAHOKPATHOIO U IBYKDPAT-
HOTO JAUbPEepPEHIMPOBAHIS TT0 TIepeMenHoit ¢ wian z. [Iponssoanas o mapa-
MeTpy npeobpasosanusi 6yaer 0603HAYATHCS, HATTPUMED, gy (t, v, ).

B (19) ncmonmpzoBano paseHcTBo ko(0) = —7r9(0), BeITeKatomee u3 (16).

W13 Teopun runiepboMIecKuX ypaBHEHWH caeyer, 9To GyHKmst w(z, t, v, \)
Kak perneHue npsmoii 3amaan (17)-(19) obramaer croiictBom w = 0, ¢t < 2,
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z > 0 1 B OKPECTHOCTH XapPaKTEPUCTUYECKON MPAMOM t = 2 UMeeT CJIEIYIO-
HLyI0 CTPYKTYDY:

w(z,t,v,\) =

c0(+0)5(t_2) izt v, MOt — 2), (21)

riae w(z,t, v, \) — peryaspaas dynkmnusa. Toraa

- 1 ~ —~
Jo(t, v, ) :== mé(t)—l—gg(t, v, \)O(t), go(t,v,\) := goo(t,v, \) exp(ro(0)t/2),
31eck goo(t, v, A) — perysasipaast 9acthb go(t, v, A).

TMoncrapasas yuknuio (21) B ypasuenusi (17)—(20) u mcnonszys mMerTos
BbIIEIeHUsT 0COOeHHOCTel, HaxoquM, uTo (yakums wW(z,t, v, A) B obaacTu
t > z > 0 ynosnerBopsier ypapuerusM (w = W aasa t > z):

2w 2w t
Y S H(z v A Co(lo)h(t—z)—/ Bt —ryw(z, 70, ) dr, (22)
R A R I
whesto = ~5m ( 0(0) + 25 /0 H, ,A)df). Bz, N, (23)

ow (=) B
52 2000, " (24)

t
N ~ R 1 ~
W=r0 = gol(t, v, \) + / ko(t — 7)go(T, v, A) dT + ko(t). (25)
0 co(0)

Takum obpasom, obpaTHas 3agada omnpeaenenus ko(t), wuo(x,t) u3 pa-
Bercts (7)—(10) cBogMTCH K 3a7aue Onpese eHus Eo(t), w(z,t,v, \) u3 pa-
BeHcTB (22)—(25).

IMepeiijem K ONpeIeeHno HEM3BECTHBIX BETUINH rO(O) 0(0).

Tpebyst menpepbisHOCTH QyHKIWMH Ww(z,t, v, \), ( ) z,t,v,\) npu z =
t = 0 u3 coornommenuii (23), (25) HECTOKHO BpraSI/ITb ro(O) 7"0(0)

10(0) = 2e0(0)f0.,3) + 2. (20

/ 2
150 = =4(0) + 07+ 00+ § |2

—c2(0)92(0, v, A) + ¢4(0)Go (0, v, A) — 2¢0(0)Gh (0, v, A).

IIpu BBIBOZE TOCTEIHNX PABEHCTB OBLIN MCIOJJB30BAHBI CIEIVIONINE COOT-
HOITEHUS:

(27)

K'(t)=—r'(t) — r(0)k(t) — /0 r'(t — 7)k(7) dr,

2
~ r<(0
K(0) = —'(0) +r2(0), F(0) = "1
B nasbneiimenm 6ynem caurars 7(0), 7 (0) H3BECTHBIME BEJIMIHHAMH.
B nocieyomux paBeHCTBax BMECTO v, A GyIeM MOIpa3yMeBaTh 33 JaHHbIH
HabOp 3HAYEHMUIA.

—7'(0).
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Jlemma 1. ITycmov Oas HEHYAEEBIL PUKCUPOSAHHBIL NAPAMEMPOE Uy X PyHK-
yua goo(t,v, \) € C3[0,T], co(z) € C40,T/2], T > 0 gurcuposano. Tozda
obpamuaa 3adaua (22)-(25) oaa (z,t) € Dp, Dr ={(2,t)| 0< 2 <t <T —z}
IKBUBAAEHMHA 300a4e HATOHCIEHUA BEKMOD-PYHKUUY {w(z, t,v, \), %—1;’, %2712”7
h(t), W (t), ko(t), 7{:\6(15), i{:\g(t), Eg’(t)} u3 caedyrousel HeAuHetHoT cucmemol

UNNELPANDHOIT YPAGHEHUT:

! ow
w(ertn ) = Ben N + [ GG rn (28)
2 T
ow 1 z+t c(0)
E(zvtaya)‘)_éLCO(O)H( 9 ) 460(0)w(0’t Z,V,)\)
1 ~
+§ (/g\(,)(t — &V, >\) - TO(O)QO(t -z, A))
gl 2 g B2+ 3 [ R - ) d
200(0) 2)z 3e0(0) 0 )+ 5 ; 0 2 —T7)go(T, v, \) dr
1 (2+t)/2 = \ \ 1 "
+2/z |: (gaya )w(§7t+z_€vyv )_m (t+z—2€)

t+2z—2¢
—/ h(r)w(&t+2z—&—T1,v, )\)dT:| dg
0

1 zZ
a H ) a)\ 7t_ ) 7)\ -
5/ [ (v N w(Et — 2+ &)
/H Mrw(Et—z+ & — 7,0, )\)dT] d¢ =: Gylw, h, ko, kp),
0
(29)
2 ~ ~
O (et X) = oG, Fo, il (30)
h(t) = %H’ <;1/, )\> — 2¢9(0) [/g\g(t, v, A) —10(0)g6 (¢, v, \)
+r01§0(t,u, )\) - %H <;7V7 )‘> 6 <;7 v, A) ] - 27{:\(/)/(t)
—2¢0(0) /t Eg(t —7)go(7, v, \)dT — ¢0(0) /t h(T)pB <t — T,I/, )\> dr (31)
0 0

t

+2¢0(0) / ’
0
ow

t—2¢ Sw ~
_/0 h(T)E(é.?t_g_Tv v, A)dT] d£ = GQ {E’h7k0i|7

[H(éaya )\)%:(f,t—f,y,)\)
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B () = (GQ[‘?’;’?h,EgD/? (32)

ko(t) = —ro(0) + rort + /0 t(t — )k (7) dr, (33)
KL (t) = ro1 + /0 t Kl(7) dr, (34)

kl(t) = —h(t) + rooko(t) — /O t h(t — 7)ko(7) dr. (35)

