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I'NIOBAJIBHAA JOITYCTUMOCTD ITPABIJI
BBIBOJA B JIOTUKE GL

B.B. Pumankun

IIpedecmasaeno C.B. CYIOTIATOBBIM

Abstract: The problem of decidability of global admissibility of
GL logic rules, i.e. admissibility of an inference rule in all finitely
approximable (tabular) extensions of GL logic at once, is investigated.
For rules whose model satisfies certain natural properties, a necessary
and sufficient condition for global admissibility in GL logic is ob-
tained. Based on the obtained description, an algorithm for che-
cking the global admissibility of an arbitrary rule in reduced form

is constructed. Thus, the problem of global admissibility in GL
logic is decidable.
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1 Bseaenue

KirogeBoit 0co6€HHOCTBIO HAIIETO TOIX0/a K U3YUEHUIO JTOTHIECKOTO CJIe-
JIOBAHMNS SBJISETCS NCIOIB30BAHIE TPABII BBIBOJIA [T €ro omucanns. [Ipa-
BIJIO BBIBOJIA — 9TO BBIpaykeHme (Apobb), COCTOSINAS W3 MOCHLIOK (QIHC/IN-
TeJb) ¥ 3aKJII0UEHNsI, BBIBOIA (3HaMeHaTe h). [lochliky TpaBmia BEIPAsKaoT
TUIOTE3Bl, 33JaHHY0 HHQOPMAINI, a 3aK/I0UeHne — CIeJCTBHe U3 HuxX. B
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1058 B.B. PUMAIIKUI

oT/imyue OoT (bOpMy.H npaBu/ia BbIBOAA ITO3BOJIAIOT OIIKCATH JWMHAMUYIECCKYIO,
vecrabuibnyo nadopmsiuio. Kpome Toro, rakue npasuia mo3Bo/siioT Hop-
MaJIM30BATh CTAHAAPTHHIH BOMPOC B MCCAEIOBAHWN JIOTUYECKOTO CJIETOBA-
HUS: JAHBI HEKOTOPBIE TUIOTE3BI WM 3ajaHHas WHMOPMAIU, UTO U3 HUX
CTIEJTYET, UTO SBJSIETCS] HEMTPOTHBOPEYMBLIM BBIBOJIOM U3 M3BECTHON WHMOD-
Manuu?

Hanbomee obmmuM BapHaHTOM TPABU BBIBOIA, COBMECTUMBIX C 3aJAHHOMN
JIOTUKOM, OKA3aJINCh JOMyCTUMBIE TIPABH/IA BBIBOIA, BBEIEHHBIE JIOpeHIIeHOM
([1], 1955): sT0 Te mpaBuIa, 106aBIEHIE KOTOPHIX K 33/[AHHON JIOTHKe He U3-
MeHsEeT MHOMKECTBO ee TeopeM. MHTepec K M3YUeHHIO MOMYCTUMBIX TPABUI
BBIBOJIa GBI CTUMYJITHPOBAH MOCTaHOBKO# mpobaembr @puamana ([2], 1975) o
Pa3pEInMOCTH TI0 JIOTYCTUMOCTH HHTYUTIHOHUCTCKOMN JToruku Int: cymecTBy-
€T I AJTOPUTM PACTIO3HABAHUS JTOTTYCTUMOCTH 33 TaHHOTO MTPABIIA BBIBOIA
B 3T0it oruke? B Kaaccumaeckoit JOTHKe BOTIPOC PA3PEITUMOCTH IO JOTYCTH-
MOCTH PEITAJICSA TPUBUATBHO — JOMYCTAMBI TOJBKO BBIBOIUMBIE, TOKA3yeMbIe
npaBumia. B HekaccudecKux JormKax npuMepsl Xappoma, Munra, [lopra u
ap. ([3], [4], [5]) nmokazasu, aro B 9TUX JIOrMKAX €CTh JOMYCTUMbIE, HO HE Bbl-
BOAWMBIE TIpaBUIa BEIBOAA. [lo/okuTebHOE perrerne mpobiembl Opuamana,
JIIsT MHOTHX 06a30BbIxX HeKaccnaeckux joruk (Int, KC, K4, S4 w np.) 66110
nosyueno Pribakosbiv B.B. (cm. [6, 7]). Jdpyrum crocobom onmcanusi Bcex
JAOMMYCTUMBIX B 3a,ﬂaHHOf/I JIOTUKE TIPaBWUJI BBIBOJa OKA3AJIOCHh ABHOE OIIHCa-
Hre Dasuca Jyid HUX, T.e HADOPa JOMYCTUMBIX MPABUI 33TAHHON JTOTUKH U3
KOTOPOT'O BBIBOAATCA BCe BO3MOXKHbIe Takue npasuia (cm. [8], [9], [10], [11],
12)).

Takum o6pasom, B Hau. 2000-x BO3HUK BOMPOC O JAJBHEHIIIEM Pa3BUTUN
Teopun AOMYCTUMBIX MMPAaBUJI BBIBOAA HEKJIACCUYIECCKUX JIOTUK. O,ZLHI/IM 13 Ha-
HpaBﬂeHHﬁ Pal3BUTULA MO2KET CTATh UCIIOJIb30BaHUE AOIIYCTUMBIX ITPDABUJI I
OTIMCAHNS HETPUBHUAJIbHBIX CBOMCTB Mojeseil man jiornk. Hampumep, caaboe
CBOICTBO KO-HaKpbITHil (extension property) jisi MOJAJIBHBIX UM CYIIEPUH-
TYUITUOHUCTCKUX JIOT'MK MO2KET 6]:)ITI) OIIMCaHO HYepe3 JOoNnyCTUMOCTb 3a/laH-
HOro Habopa MpaBmI BEIBOAA B jornke (cM. Hapumep [13], [14]).