Zoxasameavcmeo. JImsa mokaszaTenbCTBa JEMMBI 3AMETHM, 9TO CITPABEINBI
paBeHCTBa,

Pw Pw (0 9 9 9N, (9, .92)\(2_29
a2 922 \ot oz)\ot "oz ) T\t o) \ot a2

C yuerom sToro uarerpupyem (22) BaoJb COOTBETCTBYIONIMX XaPAKTEPUCTHK
mudbepeHnuaNIbHBIX ONEePATOPOB NEPBOTO NoOpsiaka st (z,t) € Dp. Uure-
IPHpOBAHHe BJO/Ib XapaKTEPICTHKH OePaTOPa o — 4= COBEPIIHM OT TOYKH
(2,t) mo Toukm ((z+1)/2, (2+1)/2) na miockoctu nepemennsix (£, 7). Ue-
10JIb3ysi PABEHCTBO (% + %) w((z+1)/2, (z+1)/2,v,\) = ﬁ(o)H((z +

t)/2,v,\), BerTekatoree u3 (23) nocse audepeHnnpoBaHust IO 2, MOy IHM

0 0 1 z+t
Y, Y _ gz
<8t+82> w(z b v A) =500 ()

(z+t)/2
+/ {H(g, VW 42— &1, A) — CO(lo)h(t Fro20)  (37)

t4z—2¢
_ / WP w(Et+2— € — 10, )\)dT] e
0
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Wurerpuposatue B0Jb XapaKTePUCTUKU OLepaTopa % + % COBEPIIUM OT
rouku (0, t — z) g0 rouku (z,t). Ucnoaw3ys pasencrsa (24), (25), naxoaum

o o 4(0) .

= _ = — t— t—
<8t 62) w 2CO(())w(O, z2, U, A) + go(t — z, v, \)

1 1 ~

— ot — ) — h(t — ko (t —

r0(0)go(t — z,v, \) (0] (t—2)z+ o (0) o(t —2)

t—z
DA AT
+Co(0) ko(t — z) + /0 ko(t — z — 1)go(T, v, N) dT

z

t—z
+ [ v €t -2+ v = [ Ayt -2+~ v Nar | de
0 0
(38)
W3 pasencrs (37) u (38) serko MmoxkHO nosyunth ypasaerue (29). B ypas-
nenuu (37), nonaras z = 0 u ucnosb3ys ycaosus (24), (25), naxoaum

N 1 -
a0t v, \) — ro(0)go(t, v, \) + K (t)
co(0)
t/\ / O)
Bt —7)3 Nar— 0O oy
+ [ Rt = () dr = 20, = 2,0

1 t t/2 1
B 2c0(0)H (2’”’ A) +/0 [H(E,V, Nw(§,t =& v, \) — mh(t—?f)

t—2¢
—/ h(r)w(&,t — & — 1,0, )\)dT] dg.
0

Juddepenrupys 3T0 PaBEHCTBO, TOCIE HECJIOXKHBIX BBIK/IAIOK MOJIYIAEM
ypassenue (31).

OcranbHble yPAaBHEHUA CHCTEMbI SABJISIIOTCA OYEBUIHBIME U, B OCHOBHOM,
HCIONB3YIOTCS JITsT 3aMBIKAHUS CHCTEMBI WHTEIDAJBHBIX ypaBHeHMi. 3Ha-
YeHust h(O)j{:\” (0) cTaHOBATCA M3BECTHBIMN BEJMIHHAME, €CJIH PEIUTH TPH
t = 0 cucremy n3 aByx ypasHernit (35) u (31). Tem cambiM JleMMa JTOKa3a-

Ha. O

Teopema 1. IIycmwv cnpasedausv, ycaosus aemmos 1. Tozda cywecmeyem
eduncmeennoe pewenue obpammoti sadawu (7)-(10) ko(t) € C3[0,T] npu
ar6om purcuposarmnom T > 0.

Jloxazamesvemeo. OCHOBHAS Ues JOKA3ATEMbCTBA COCTOUT B MTPUMEHEHUN
OPWHITAIIE, CXKATBIX 0TODPAKEHNI K HEJTUHEHHON CHCTeMe MHTETrPAIbHBIX yPaB-
nenuit Boswreppa BTOporo poma (28)-(36). Banumem ykasaHHYIO cuCTEMY
YPaBHEHUI B BUE OlIepaTOPHOro ypaBHEHUST

¢ = Ap, (39)
rae ¢ = [p;],7=1,2,...,9:
o1 = w(z, v, N),
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N S VR P S vy
L 8210 1 / 1 o 1 ?
Q3 = W—}_ mh (t—Z)Z— ka(t_Z) +2h(t—2)/0 6(€aya >‘) df,

1= h(t) + 2K (1), @5 = N (t) + 2k (t) + co(0)R(H) B0, v, M),
0o = ko(t), @7 :=ky(t), s :=kG(t)+ h(t) — rooko(t),
©o 1= KU (t) + B (t) — rooki(t) + h(0)ko ().
Oneparop A omnpejenen Ha MHOXKecTBe BekTOp-DyHKIWM @ € C[Dr] n

B coorBercTBuu ¢ paseHcrBamu (28)—(36) umeer Bugy A = (Ay, Aag,..., Ag)
(dbukcuposannbie TapaMeTpsl v, A B apryMerTax (byHKIui Oy Iy T OMyIIeHs ):

t
Arp = oo +/ [902(»2, )

1 1
_ 200 (0) 2 (208(T — 2) — wua(T — 2) + 2rp0pes (T — 2)) + 200(0) p7(T — z)} dr,
Az = o2 + ;/0 Zg07(t —z—T)go(T)dT + ;/OZ [H({)gpl(f,t —z+¢)