Jpyrum HanpaBJIeHueM PA3BUTHS CTAIH TIOHATHHO JOMYCTUMBIE TTPABUIIA
BBIBOJIA — TIPABUJIA, JOIYCTUMBIE CPa3y BO BcexX ((DUHUTHO ammpOKCHMUDY-
€MBIX) PACIIUPEHUsIX 3aaHHON JIoruKHU. [loHsaTHEe TI06aTIBHO JTOMYCTHMOTO
npasmia BeIBoJA yorukn S4 (Int) OO BBEJEHO B KOPOTKOI 3amerke [15].
IlousaTHo, 9To Takue nMpaBmia 0606IIAIT OOBITHBIE JOMYCTUMBIE TPABUIA 3a-
marao# goruku. C TMpaKTUYecKO# TOYKM 3PEHUs OHU MOTYT TPEICTABIATH
naTepec B Kommbiorepabix Haykax u V. V3BecTHO, 9TO ABIEHUS UJIN TPO-
ecchl B 9Toit obacTu (CeTH WHTEPHET, MPOIECCHl BBIUUCICHUN M JOKa3a-
TeJIbCTB, MHOTOAT€HTHBIE CPEJIBl U TJI.) MOTYT OBITH OMHUCAHBI ¢ TOYKH 3pe-
HUS ¥ HA S3BIKE PA3JINIHBIX HEKJTACCHICCKHUX JIOTHK (MHOTOMO/IAJIbHBIX, BPe-
MEHHBIX, MHOTOAT€HTHBIX U T/1.). Haxox qeHne mpaBuil BBIBOIA, JOITYCTUMBIX
cpasy (OZHOBpPEMEHHO) BO BCeX (MM JOCTATOYHO HIMPOKOM KJIACCE) TAKUX
JIOTUK TIO3BOJIUT WHAYe B3LVIAHYTH Ha OMHCHIBAEMBIN TPOIECC WU dBJIEHE,
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¥ [OJYy4YUTh HOBBIE BBIBOIBI, MHPOPMAINIO U3 HADIIOAAEMbIX (DAKTOB, WH-
dbopmarmm.

Ha cerogmusmunii 1eHs aBTOPY M3BECTHO HE MHOTO PADOT, MOCBSIIEHHBIX
U3YyUIEHWIO TVI0OATBHO JOMYCTUMBIX TPABUJ BhIBOMA. B KOpPOTKON 3aMmeTke
[15] 612 mOoKa3aHa peayKIims rI0OATBHON TOMYCTUMOCTH K TabJUIHON 110-
OYCTUMOCTH: TPABUJIO TJIOOAJIBHO JOMYyCTUMO B JIOTHKe L €ecju, U TOJbKO
€CJTM OHO JIOMYCTHMO BO BCEX TabIMUHBIX pachmpennsx Jjoruku L. B [16]
HOJTy9eH siBHBIH (OeCKOHEUHBI) 6a3uc MpaBU BBIBO/A, TJIOBATBLHO JOMYCTH-
MBIX B MOJIQJBHBIX HpeaTabaniHbix jgornkax P12, PT3. B [12] 6sL1 ommcan
SIBHBIN 6a3mc 1100a7IBbHO JIOMYCTHMBIX HPABUI it (OECKOHETHOrO KJIAcCa)
pacmupenuit joruku S4 co caabbiM CBONCTBOM KO-HAKPBITHIA.

[Ipencrasnennas pabora MpojoJIKAeT W3yUeHne TI06ATbHO JOMYCTUMBIX
OPaBII HEKJTACCHIECKUX JIOTHK U PA3BUBAET PE3YJIbTATHI, TOJydeHHbIe B [17,
18]. st mpaBu B penynupoBaHHoii hopme, MOJIe b (MocTpoeHHas Ha dhop-
MyJIaX TOCBUIKH [PABUJIA) JJisi KOTOPBIX Y/OBJIETBOPSET HEKOTOPBIM €CTe-
CTBEHHBIM CBOMCTBAM, IIOJIyYEHO HEOOXOUMOE U JOCTATOYHOE YCJIOBUE I[JIO-
bapHON momyctumocTn B Jornke GL. Ha ocHome mosyveHHOTO OMMCaHUs
MOCTPOEH AJTOPUTM MPOBEPKHU TJI00AJIBHON JTOMYCTUMOCTHU MTPOU3BOJIHHOTO
npaBwia B peaynmposannoit ¢popme. Takum obpaszom, mpobiema rirodasib-
HOM momyctumoctr B GL paspemmma.

2 OmnpepeneHusi, npeABapUTEJIbHBIE PE3YJIbTATHI

Bragaie HaOMHEM KpaTKO HEOOXOAUMBIE ONPEIENeHHUs] U Pe3yJIbTaThl
(71T TeTaTbHOTO 3HAKOMCTBA € [IPEIMETOM PEKOMEHTyeM MoHorpadmuto [7]).
Hasiee MBI paccMaTpuBaeM TOJIBKO JIOTUKH, paciiupsionye G L, mosToMmy Bce
dpeiiMbl nppedIeKCUBHBl U TPAH3UTHBHEI.