-/ 7 (2p8(r) — alr) + 2roos(r))er(€,t — 2 4 €~ r)df} e

1

2 [ [r@ne o

—L@@s(t + 2 —28) — @a(t + 2z — 26) + 2roows(t + 2 — 26))
co(0)

t+2—2¢
_/o (2¢08(T) — 2a(T) + 2r0006(T) )1 (€, T+ 2 — & — 7')de| de,

1 t—=z R
Asp = o3+ 3 / (pa(t—z—7)—ps(t—z—71) —roope(t — 2z —7))go(T) dr
0

w3 [ oG-+ 0

t—=z w
—/0 (2@8(T) —(p4(7‘)+27“00(,06(7'))88t(f,t—z-ﬁ-f)dT] d§
1 itz

2 ow 1
+2/Z [H(g)ﬁt(g’t_z+£)_q)(())

—(2¢8(t + 2 — 28) — @a(t + 2 — 28) + 2ro0wp6(t + 2 — 26))B(§)

b= ow
_/o (2¢08(T) — a(T) + 21“00@6(7))5(5,75 +y—&— T)dT] de,

P (t+ 2z —2€)

t
A4(P = Y04 — 260(0) / k‘g(t — 7’)50(7’) dr
0
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t—T1

o (0) /0 (205(7) — 9a(r) + 2r0096(7)) A (2> o

t/2 W
r2a0) [ @5 €t - )
t=2¢ ow
~ [ o)~ outr) + 2rv0put) et - €~ myar e
0

t
A5 = o5 — co(0) /0 (alt — ) — st — ) — ronips(t — 7)) Go(r) dr

=02 [ 2outr) = onlr) + 2rongutr)p (57 ar
t/2 2, w
+a®) [ [ HO G560~ (2on(t-20)-prlt-26)+2r0p01-20) 51 (6.9

9w

t—2&
— [ @en) = ) + 2roagatr) G 0 — € - e e
0
Asp = oo+ /0 (t—7) (palt = 7) — st — ) — roogs(t — 7)) dr,
A7 = por + /t (pa(t —T) — ps(t —T) — roows(t — 7)) dr,
0
Asgp = o5 / (205(7) — a(r) + 2ro06(7)) () dr,

t
Agtp = Y09 — / h/(t — T)(pG(T) dT,
0

rjie BBeJeHO 0003HAYCHNE V) = (P01, ©02,- - -, ©o9)] :
wo1 := B(2),
o= 5@t = 2) = o0t - ) + it (S5 )
c6(0)
—400(0)10(0,75 —2)
/ ~ 1
o= 5@~ 3) = Ot~ ) + o (1)
1 y+t Lt 1
Al (55 () s

—2¢(0) [gg@) —10(0)g5(t) + r01G0(t) — %H (;> B (D] ’

1 t
=_H"( =
©05 5 <2>
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—2¢0(0) |90’ (t) — r0(0)gp (t) + 10190 (t) — % (H (%)5 (;)ﬂ

+2¢0(0)H (;) g <;> ,

wo6 := —7(0) +ro1t, Yo7 := 101, Yos := 0, o9 := 0.
B cucreme ypasuenuii (39)
h(t) = 2ps(t) — pa(t) + 2roope(t),
W (t) = 29(t) + 2ro0pr(t) — ws(t)

eo(0) (205(t) — 0a(8)) + 2 (rooco(0)B(0) — h(0)) (), 1O
k(1) = a(t) — os(t) — roops(t),
G = alent) = 5 (e = 2) = alt = )
+2mngolt = 2) + g erlt = 2),
0*w z ., 1 -, 1 z
e w3(z,t) — 200(0)h (t—2z2)+ mk[)(t —z)— §h(t —2) ; B(&)dE,

(1) = @o(t) — I () — roopr(t) + h(0)ps(t).

B nocneanux ayx papencrsax smecto dbyuximit h(t), h' (t)j{?\g (t) B TIpa-
BOH YACTH TOAPA3YMEBAIOTCI WX BBIPAKEHHUST Uepe3 KOMIIOHEHTBI BEKTOD-
dyurmm ¢ (40).

Beejsiem 6anaxoBo mpocTpaHCTBO HENPephIBHBIX byHKIMNE O, TOPOZK I€H-
HBIX CEeMEHCTBOM BECOBBIX HOPM

lello

= max{ sup  |;(z,t)e”,j =1,3, sup |p;(t)e™""|,j = 4,9} ,o > 0.
(

z,t)eDr t€[0,T]
Ilpn 0 = 0 5T0 TPOCTPAHCTBO SBISAETCS TPOCTPAHCTBOM HEIPEPHIBHBIX (DY HK-
nuit ¢ 06O HOpMOIt ||¢||. B cmty HepaBencTBa

e el < llells < llell (41)

HOPME! ||¢||» 7 ||| 9xBUBaMEHTHBI 17151 JI060TO bukcuposaxuoro 1" € (0, 00).
Yucmo o eeibupaercs mnozxe. Ilyers Qq (o, |[poll) =: {¢] lle — volls <
llpol|} — map pammyca ||@o| ¢ meETpOM B TOUKE ¢y HEKOTOPOTO BECOBOTO
npocrparcrea C, (0 > 0). s ¢ € Qo(wo, ||¢ol|) nmeer mecTo orenka
Il < llollo + ol < 2lipoll

IIyers @(2,t) € Qs(vo, ||pol]). Hanee mokasbiBaercs, IT0 TpH TOIXOISI-

meM Buibope o > 0 omeparop A mepesoaut map Q. B map Q.. Ilpusenem
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JIsi IIPUMEPA TEXHUKY OLEHKH JIJIsi BIOPOIO HEJMHEHHOIO yPABHEHUs! CUCTE-
Mbl (39) (J1st OCTaNBHBIX YPABHEHUIT OLIEHKM 1I0JIy YAF0TCst aHa10ru4Ho [18]).
Hna (z,t) € Dy nmeem

|A2¢ — po2llo = sup  |(A2p — poz2)e” |
(Z7t)€DT

= sup
(Z,t) EDT

1 4
- H
2|
t

! / pr(t — z — T)go(r)e =) g
0

(5)901(57 t—z+ 5)670(t72+£)67‘7(27£)
_z(2¢8(7) — ou(T) + 2ro006(T)) X
)

)

t
07(101 (57 t

1[5

+2 /

2 (2p8(t+2—2¢
co(0)

t+2z—2¢
- /0 (208(7) — 0a(7) + 2rooge(T))e "1 (6,1 + 2 — £ —7)x

xe~ — 24 € —7)e o tEHE ez g | e

[H o1& t+2z—-& v, )\)e_g(t+z—§)e—0(£—z)
)—

(
Pa(t+2—26)+2roops(t+2—2¢) e 72 (272)

_o(t+z—§—T)e—U(§—z) dT:| df‘

1 _ _
iauwua (77 =)
1 1 o2 —oz
5 Hollprllo—(1—e )+*(2||906||a+Hs03||a+2roo||¢4|| )Ilwlla (1—e™")T
1 1 otz A 1
—H o— 1— - - 2 (e 7% —ot
5 Hollor o~ (1—e™7 2 ) 4 o0 Cllesllotlesllot2roollpallo)) (e —e)

t—=2

1 —o
+§(2||s06||a+Hs03||a+2Too||904\|a)||<ﬁ1\|a;(1—6 2 )T

1 A
< 2[[¢po| §G +Ho+ (3+ 2\T00|)(m + T||¢ol|)

1
= 2”@0”){2(771, G? H07 700, T7 ||900||);7

Hy = H G =
0 Zer[%ggjz]! ()l nax, [90(1)] -

Takum 06pazom, JJist BeeX ypaBHeHH cucreMbl (39) momydaeM

1 .
"A](p_SOO]"USzHSDOHX]g7 ]:1727"'79

(X] - COOTBeTCTByIOH_H/Ie KOHCTaHTbI, 3aBUCAIIINEC OT TEX 2KE BeJH/I‘{I/IH, gTo 1
X2)-
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Beibupass 0 > og = 2111132(9 {x;}, momyuum, aro A mepesogur Imap
<<
Qo (0, [[oll) B map Qo (o, [[voll)-
Iycrs Teneps @b, p? — mobbie apa saementa w3 Qo (o, [[¢ol|). Torma,

I/ICHO.HIDSyH BCIIOMOI'aTE€J/ILHBIC HepaBeHCTBa BI/I/:La
eivj — iei| e < oil|wj — il e + || |or — 9F| e
< Alloll |l = ¢, ;

TTOJTY THM
g
14! — ag?|, < == [lo" ~ &,

rje ogp OUPEJe/NseTca TaK Ke, Kak U 0o (eJMHCTBEHHOE OTJIMYME 0() OT
0 COCTOUT B TOM, 9TO BXOJAIIAs B KOI(DHUIMEHTHI X; HOCTOSHHAS |||
yasausaercs [18]).

Ecnn quciio o BeIOpano u3 ycaosus o > o* := max {0q, 0go }, TO OIepaTop
A aBngercs cxuMatomuM Ha Q (9o, ||¢ol|). Torma cormacao npuannmy Bana-
xa ypasHenue (39) uMeer ¥ IpUTOM €JUHCTBEHHOE pertenue B Qq (o, |¢ol|)
npu Jobom dukcuposanaom T > 0.

Tak kax Eo(t) = exp(ro(0)t/2)ko(t), To Mo HaiimeHHOH GyHKINUHN /k\:o(t)
dyukuus ko(t) Haxoaures o dopmyie:

ko(t) = expl—ro(0)t/20Fo(t). (42)
Teopema mokazana. O
ycrs T'(Ko) — MOoXKecTBO bynkmmit ko(t) € C3[0, T], yaosaeTBopsiommx

ang t € [0, T] mepasenctsy |[ko(t)[|csjo,m < Ko ¢ dbukcupoanHoil mo10xKu-
TEJILHOM 1mocTosgHHOM K.

Teopema 2. Ilycmo k((]l)(t),kéZ) (t) € T'(Ko) — pewenua obpamnoti 3adawu

(7)-(10) ¢ nabopom darnwz

{ @), o t.v, 0}
das j = 1,2 coomsemcemeenno. Tozda watidemcs maxoe NoAOHCUMEALHOE

wucao C = C(Ko, ho(v,\),m,T), ho(v, \) = maX{ Ic§? lcapo,r/25 g5 lespo,m5

1=1, 2}, YMO CRPABedAUBE OUEHKA YCMOTUUBOCTNIU

2 2 2
1K = kP N espory < ClIes” — e Nesorsy + 1958 — 95 lespoy |- (43)

Horasameavemeo. Tak Kak yCnoBust TeOpeMbl 1 BBIIOTHEHBI, TO DPerIeHue
(39) mpunagmexur muoxkectBy Qs (o, |lvoll) u |¢ille < 2|¢oll, ¢ = 1,9.
Taxkum obpazom,

max |ko(t)| < 2[|¢ol exp (|ro(0)|T) := K.
te[0,7
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IIycrs go(j ), 7 = 1,2 — BexkTOp-QyHKIINH, KOTOPBIE ABJISIOTCS PEIICHUSIMU
(39) ¢ mabopoM JaHHBIX c(()j)(z), ggo(t,u, A) ¢ cooTBeTcTBeHHO. lI3BecTHBIE
dyuKIIHI c[()j) (2), (7 = 1,2) Bx0oagaT B CBOOOIHBIE YIEHBI HHTETPATBHBIX YPAB-
renmit (39) coorBercrByONIM 06pasom uepes byukman HU) (z,v, ), ¢U)(2)

(1) (2)

(j = 1,2). Tlepexoast B 9THX BBIPAZKEHHSX K PABHOCTAM ¢ — Cy , AMEEM
[35]
1 2 1 2
la® = 4P llto.r/21 < Colm, ho)leh” = 6 llcarorya
3 paccy K aenuii, IpoBeIeHHBIX TIPH T0KA3ATEIHLCTBE TeOPeMbI 1, 11a o > o*
MOJIyYNM OIIEHKY

0.*
M _ 4, <o+ T me _ @<2>HU7 (44)

|

1 2 1 2
Y= HC(() ) - C(() )HC4[O,T/2] + Hg((]O) - 9((]0)”03[0,T]7
nocrosgiuas C 3aBUCHT OT Tex napamerpos, uto u C' B Teopeme 2. U3 Hepa-
BeHCcTB (41) u (44) crenyer orenka

-5

¢ nocrogiuuoit Co = 0C1/(0 — o*). Torga, paccmarpusasi ypasHenue (42)
LISt {kél),g((]g)} , {k((]l),/l%ém} v ucnosb3ys (44), nosyunm ouenky (43).