Opetim F = (W, R) ecrp mapa, rme W — memycroe MHOXKecTBO U R -
buHapHOe oTHOIIeHe Ha MHOXkecTBe W . bazucHoe MHOX)KecTBO 1 cam dpeiim
nasee dacrto Oygem obo3HadaTh OJHOM U Toil ke Oykpoi. Eciau (W, R) —
HEKOTOPBIH dpeiim, To HemycToe muHO)ecTBo C' C W HazwiBaeTcs caycm-
xom, ecim: C' COCTONT M3 €IUHCTBEHHOTO UPPedIEKCHBHOTO 3JIeMEHTA, WJIH
1) amst mobwix 2,y w3 C semosuserca xRy; 2) nusa mobbix © € Cuy € W
(xRy&yRx) = y € C. Crycrok HazbiBaercst cobemeentvim, ecan |C| > 1; B
IPOTUBHOM CJIYYAe — OOHOIAEMEHMHUM UAU BBPOHCIEHH M. [Tt S1emeHTa,
a € F gepe3 C(a) 0603HaAUMM CIYCTOK, TIOPOXKIEHHBIH 2jieMeHTOM a. T.K. Mbl
paccmarpusaeM Jjoruku Ha GL, TO BCe CTYCTKU SIBASIOTCH BBIPOKIEHBIMEI
U COCTOSAT M3 OHOTO MPPedIeKCUBHOTO JIeMEHTA.

Moodeawro maswiBaercs tpoiika M = (W, R, V), tae F := (W, R) dpeiim n
V — o3naumBaHmre MHOXKECTBA MPOIIO3UITMOHAILHBIX TIepeMenubix P ua dhpeii-
ve F, re. V: P — 2", Dom(V) = P naswisaercs jnowmeiinom V.

®peiim F = (W1, Rp) nazweiBaercst omgpumvim nodgpetimom dpeiivma G =
(Wa, Rg) (obosnauaem F C G), ecau soiosmsercs Wy C Wa, RoNWE = Ry
uVa € W1 Vb e Wy ((IRQb —bec Wl).
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Ecim My = (W3, Ry, Vi), My = (Wa, Ry, Vo) monenu, To mogens Mi
HA3BIBACTCS OMKEPLIMOT N00MOJeAbI0 modeau Mo (06o3nauaem M C May),
ecmu 1) dpeiim (Wi, Ry) — orkpwbiTeiit moadpem dpeitma (Wa, Rs) ; 2)
Dom (Vi) = Dom(Va) u ¥p € Dom(V7) Vi(p) = Va(p) N Wh.

Orobpaxkenne dpeiimos f : (F, R) — (G, S) HasbBaeTcs p-mophusmom,
ecan BuimostHsieTcst: (1) aRb = f(a)Sf(b); (2) f(x)Sz= 3y € F: f(y) =
z & zRy. Orobpaxkenne f : My = (Wq, Ry, Vi) — Mo = (W, Ry, Vo)
HA3BIBAEM TaKXKe pP-mophusmom modeau My B Mmomens My, ecaim 1) f ectsb
p-mopdusm dpeiima F; = (Wi, Ri) Bo dpeiim Fo = (Wa, Ry) ; 2) o3Hadu-
Banus Vi, Vo onpeJiesieHsl Jjisl OJHOTO U TOrO K€ MHOYKECTBA TePpEMEHHDBIX;
3) Vp € Dom(Vi), Va € Wi(a =y, p <= f(a) Fw p)-

OCHOBHBIM CBOMCTBOM B3SITHS OTKPBITBIX [IOMOJIE/IeH U P-MOP(MU3MOB B~
JISIeTCs COXpaHeHNe UCTUHHOCTH (DOPMYJIL:

VrBepxkaenune 2.1. [7]

1) Ecau My omxpwmasn noomodeav modeau Ma, moeda daa 10601 dop-
MYABL O, MOCTPOEHHOT Ha Nepementbir u3 muosncecmsa Dom(Vy), Mo = «
saevem M = a;

2) ecau omobpasicenue f ecmov p-moppusm modeau My = (Wi, Ry, Vi) na
modeav Mo = (Wa, Ro, Vo), moeda daa a0600 dopmyave o, nocmpoenmot
na nepemennvr uz muoocecmsa Dom(Vy), cnpasedauso Ya € Wi(a =y,
o = f(a) Fuy ).

MMycrs F; = (Wi, R;), i € I — cemelicTBO NONAPHO HE MEPECEKAOIIUXCH
dpeiimos, re. W; N W; = 0 qus i # j € 1. Ipamvim obsedurenuem 3roro
cemeiicrpa naspisaerca dpeim | o Fi = (W, R), tue W = {J;c; Wi, R =
Ui6 ; ;. Ilpamvoe obbeauHerne Mofeseil onpeneasdeTcs aHAJTOTHIHO.

loBopum, uto dpeiivm F asiisiercs \-dpeiimom, €Ciu BCce TEOPEMBI JIOTHKHT
A MCTUHHBI Ha J 1pu J000M O3HAUNBAHUU TTepeMeHHbIX. COOTBETCTBEHHO,
A(F) — muOKeCTBO (DOPMYJI, HCTUHHBIX Ha JF — €CTb JIOTHUKA, TOPOKICHHAS
dbpeiimom F.

ITo Jlemme 2.5.26 |7] mpsimoe oObeauHenue dpeiiMoB (Wim Mozeseit) co-
XpaHdeT HCTHHHOCTE GopMya: | |,c; Fi Fv a <= Vi(F; Fy; a). Suaqur,
npsiMoe obbenuHeHne A-QpefiMoB TakKe sIBISIeTCsT A-ppeiiMoM.

Bynem rosopurs, uro crycrku C1,Cy,. .., C, Hekoroporo dpeiiva F' no-
napro e cpasnumv, no ommowenuto R, ecau cupasennuso: VO;, O, 1 <
i,j < n, Vo € Cj,y € Cj(~(rRy)&—(yRx)), Te. U3 31eMEHTOB OJHO-
ro CTYCTKA JAHHOTO MHOXKECTBA CTYCTKOB HE JOCTUKHUMBI 1O OTHOITEHHITO
R snementsl apyroro cryctka. JIo6oe MHOKECTBO TOMAPHO HECPABHUMBIX
o OTHOIIEHHI0 R crycTKOB (bpefiva F' HABBIBAETCT aHmuuensto. AHTUIEND
A waseiBaerca nempusuasvhot, ecim A coctonT 1o Kpaiineit Mmepe u3 IByx
PA3INIHBIX CTYCTKOB, B TTPOTUBHOM CJIYIae — MPUGUAALHOT.