< 0277

O

3 3agaua onpenesienusa byHKuwmit ai(x3), ki (t) 1 ui(x,t)

Hastee niist KpaTkoit 3amucu onpeaeanM OUMIHHEHbI HHTEerPAJIbHBIH orte-
parop L mo cdopmyte

t
Lko(t),u(z,t)] = u(x,t) + /0 ko(t — T)u(x, 7)dT.

B nanpuefimem unorna me Gygem B oneparope L yKa3blBaTh 3aBUCHMOCTD
dyHKIWMIt OT IepeMeHHbIX, M0Ipa3yMeBas 3aBUCUMOCTD epBOil (DyHKIMH OT
[IepeMeHHoi t, a BTOpoil — oT x,t win x3,t, v, A.

B pasencrBax (11)—(14) mepeiinem or dyuknuit ui(z,t) u ug(z,t) K ux
obpazam Pypoe u;(xs,t,v,\) := Fy 5, [uj](z3,t,v,X), j =0,1.

Torma obparnas 3amnaua (11)-(14) B Tepmunax GyHKIMU U] TEPETTANIETCS

B BUIE
9~ -
ﬂ =L |:k i <a0(x3)au1> _ (1/2 + /\Q)ao(azg)M}

8t2 0 8.1‘3 8563
+L |ko Zi a1($3)% — i)\al(xg)’fbo — i()\Q + 1/2)0,1(.%'3>’l]0)\
’ 81’3 83:3

i /Ot kit —7) !‘989”3 (ao(m)%?;) — ao(as) [2viig + (A2 + u2)aoy}] dr,
(45)
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u1 |t<0= 0, (46)

Olg ot Olgy B
k‘o,zal(wg)W + ao(xg)axg} —iap(x3 / ky(t—T) s dr b0 0,
(47)
1(0,t, v, A) = Fy, 0 [U1](t, v, A) :=g1(t, v, A), £ >0 (48)

(B paBencTBax (45), (47) HnKHUH WHIEKC v Wan (A) 0603HATAET OIEPAIIHIO
b depeHIIpPOBaHNs IO COOTBETCTBYIOIIEMY APaMETDY.
IIycTb

co(2)

Viz,t,v,A\) =L

ko, i1 (¢ (2),t, v, A)

] exp (ro(0)t/2) .

Torna (45)—(48) gns z > 0, t € R npumyT Uz

0’V 9*V ¢ , ,

52 = 9.2 +HV — /0 h(t — T)Vdr —idei1(z)w — i ()\2 + 1/2) c1(2)wy
. 9 1 , 0 Ow

+ic) (2) [m(z);; - 2Q2(2)1UA} +icy [Q1 8:3 2q2—5 = 2+ gs(2)w ]

2

t
+iexp(ro(0)t/2) / ki(t—7) 872}2” + g — (N + v, — 21/0311] dr,
0

0z
(49)
V |i<0= 0, (50)
, ow c(0) vV ¢,(0)
ia(zs) [ 5 " 2c00(0) wA} * [82’ N 2000(()) V} o
ol
‘ ¢ v, ¢,(0)
+iexp(ro(0)t/2) | ki(t —71) -0 dr =0,
’ /0 1 {az c0(0)" ] o
V la=so=L [0, 1] (52)
c1(2) == a1(¢7(2)),
1 ch(z 5(ch]* — 2¢/(0)c
1) = . w(e) = B () = T ZHOD

B cuny (15) u (21)

v = exp(ko(0)t/2) { 0t —z) +w(zt, v, \)0(t — z)}

b
co(0)

+/0 ro(t — 7) exp(ko(0)7/2) [6010)5(7 —2z)+w(z, 7, v, \)0(T — z)} dr,

(manee 3Hak ~Ha w OyJgeT OMyIIEH)

vy, = exp(ko(0)t/2) [w,0(t — 2)] + / ro(t — T)w, exp(ko(0)7/2) d
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Bamerum, 410 Jyist GYHKIMU W, CIPABEJINBA HAYAIbHO-KPaeBasl 33/1a4a,
nostydaemast quddeperuuposasueM pasencts (22)—(25) 1o napamerpy v:

Pw, 0w, !
w = w —|—Hw,,—|—H,,w—/ h(t—T)wy(Z,T,l/,)\)dT, (54)

ot? 072
wu|t:z+0 - BV(Z) V); (55)
ow, ch(2) B
0z QCo(z)wV =10 =0, (56)
wu|z:+0 = L[Eo,/g\(),,(t,l/, )‘)] (57)

Tor,:a C y49€TOM BBIIMENU3JIOZKCHHOI'O, UMEeM

exp(ro(0)t/2) /0 it - 2 gy
_ /Zt%(t—f) [a(;‘j(z,f, v\ +/:?0(T ) e, )\)dn] dr, "
e T () 1= ka (£) exp(ro(0)2/2), Fo(t) = ro(t) exp(ro(0)t/2),
exp(ro(0)t/2) /0 (=) %2:; dr
(59)

L Ozwy T 6271)1/
:/ kl(t_T)[ 922 +/ TO(T_T]) 922 (27777V7>‘)d77] dT’

exp(ro(O)t/Q)/O Ei(t —7)[q(z) — (N2 + VQ)C%(Z)]UUdT

= /t Byt —1)[g — A\ +v2)c]]

wy, + / ro(T — nwy(z,n, v, /\)dn] dr,

(60)
exp(ro(0)t/2) / ky(t —7)2vc(2)v(z, T, v, N) dr
0
— 602(16) c%(z)%l (t—=z2)+ 602(16) C%(Z) / El (t — 7)ro(T — 2)dT (61)

t T
—i—/ k1 (t — 7)21103(2) [w(z,T, v, ) +/ ro(t — n)w(z,n,v, )\)dn] dr,
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IMpunumas o Buumanue (56), (58)—(61), moxkHo nepenucars 3a1a4dy (49)—
(52) B caepyromem Buge g z > 0, t € R

2 2
a@t‘; 88‘2/ +HV — / (t—71)V(z, 7,0, \)dr + vé(z )k:l(tfz)
—iAeq < 10)(5(15 —2) +wl(t — z)> —i(A? + 1) crwy
o
62
+ic %_1 + 1 82'LU)\_2 %+ ( )
e | g, o d2Wx| T Q17575 Q2757 T 43
t —~
+/ p(zv T,V, )‘)kl(t - 7_) dTa
V |t<0=0 (63)
v ¢,(0)
0z 2¢9(0) lz=+0 (64)
V |t==0, (65)
V |z=0: L |:7€\07/g\1 (t7 v, >\):| ) (66)
. .2 PN
C(Z) ZCO(O) CO(Z)v p(zv y Vs ) C(Z)TO( Z)

[ 0w,
iz 7o G+ 0(2) = (02 + A, - 22

(B onpenenennu p(z, T, v, \) oneparop Lo ornmuaercsi ot oneparopa L Tewm,
9TO HUKHUIT WHJEKC B WHTErpaJje omepaTopa 3aMeHeH Ha Z).

Taxkwum obpasom, Mbl cBesin obpaTHy0 3ajada onpesenenus ai(xs), ki(t)
u3 paeHcts (11)-(14) k 3a/ade onpeeseHns ¢; (z),%l (t) m3 pasencrs (62)-
(66).

C nmomorbio hopmystbt danambepa, nosrydaem st £ > z

V(e b0, \) = % (£ [Fod1(t — 2w 0] + L [0, (¢ + 2,0,0)])

t+z

A
2¢0(0)

t

c1(§)dé

460

i+
/ kg,gl 7'1/)\):| dr —

b‘:\m

2

t+2—€
//t { ki (1T — &) + H(E v, WV (£, 7,1, )

z+E€

ow

O (67,0, 2) = 5 r(6m v )

ﬂuaN@mwA%md@ﬂm@>&

_/ [h(T_n)V“‘El(T_77)19(57777V7)\)}d77}d7'd§ = F[‘/ﬂchcllajﬁ\lL
3
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N7 v A) =i (€, 7,0, A) + (A 4 1)y

2
&) T (€, 7,0) + 2026 T (67,0, 2) — as(€wr (6,7 V).

IMepexoas B pasencree (67) k npegeny t — z + 0 ¢ yuerom V|—, = 0,
nMeeM

2z
~ ch (0 A
—L {k07g1(227%)\)} + 0(0) / [kOagl dT— — /01
0 0

260(0) Co(o
22—
// { k‘l (t—=&+HV (1,1, A)
(68)
. owy, 1
~ON(E 7 N) 464 (6) |1 G2 — G| €

_ /; [h(T — V(& v, A) + ki (T — n)p(€,m, v, )\)} dn} drdg.

U3 (68) creayer, uro g1(0,v,\) = 0. Bamensia 2z Ha t u guddepeHnupyst
(68) mo t, momydaem

T~ o (0) o~ i\
", [ko, 3.t A)} + 2000 o [ko, Gt v, A)] = 500 c1(t/2)
t/2
+ /{Vé(é-)/k?l(t - 25) + H(éa v, )‘)V(&t - 6, v, )‘)
0 B 1 (69)
~aON(E - En N+ O | 0552 - jan] (61— €

t—2¢

/ [h(T)V(f, t—E— T \) 4 R (T)plEt— € — T, A)} dT} de.

0

Ouesuzno, uro c1(0) = 262)5 )gl(O v, ). Auddepennupys (69) mo t, 3a-

TeM MOJICTABJISS MOCJIEI0BATETPHO 3HAUEHUS A1, A9 U COCTaB/Isisi PA3HOCTD
[IOJIYYE€HHBIX PABEHCTB NMPHU (PUKCUPOBAHHOM 33aJaHHOM I, MOXKHO TIOJYYUTh
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ypasrenue juis ¢ (z)(z = t/2) :

/ 1 o~ ! t (0) T~
ci(z) = WA/\ {L [/{:O,gl)\(Qz, v, )\)} - 2000(0)L [k:g,gl)\(Qz,y, /\)} }
_ mA{N]\(;(’ZZ)’ B )+ Ml(z)/m{ (Haa‘t/ _ claajtv)(g,t PN
ﬁ,\(:%)\) ’

Pwy 1 Owy
.
+ch(§) |:q1 at(‘)z - QQZ&] (§7t _57 v, )\)

- / [h(f)al(f,2z —£—T1,1,0) +7€\1(7')g€(€, 2% —E—T,1, /\)]dT} de,

(70)
rae Ax{-} — 9ro pasHoCcTb 3HAUEHNI BhIpaXKeHUs B CKOOKax mpu A = Aj
u A = X\o. B uacrnocru, A\{N(z,z,v,\)} := N(z,2z,v, A1) — N(z,2,v, A2).
Hanee no anasorun nog A,{-} 6ymem nojpasymeBarb pasHOCTb 3HAYEHMUIT
AJid Vi, V9.
Bamernm, uro ¢ yaerom (53)

M(2) := (A1 — A2) [1+ L o) /zc2(§)d§} 20
TV 4cg(0)  2e3(2) Jo °
IPH BBIIOJIHEHUN yeIoBust ¢f(z) < 0, A # Ag.
Hasee, muddepentupyst ypasaerne (69) mo ¢ (mpeaBapuTeSbHO CeJIaB
3aMeHy TEePEMEHHOil B MepBOM WHTerpase t — 2§ = T), 3aTeM TOICTaBJIsIsI
3HAYCHUST TTApaMeTpa, V1, Ve (V] # V2) B COCTABJIsAA PA3HOCTH NP (DUKCHPO-

BAHHOM 3a,1aHHOM 3HAYEHMM A, OJTydaeM ypashenue s ky(t) (t/2 = z):
~ 2 ~ icy(0) -~
kl(t) = _7)Al/ {L |:k07/g\/1y:| + 0( >L |:k01/§llu:|}

¢(0) (1 — 12 cp(0)
A{2N(z,z,v,\)} 9 F oV
O ) T T - O/A”{Hat@t —&m )

N(z,v,\)

ON 0? 0
) G €6t = € ) + i) [ G - gt | €t - )

—2¢ R
[ e et - g rn + R - € - o )]ar e
()

Jist 3aMbIKaHUsI CUCTeMbl HHTerpasbHbIx ypasHenuii (67), (70), (71) uc-
LOJIB3YIOTCS O4eBH/HbIE PABEHCTBA Jist ¢1(2) :

e1(2) = a1 (0) + /0 (o) (72)
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u s %—‘{(z, t,v, ), KOTOPOE IOJIyqaeTCss HEIOCPeACTBEHHbIM udbepentiy-
poBanuem 110 ¢ ypasHenusi (67):

et N) = o FlVier, i, Rl (73)

Ypasuenus (67), (70)-(73) sxkBuBamentsl pasencrsaMm (62)-(65) u obpa-
3YIOT 3aMKHYTYIO JIHHEAHY CACTeMy HHTETPAIbHEIX ypasHeHuii Boasreppa
BTOpOTO posa B obsactu Dy orHocureabro V(z,t, v, A), %—‘Z(z, t,v, \), c1(2),
i (2).