ITycrs F = (F, R) nekoropsrit dpeiim. s aro6oro snemenra a € F' 06o-
snaunm a® = {zlaRx} u a<F = a®\ C(a) u 6ysem rosoputs, 4ro sjmeMenT
a (crycrok C(a)) noposicdaem xax wopenw moadpeiin a? (C(a)? coorser-
crBenHo) dpeiivma F. Anamormano, mis muoxkecra X C F onpenessiem
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Xt o= J{zB®z € X} u X< = XB\ X, u rakxe GyjeM roBoputhb, 40
muozkectBo X C F nopoxkaaer nondpeity XF umn X <F coorsercrsento.
Hasee moMuMo crangapTHOro 0603HaveHns (PpeiiMOB IPOMUCHBIMME JTATHH-
cknmu 6ykavu (F, F,G,...), Takxke OyIeM UCIOIH30BATh W 0O603HAUCHUST
a, CB, XE .. ans noadpeiivos (bpeiiMoB), TOPOKICHHBIX 3IEMEHTOM
a € F, crycrrkom C' € F uwnm muaoxkecreom X C F

Opeiim F — KopHegoli, eCiu CYIIeCTBYeT JIeMeHT a € JF Takoii, ato Vb €
F (aRb). Haunbiii saement a (n crycrok C(a)) HasblBaeM TakkKe KOPHEM
F. Crycrok C(a) uz F ectb ko-Hakpvimue JJjisi MHOKECTBA (MM aHTUIIEIN)
X C F, ecmu a~f' = XE .= | J{zf|z € X}. Topopum, uro ssemenm a ecmo
ko-naxpomue st X C F| ecaun onHosnemenTHBIH cryctok C(a) obpasyer Ko-
HAKPBLITHE 11 X . A\-KO-HAKPuimuem Ha3bIBaeM KO-HAKPBITHE, TIOPOK TAIOIIEe
KaK KOpeHb A-(peiim.

Ianybunot d(x) anemenma v ¢petima (modeau) F  HA3BIBAETCS MAKCH-
MaJILHOE YUCJIO CTYCTKOB B HENSAX CIYCTKOB, HAUMHAIOIIUXCS CO CIYCTKa, CO-
nepzKariero . MHOXKeCTBO Beex 971eMeHTOB dpeiima (Momenn) F rayOuHbl He
6osee 1em n Gyzem o6o3HATATE S<p(F), @ MHOKECTBO J€EMEHTOB [JIyOHHBI
n obozHaIuM Sy, (F).

[MopmuoxkectBo X' 3agann0l Moaean M Ha3BIBAETCS Hopmyavro onpede-
AUMBM UAL POPMYADHBIM, €CTTU CyTecTBYeT dOpMyJIa ¢ Takasi, 9T0 VI €
Mz Ey a <= 2z € X]. Coorsercrsento, snemenm x € M aeasemca
Popmyavrwim, ecam MuOKECTBO {2} dbopmynbroe. O3nauuBanue V onpedesu-
MO (Popmyavroe) B Momern M, ecau fuist ar000ii epeMeHHo# p u3 obaacTu
V', muoxectso V(p) dbopmysibHoe.

Hnst 3amannoro dbpeiivma F, 3aJaHHOr0 O3HAYMBaHUs V W OpaBUJa Bbl-
Bopa 1 := {ai,...,a/B}, roBopuM dUTO T ucmMUHHO Ha F Npu 03HAMUBA-
nuu V' (obosnauaem F |y 1), ecam Kak ToabKo YV € FVi (x v o),
to Vo € F(x Ev pB). pasuso r ucmunno wa F, ecav r UCTUHHO HA JF
npu sobom o3HaunBanun V (obosnadaem F = 7). AHaJOrM9IHO Onpeessi-
eTCs MCTUHHOCTH MPABU/IA HA 38/IaHHON Momenn: r uCTuHHO Ha M, ecim Kak
ToIbKO Vo € MVYi (z =y o), 10 Vo € M (z =y () npu o3nauusamuu V.

IMpasuno eeoma r = {a1(z1,...,Tn)s .-y ap(T1, ooy )/ B(21, oy Tn) }
Ha3bIBAETCS  donycmumovim B Jioruke A [obosmawaem 1 € Ad(N)],
ecin gus s0beix dbopmyn 01, ...,0, u3 (Vj «a;(d1,...,0,) € A) caenyer
B(01,...,0,) €A

JomycTuMble npaBuia MPOTO3UIMOHATHHON MOJAIBHON (CYTIePUHTYUITNO-
HUCTCKO) JIOTUKK A\ MMEIOT anrebpamdeckoe ONUCAHNE — UM COOTBETCTBYHOT
KBA3UTOXKJIECTBA, UCTUHHBIE HA CBOOOMHON anrefpe cueTHOro panra gy ()
MHOT000pa3us aarebp Var(\), COOTBETCTBYIOMEro JAHHOM JIOTUKE, T.€. CIIPa-
BEJIJIUBO

VrBepxkaenune 2.2 (ra. 3, [7]). Ipasuao sweoda r = {ay,...,ar/B} do-
NYCMUMO 6 A02UKE N ECAU U MOALKO ECAU 1A c80600H0T aszebpe cuemnozo
parea Fu(A) us muoeoobpasua aseebp Var(\) ucmunno xeasumoscdecmso
r={a =1&...&ap =1= f=1}.
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Mogens Kpunke (F,R, V), rae V : P, — 28 u P, = {p1,p2,...,pn},
HA3BIBAECTCSA N-LAPAKMEPUCTNUNECKOT, OAA AO2UKU \ TOTJIA ¥ TOJHLKO TOT/A,
KOTJIa J71s1 JTI000# (pOPMYIIBI (¢ OT IEPEMEHHBIX P1, - . . , P, BHITOJTHAETCS v €
A <= (F,R)V)E .

B namem ucciieoBaHuy CyImecTBEHHO OYIET UCIOIb30BATHCS CTPOEHUE N~
XapaKTepUCTHIECKOH MOJIEH JJIsT (PUHUTHO AalllIPOKCAMUPYEMBIX JIOTHK, Pac-
MIUPAIONEX JOIUKY G L, ¢ TOMOIIBIO KOTOPOi OyIeT onucana JOMyCTUMOCTh
OpaBWI BBIBOJA B 3TuX jorukax. Cimemyst rir. 3 [7], onuieM KOHCTPYKITHIO ¥
CBOMCTBA 3TOW MOJIEJIN.

ITycTb 3a1ana (UHATHO aNPOKCUMUPYEMast JTOIUKa A, PACIIAPAIONIAs JIO-
ruky GL. U1 mycTh 3a7aHO MHOXKECTBO HPOIO3UIIHOHATLHBIX TePEMEHHBIX
P, = {p1,p2,...,pn}. llepserii cioit mannoii momenn S1(Cr(N)) cocront u3
MHOKECTBa ITOMTAPHO HEM30MOP(HBIX KaK MOJIEIH CIYCTKOB CO BCEBO3MOK-
HBIMU O3HAIUBAHUAME V IepEMEHHBIX U3 MHOXKeCTBa P, (B cirydae pacmmpe-
uuit joruku G L Bce Cr'yCTKE IIEPBOrO CJI0S OJIHOSIEMEHTHBI U UMEOT ToTap-
HO pa3/indHble O3HAYMBaHNs HepeMenHbix). [Ipeanomoxum, aro S<p, (Cp(N))
yxke nocrpoer. Cinoit Syy4+1(Cr (X)) rorybuasr m+1 mosyanm ciieyiomnmm 06-
pazom. Beibepem mponssosbHyo aHTHIENb CrYCTKOB X C S<p(Cr(N)), co-
JIEPZKAILYIO XOTs1 OBl OIMH 9JTEMEHT (CryCTOK ) T/IyOUHBI M 1 A00ABUM CTyCTOK
C u3 S1(Cp(N)) Kak Ko-HAKpBITHE Jist aHTUIenH X TIPH YCJIOBUN:

(i) dbpetim, mopoxaernsbii cryctkom C' Kak KOpHEM, BageTCsa A-(bpefimom:
Ch = XRU {C} asnserca M-dpeiim;

(ii) ecniu X = {C1}, To crycrok C' He m3omopden moamomenu crycrka Cq
KaK MOJIEJTh.

[IpomozKasi OMUCAHHYO TPOIEAYpPY, B uTore moaydnm Mozeab Cp ().
CpoiicTBa TOJydeHHON MOJeqn CHOPMYIUPYEM B CJIEAYIONINX YTBEPIKIE-
HUSIX.

VYreepxkaeuune 2.3 (Th. 3.3.6, 3.3.7 [7]). Laa w060t durummno annpokcu-
mupyemots aozuxu A, pacwupsouetd GL, modeav Cp () asasemea n-rapak-
mepucmudeckoti, u xKaxncovl ssemenm dannoti modeau — BhopmyavHvid.

VYreepxkaeuune 2.4 (Th. 3.3.3 [7]). Laa w060l durnummno annpokcumupye-
Mot aoeuxu N\, pacwuparwwetd GL, npasuso éneoda r donycmumo 6 \ ecau
u moavko ecau T ucmunno na @petime Cp(N\) das arwbozo n u npu a10b6om
POPMYADHOM OZHAYUBAHUU TEPEMENHIT T .

B nanHOM McciesoBaHNN HAM TaKKe MTOHAIOOUTCS peayrnupoBanHas (hop-
Ma, MOJAJIBHBIX TTPABUJ BHIBOJIA. [0OBODUM, UTO npasuso r umeem pedyuupo-

sannyro gopmy, ecmun v :={\/ <, ¢j/To}, rae
Ve /\ zit A /\ ()a;?i, ai,b; € {0,1}; 20 := 2, 2! .= -z
0<i<k 0<i<k

Jna xazka0ro uneHa ¢; MOCBUIKE IPaBuU/a B PeAyIMPOBaHHOM (bopme ompe-
JEeJUM TaKyKe MHOXKECTBa

01(¢j) ={xj: 0<j<k, aj=0}; 02(¢;) :={z;: 0<j5<k, bj =0}
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O5(¢;) :=={xj: 0<j<k, aj=1} 04(¢;) :={x;: 0<j<k bj=1}.
Mg npasuia r B peaynupoBaHHON popMe MHOXKECTBO BCeX (OpMysl ¢; B
nochlIKe 0603HaInM Kak Pr(r).

VYreepxkaenue 2.5 (cm. I'n. 3.1 [7]). Laa awbozo modasvrozo npasusa
swi6oda R cywecmeyem npasuao v f(R) 6 pedyyuposannot gopme, sKeusa-
aenmmuoe R ommnocumenvro ucmunnocmu na K4-aneebpaxr u K4-dpetimax;
R u rf(R) odnospemenno 6b1600umv Uiy 0onycmumss 6 410601 Mo0aAbHOU
Ao2uke, pacwupsouset K4.