Jlst maabHEeNIINX paccyKIeHnl HaM ITOHaA00uTCa TOT PaKT, 9TO PYyHK-
nmx N(z,t,v, ), p(z,t,v,\) € C[Dr]. Craenopatenbno, HEOOXOMUMO MOKa-
3aTh, 9TO Wy, w, € C3[Dr].

Heticteurensbno, ¢ momonsio hopmynst Jamambepa st 3agaun (58), (60),
(61) mosryanm uHEHHOE MHTErPAILHOE ypasHenue BosbTeppoBCKOro THa ¢
HETPEPBIBHBIM CBOOOIHBIM TJIEHOM W HETPEPBIBHBIM SApOM B obmactn Dr:

wy = 5 (2 [FoGon(t = 20)] + L [Fo, Gt + 2]
t+z
+46060((00))t 1 [fo,G1 (7, )| dr

(74)

—z+¢&

1 c ottt
*b/ﬂ‘ {H@mw@nw+m@wm@ﬁw

- /; h( —n)wy (&, n, V))dn}dfdé

13 Teopum MHTErpaJbHBIX ypaBHEHHU# ciejmyer, uro ypasaenune (74) mmeer
eJIMHCTBEHHOE perrenne, HenpepbiBHOe B Dp. CTeneHb TIajKOCTH PENTeHust
yCTaHasauBaerca npu nomormm auddepennuposanus ypasaenns (74) gocra-
TOYHOE KOJUIECTBO pa3. Jlerko nmposepsiercst, 9TO mpaBast 9acTh npoandde-
PEHIMPOBAHHOI'O YpaBHEHUs Oy/leT HENPEPBHIBHON, a CJIeJ0BATe/bHO, byier
HenpepbiBHA U jepag qacthb [30]. Taxum obpazom, w, € C3[Dr].

Amaornano fnokaspisaercs ToT daxt, uto wy € C3[Dr].

OcCHOBHBIMU pe3y/abTaTaMU ITOr0 naparpada siBJAIIOTCS CJIIYIOIIIe Teo-
PEMBbI 0JIHO3HAYHON PA3PENIMMOCTH U yCTORYUBOCTH OOPATHOMN 334241 Olpe-
nenenus aq(y), ki(t).

Teopema 3. ITycmu 6vinoanens yceaiosus meopemn 1, u g1 (t,v,\) € C2[0,T]
iAe1(0)
2601(0) ’
cy(2) < 0. Toeda cywecmeyem eduncmeennoe pewenue obpamnotli 3a0ayu
(11)-(14) c1(2) € CH0,T/2],k1(t) € C[0,T) daa mobozo durcuposanmozo
T > 0.

npu purcuposanrmx nenyaeswnr (v, \) u g1(0,v,X) =0, g1 (0,0, \) =
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Aoxasameavcmeo. Cucrema unrerpasbhbix ypasaenuit (67), (70)—(73) ss-
JIFeTCd 3aMKHYTOM JimHEHHOM cucTeMoil mHTEerpasibHbIX ypaBHenuil Bojib-
Teppa BTOPOTO POJia C HEMPEPHIBHBIMU CBOOOMHBIMU IJIEHAME U SITPAME OT-
HOCUTEJTBbHO HEM3BECTHBIX (QyHKINM B obysactu Dp. Waea mokazaresbcTBa
CyIIEeCTBOBAHUS €IMHCTBEHHOTO DEITIeHUs JAHHOM CHCTEMBI COCTOUT B MPU-
MeHeHuu 000OIIEHHOTO TPUHITUIIA CXKATHIX 0TOOparKeHuit. 3auIeM CHCTEMY
(67), (70)—(73) B BH/E OIEPATOPHOTO YPABHEHUS

¢ = By, (75)
0= [Vetnd + 5o [0 s 4@+ Bana),
2 o
P1
k1(22) — No (2, v, A)ei(2), e1(z),
)3 \Tb;/
ov 1 t+ 2z t—=z vV~ z
a(z,t,u, )+ 300(0) [cl < 5 > - ( 5 )} + 2k1(z)/0 c(f)df]
U5

Torna vewssecrubie bynkimn V(z,t, v, \), ¢j(z), E1(22), %—‘{(z, t,v, ) MOTyT
OBITH OTIpe/TeJIEHBl Yepe3 KOMIIOHEHTH! BeKTOP-(DYHKINH 1
T+€

Viz, t,v,\) =1 (&, 1,v) + 2c01(0) /TZ Pya(s)ds,

ci(2) = a2, 1, A) = Na(z, v, \u(2),
21(22) = 1/)3(27 v, /\) + ]\71/(27 v, )‘)@Z}4(2)7

oV 1 t+ 2z t—z
E(z,t,l/,)\):ﬂ)g,(z,t,lj,)\)*260(0) {7#4( 9 >'¢}4< 9 )}

5 [vae/20 )+ Roler2m /)] [ atepde

Ouneparop B = (Bj, By, B3, By, Bs) onpejenen Ha MHO)KeCTBe DyHKIMit
¥ € C(Dr) npu dbuUKCMPOBAHHBIX U, .