Hamomuum ompesenenne riiodaabHO JIOMyCTUMOrO IPABUJIA BBIBO/A, BBE-
gennoe B [15]. [Ipasuno BeBoga 1 2406aavHo donycmumo 6 aoeuke L, ecim
7 JONYCTHMO BO BCEX (PUHUTHO AIIPOKCUMHUPYEMBIX JIOTHKAX, PACIIAPSIIO-
mux Jjoruky L. Habop mpasui BeIBoma R HA3BIBAETCS OG3UCOM 24000A5HO
donycmumoiz npasus soeuky L, ecin: 1) Kaxkpoe npaBuyio u3 R riobagbHO
monycrumMo B L; 2) mo6oe riobasbHO JOMycTuMoe B L TPAaBUIO BBIBOIUTCS
3 R BO BceX (DUHUTHO AMTPOKCUMUPYEMbBIX JOTUKAX, PACIIUPSONUX L.

OcuoBHBIM pesyibTaToM [15] 6bLTa peayKIust TI00aTbHON JTOMYyCTHMOCTH
npaswia B joruke S4 (Int) K IOMYyCTHMOCTH BO BCEX TaOJHIHBIX PACIIAPE-
HUAX ITON JIOTUKU:

Teopema 2.6 (cm. T.3 [15]). ITpasuro eweoda r donycmumo 6o ecex du-
HUMHO GNNPOKCUMUPYEMBLT A02uKaL, pacwuparowur S4 (Int) <= r
donycmumo 60 6cex MABAUNHHLL A02UKAT (6 TOM “UCAE NOPOHCOEHHMT KO-
HeuHbMU KOpHESuMU S4-dpetimamu), pacwuparouur S4(Int).

3 BcnomoraresabHBIIT pe3yabTaT

Ilycrs 3a1aH0 IPaBUIoO BEIBOA ' B PelynupoBaHHol dopme. Onpegennm
mozesis M(r, X)) mag npasuna v (em. n1. 3.9 |7]). llycrs MuOXKecTBO X cocTo-
UT U3 BCeX WIeHOB ¢ € Pr(r) moceuakn npasuia. Moxens M (r, X)) mocrpoena
Ha MHOxKecTBe X C oTHolleHueM R u o3naunBanuem S:

Vi, o € X (¢jRop <= 02(or) C 02(p5) & 01(dr) C 02(05));
Vo € X,Vp € Var(r) (¢p; € S(p) <= p € 01(¢1)).

[Monarwo, uro oTuomerne R wppedIeKCUBHO W TPAH3UTUBHO HA MHOYXKECTBE

X. Jlaee o3naumBanme S CUMTaeM CTaHIAPTHBIM U 3a(DUKCHPOBAHHBIM Ha,
JaHHOW MOIEH.

ITycts G — mpou3BONbHBIN KOHEUHBIH A-bpeiiv (A-Momens), n joruka A
pacmupsiet goruky GL. Jis mpousBosibHOTO 31emenTa y € G ompeseanm
Jokanbay0 kKommouerTy K (y) (Kak OTKpPBITHIR mogdpeiiM mim moaMomesb
G) cnemyrommym obpazom. Ilyers Fy := y*. Ha kaxkmom mare mocTpoeHns
i > 0 gna xaxgoit antunenn A; C S<(;q1)(Fi), nmerormeit Ko-HaKpBITHE B
G, mobaBysieM OJHO M3 HUX K JF;11. depe3 KOHETHOE 9uCyI0 IMIAroB MPOoIece
mocTpoennst obopeeTcst B cuty Kouednoctu G. Ilomydennsiii B pesyabrare
dpeiim ectb JToKaTbHAS KOMIOHeHTa K (Y).
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HOHHTHO, YTO aQHTUIICIIb MMECT KO-HaKPBbITHUC B JIOKAQJbHOM KOMIIOHEHTE
TOrJa M TOJIBKO TOrJa, KOI'JJa JaHHAA aHTHULOEIIbL UMeeT KO-HaKPbITHUE B G
Kpowme Toro, siokanmbHas KOMIIOHEHTA — KOHEUHBIN (peiim.

Hanuune Becex HeoOXOMUMBIX A-KO-HAKPBITUI BO (bpeitme JTOKATBHON KOM-
HOHEHTBI TIPOU3BOJILHOTO deMeHTa ¢ € Chy(\) MO3BOJISIET YTBEPK IATH:

Yreepxkaeume 3.1.  Jlaa 4106020 N U NPOUSEOABLHO20  INEMEHMA
¢ € Chy(N) cywecmeyem p-moppusm usz @petima n-rapaxmepucmuveckos
modear, Chp () Ha sokasoryr xomnonenmy K(y).

[Tycts 3aman0 mpaBuio r B peAynupoBanuoii dopme u mopeas M(r, X)
JIISE 9TOTO TpaBua. Vcmoib3yst TEXHAKY JOKA3aTeLCTB PE3YILTATOR, OJIY-
genubiX B [17, 18| (mokasbiBaeTcst aHAJIOTHYHO C HEKOTOPBIME YITPOIIEHUSI-
M), PACCMOTPHUM CHAYAJIa TPUBUAJBHBIE CIyUaM, UCKIIOUUB UX B JaJbHEl-
I[IeM PacCMOTPEHNH:

JIemma 3.1. (1) Ecau V¢ € S1(M(r, X)) evinoanaemea O2(¢) # 0, mo
nPasuso T 2406a.4vH0 donycmumo 6 aozure GL.

(2) Ecau N ¢ € M(r,X) ewnoanaemea xog € 01(¢p), mo npasuso r zao-
6aavro donycmumo 6 GL. Ecau cywecmsyem ¢og € Pr(r) : xo & 01(do)
u npu amom ewnoansemca maxoice 02(po) = 0, mo npasuso ne donycmumo
2n0004010 6 noeure GL.