ITokazxkem Tenepb, 4TO HEKOTOPAasi CTEneHb N (N — HATYPAJbHOE HYUCJIO)
JIMHEWHOTO oTobpaxKenus By gpisercs cxatuem. [lomoxum

[l = max{ max [z, X)) G =1..0.5).

ycrs M, (2 — npe menpepsisable BekTOp-DyHKIMK B D7, yIOBIETBOPS-
TOIIIe JINHEHHO cucTeMe MHTErpajabHblx ypasHenuil (75). O6o3Hadnm

Alz,t) ={(,7): 0<E<z, t—2z4+E<T7<t+2—-E},
(z,t,8) ={1: (§71) € Az, 1)}
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Torya B cuity suneiinocru u3 (75) aust (z,t) € Dr B coorBercrBuu ¢ ypas-
nenusimu (67), (70)—(73) umeem (B HOCAEAYIONIMX OLEHKAX JJisi KPATKOCTH
Oy/IyT OMYIIEHbI B CHUCKE apIyMEHTOB TapaMeTphl MPeodpa3oBaHus I, \)

1By — By @|(2, 1)

< /0 mas{ max [v{7(6,7) - 0P (€)1 [057() - v ()1} de

TEX(2,t,€)
< 2| — @, j =234,

naJgee

By — By @ (z)
< o /O max {[v{ (¢, T — &) — vl (&,T - ), [0V (&) — v (©)]  de
< el @), j =234 1=23;

B = B®1(:) < o [ max {[uf(©) 08 (@1 104 (€ — v ©)

0
< paz|p® — @,

|Bswt) — By @|(z,1)
< [ ma{_max oV ) - o€l o€ - v )]} ae

1 2 .
< psz||p® — @, j=2,3,4,
rje fj — KPECTaHTbI, 3aBUCIIINE OT BeJINYNH, BXOOAINX B 6’ (TeopeMa 4).

Ionaras M = max{p1, p2, 3, f4, (45 }, TOTYIAEM, ITO

max |BiuY) = Biu®|(2,1) < Mz|jpV) =@, (2t) € Dr.

Hamee
By = Big?|(z,) < pa x
€X(z,t,€

x / max { max 1By (g, m) = Br® (€ m)l, 1By (€) ~ B (¢)|} d
0

; 2
—_~ —~Z .
< mM/wa“) — v dg < Mo [0 =@, j=2,3,4,
0

aHAJIOTWIHO 704 j = 2,3,4,5 :

F 2
=~ ~Zz
(Bi = Bv|(2) < ;M / ™) — @ de < M |9 — o).
0
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Orcrona

2
21 _ B2,(2) < M2E 1M — @
nax, |B;y B\ 9(z,t,v) < M o K% v, (2,t) € Dr.

u, BoobrIe,

(1) _ pn(2) T A1) ()
112]8%{5|ij B]¢ ’(thﬂ/)SM ’I’L'H¢ ¢ H’ (Z’t)GDT’

T\n
1876 - By < 57 E ) — @),
n!
IIpu nrobom uxcuposannom T YUCTIO N MOYXKHO BhIOPATH HACTOJBKO HOJIb-
IITAM, 9TO
Ty\n
an2)
n!
Torya orobpaxkenne B" spasiercsa cxkaruem. CoryiacHo 0bODOIIEHUIO PUH-
[UIIa CXKUMAOIIX 0ToOpakeHuil ypapaenue By = 1 uMeer 0JIHO U TOJBKO
ozHO perenne, npuaaaaexkaiiee C'(Dr). danHoe perenune Moxer ObITh Haii-
JEHO MEeTOJIOM IIOCJIEIOBATEIbHBIX TPUOINKEHNIA. O

=a <l

Teopema 4. [Tycmo cgl)(z),c?)(z) € C'0,7/2], kil)(t), k?) (t) € Cl0,T]

pewenua obpamnoti sadavwu (11)-(14) ¢ nabopom darnwx

{6 @, a2, K0, 367 @) t.n. M) |

ona j = 1,2 coomeemcemeenno. Tozda npu ewnoanenuu ycaosul meopem
1,2,3 natidemca maxoe noaosrcumenvroe wucao C = C(C, h1(v,N)), h1(v, ) =

maX{Hgy)(t? v, )‘)HCQ[O,T]v ”N(j)(zat7 v, )\)HCl(DT)a Hp(])(Z,t, v, )‘)HCl(DT)a ] =

1, 2}, MO CNPAGeOAUsa OuenKa Ycmotiuusocmu
1 2 1 2 =~ 1 2
160 = e@lluozyn + 1KY = k2 ooz < c[ncé T

50 = 59 omor + 1D ké”HC[O,T]} . (76)

Jlokasamenvemeo. Iycrs ) — pekrop ByHKIMIA, KOTOPBIE ABISIOTCS Pe-
merusaMu (3.32) ¢ HAOOPOM JTAHHBIX {c(()j)(z), ggj)(t), k:((]j)(t), w(j)(z,t)}7

j = 1,2, cooTBeTCTBeHHO, T.e. cupaseusbl ypaaerns ) = Bih(d),

Jaee, m3BectHast HyHKITHAST cé] )(z), j = 1,2 BxoauT B CBOOO/IHBIE UJIEHBI

9TUX UHTETPAJTHLHBIX YPABHEHHUI COOTBETCTBYIONNM 00pa3omM uepe3 PyHKITIIO

1/M (z), xoropas mozxkeT GbITh onernera Kax |1/M(z)] < 1/|A\1 — Az2|, n dbynk-
(1)

2
muio N(z,z,v,A). llepexong Kk pazHocTaM ¢y ' — cé ), o106HO TOMY, KaK 3TO
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C/IeJTAHO B TeOopeMe 2, U3 PaCCyKJeHUN, TPOBEIEHHBIX TPU J0KA3aTEeTbCTBE
TEOPEMBI 3, TIOJIyUYUM OIEHKY

H¢”—¢®H§mw+au¢”—me, (77)

rie
v i= 118 = Pllerprya + 198 = 8Pl c2pm + 15D = £ o

U TIOCTOSTHHASI (1) 3aBUCHT OT BejawdanH, Bxogsamux B C. U3 pasencrsa (3.33)
cJIeJIyeT, 9To

o = @ < v
¢ moctostHHOM [t = po/(1 — ).
Paccvarpusas ypasuerue ky(t) = explko(0)t/2]ky1(t) ms {k§1)7E§1)} ,

{k£2),7€\§2)} u ucniosib3ys (77), mosy4aaem orerky (4). Teopema mokazana. [
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