(3) Ecau das nexomopozo ¢ : (xg € 01(po)) swnoansemes Ip € K (¢o) C
M(r, X) : ¢ ~s ¢, mo npasuao r 2aobaavro donycmumo 6 aozure GL.

(4) Ecau 6 modesu M(r, X) evinoansemea: 3¢t € S1(M(r, X)) : 01(¢!) =
0, 3o € M(r,X) : xo & O1(do) & O2(pg) = 0, u npu s2mom AokasvLHAA
romnonenma K.(Pg) nacviusernna no xo-naxpuimusm 0o eaybunv, d(pg) ane-
menma ¢g (m.e. Kaorcdas anmuuens ssemenmos us K.(¢o) 2aybunv, ne 6o-
aee d(Pg) umeem Ko-naxpumue), mo npasuso r He Jonycmumo 2400a4HO 6
aozure GL.

(5) Hycmw 3adaro nodmmnoocecmeo Z C X makoe, wmo M(r, Z) T M(r, X).
Ecau |Z| < 2 u npasuao v onposepzaemca na noomodeau M(r, Z), mo npa-
BUAO T HE JONYCTNUMO 2400a4bH0 6 noz2uke GL.

Aokazameavcmeo. 1) Ot mporusroro. Ilpenmosoxkum, 9To mpaBmio r He
jponyctumo riobasibHo B GL, T.e. HE JIOIMyCTUMO B HEKOTOPOW TaOJIMIHON
(bunurHo anmpoxcummpyemoit) goruke L wan GL. Torma mis mHekoTopoit
[IOJICTAHOBKY € BBITTOJTHAETCH:

e(\/ ¢j) € L, e(xo) & L.

uny (DUHUTHON AlPOKCUMUPYEMOCTH JIOTUKI TBYeT KOHEUHAas
B¢ off ammpoKc yemoc 0 , CYIIECTBYET KOHEUHA
L-vonens M Takas, aro Beinosnserca M = e(\ ¢;), M = e(xo).

Ho Torma ognoroueunas uppediekcusaast Mojenb F Takxke ajekBaTHA
nanHoit oruke u Ha Heit B cuity e(\/ ¢;) € L Bemmosnsiercs E = e(\/ ¢;).

HAKO, 9TO HE BO3MOXKHO 10 YCJOBHIO: HA TAKOH MOJIEJN JIJIsI BCEX MyJT
OtHAaKO, 9TO HE BOZMOXKHO [0 YCJOBHIO: HA TAKOH MOJIE cex o
¢j € M(r, X) ue Buinosusiercss G2(¢p) = ), aro HEBO3ZMOXKHO 10 HppedIIek-
cusHOCTH OTHOMIIEHUs. [IpoTnBOpeUne.
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2) Ecsin Takoit hopmyiibl ¢g € Pr(r) He CymecTByer, TO 3aKJIK9eHIE IPa-
Buja Oy1eT UCTUHHO Ha JI060H MoAe u (IPABUJIO UCTUHHO HA JIHOOOH KOHEeu-
HOI MOJTEJIN ), ¥ 3HATWT, AHAJIOTHIHO JJOKA3aTeIbCTBY JIeMMBI 3 [17] He coxk-
HO MOKA3aTh, YTO MPABUJIO NI06AILHO JomycTuMo B jjoruke G L. Ecim takast
dopmyna ¢y € Pr(r) cymecrsyer B momenu 9 (r, X), To mpu paBeHCTBE
01(¢0) = 0 mpasmio He gomycTuMo raobanbHo B joruke GL (mokasbiBaercs
aHAJIOrUIHO Teopeme 6 [17]).

3) JokazaTeapCTBO aHAJOTHIHO JIOKA3ATEIBCTBY TeopeMsl 2 [17].

4) JlokazaTeJbeTBO AHAJIOTHIHO JOKa3aTeabcTBy TeopeMbl 3.1 [17]. Ilpu-
BeJIeM CXeMy JoKazaTembeTsa. OTKPRITBIM mofdpeimom S<gg,) (Ke(¢o)) 10-
poruy Tabmranyto noruky L = L(S<q(gq)(Ke(¢o)). na mekoroporo n nan-
uolit dpeiim K. (¢o) sBasiercs oTkpbiThiM nojadpeitmom vogenn Chy(L).
Hanunume Bcex BO3MOMXKHBIX L-KO-HAKPBITHI B MOPOXKAIOIEM Toadpeiime
MO3BOJIAET ONPEAEIUTh Ha Hero p-MopdusM dhpeiiMa n-xapakTepruCTHIeCKOi
Mogenn. Ilepernocs ¢  TOMOIIBIO 3TOTO  p-Mopdu3Ma  O3HAUWBAHUE C
S<d(po)(Ke(¢o)) ma dpeitm Chy, (L) onposepriem gautoe mpasuio xa Chy,(L).
Orcroma coiegyer He JONYCTUMOCTH TOIO MPABUJIA B 3aIaHHON TabJIMIHOM
JIOTHUKE.

5) Ecim | Z| < 2, 1o dpeiim mogenn M(r, Z) cocront uz oo uppediex-
CHUBHOW TOYKM, JIByX HECPABHUMBIX TOYEK, IEIM W3 JBYX deMEHTOB. Ecju
PAaBUJIO OMPOBEPTAETCSA HA JAHHONW MOJENN, TO JIErKO IIPOBEPUTDH, 9TO OHO
He JOIyCTUMO B TabJMJHO JIOTHKe, TOpoxkIeHHoil dpeitmom IM(r, X). 1
BHAYUT, HE JOMYCTUMO TyiobaabHo B joruke G L.

O

Takum o6pasoM, Jajgee paccMaTPUBAeM IIPABUIA BLIBOJA B PeIyHPOBAH-
Hoit hopme, mozeas M(r, X) Ayst KOTOPBIX YAOBIETBOPSIET CBOMCTBAM:

(1) 36! € $1(M(r, X)) : ba(@") =0,

(2) d¢g € m(T, X) D xo & 91(@0) & 92((]50) % 0.

(3) st Beex ¢hg, YIOBJIETBOPAIONIMX YCAOBUIO (2), TIPABUIIO 7' OIPOBEPTa-
ercs Ha JIOKaJIbHOT KommoHeHTe K (¢p) :

Vo € Ke(do) (6 s @), 3do € Ke(go) (do s 0))-

(4) nokanbHas koMmnouenTa K.(¢pp) He HACBIIIEHHA 110 KO-HAKPBITUSIM (T.€.
CYIIECTBYET aHTHIETb 3/IEMEHTOB I1yOuHbI He Gostee d(¢g) 63 Ko-HAKPBITHS ).

Jlasee OyaeT mOKAa3aHO, YTO MPHU BBHITOJHEHUW YTHUX YCJIOBUI 3aJaHHOE
OPaBUIO MOXKeT ObITh KaK [JI0DaJbHO AOMyCTUMBIM B jjoruke G L, Tak u He
JIOTIYCTUMBIM TJI00JIBHO.

Teopema 3.2. ITycmov modeav M(r, X) ydosaemeopsem ceoticmsam (1) —
(4), npusedenmnvim paree. Ilycms makoce 0as 1106020 HENYCMOLO MHOMHCE-
emea dusstonkmos Z : ¢ C Z C X (|Z] > 3) cywecmeyem nempusuans-
naa anmuyens A C K.(¢o) € M(r, Z) makaa, wmo:

(1) 3Y C Kc(¢o) : f(VF) = AR&f — p-morphism;

(2) Jopy € K.(¢o) — ko-naxpwmue dan Y 6 K.(¢o); m.e.
02(y) = {U@ey 91(¢i)UU¢iey 02(¢i)} & {0a(dy) = ﬂ@-ey 93(@)0“@@1 04(ci)}
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(3) anmuyenv A ne umeem xo-naxpuwmus ¢ M(r, X), m.e. Vo, € M(r, X)
{02(0a) # |J 01(00)U | 02000} v {02(6) # () 03(di) 1 ) 0a(60)}-

$i €A ¢ €A $i €A $i€EA
Tozda npasuno r 2a06asvho donycmumo ¢ GL.

Jloxasameavcmeo. TlycThb 3a1aHHOe IPABIJIO I B PEAYIUPOBHHOM (hopMme He
JIONYCTUMO B HEKOTOPOI TabJIUYHON JIOTHKe A, pacmupsionieit joruky GL.
Torma o Teopeme 3.5.1 [7], mpaBmIo 7 OIMPOBEPTaeTCs IPU HEKOTOPOM hop-
MyJIbHOM o3HaumBaHuu V (T.e. mis jro6oit mepeMentoit p MaOKecTBO V(D)
SIBJISIETCsT (DOPMYJTBHBIM, CM. OTIPEIEIEHHE Ha C. 5) HA M-XapaKTePUCTHICCKOI
moges Chy, (\) s HEKOTOPOTo M

Vae Chy(X) aly ¢, ¢j € Pr(r); 3b € Chp(N) 1 by . (1)

Bemmosianm  cxumaroruit p-mopdusm mogenun Chy, (M), T.e. TO-CI0HHO
CKJIEMBaeM BCe JyOJid [pH 3aJaHHOM O3HAYUBAHUU — 3JIEMEHTBI, O3HAUM-
BaHUs ¥ MHOMXKECTBA JOCTUKHMMBIX U3 HUX 3JEMEHTOB coBmajaior. T.K. p-
Mopdu3M COXpaHsIeT UCTUHHOCTEL (POPMYJI, TO HA MOJYIECHHON MOIESH Tpa-
BUJIO 7' OTIpoOBepraercs: T.e. Buipaykenne (1) Beimosmsiercs. Jlas ympomenns
M COKDAIEHWs 3alUCH MTOJyYeHHYI0 MOJIeJIb Takke Oyjaem obo3HauaTh Kak
Chpm(X).

Paccmorpum reneps sokanbayio komnounenty K (b) snementa b @ by xop.
Haunas sokanbHasg komnonenTa K (b) npu 3ajansoM o3uaqnBanun V siBJisi-
ercs OTKpbITOH momonensio mogenn Chy, (N). CremoBarensHo, O CBOWCTBY
OTKPBITOMN MTOJMOJIETHN, TPABUIIO I OITPOBEPTAETCsT HA Hell.

IMycTh MHOXKECTBO Z — 9TO MHOMKECTBO WJIEHOB MOCBLIKU ITPABUJIA, MMe-
IOIMX Hemycroe MHOKecTBO ucruaHocru Ha K (b), re. Z = {¢ € Pr(r) :
V(o) N K(b) # 0}. TlokazkeM, 4TO BBITOJIHSIETCS :

Jlemma 3.2. (K (b),V) = (K.(d),S) C M(r, Z)

Aoxasamensvcmeo. (1) Bosbmem npomssosbaerit snement ¢ € S1(K (b)) u mo
YCJIOBUIO BhITIONIHSAETCS t |y ¢, ¢ € Pr(r). Takas dopmyna ¢; u3 mo-
CBUIKN YHUKAJIbHA JJIsT JAHHOTO 3JIeMeHTa (T.¢ Apyrue (hOpMyJIbl U3 TTOCHLIKH
npaBua Ha HEM HEe MOTYT OBITh HCTHHHBI 110 OIPEJIEJCHHU0 JaHHON (hopMmy-
abl). VI3 pacnosioxkenust seMenTa t 1 uppedIeKCHBHOCTH OTHOIICHHS! CJIe-
Jyer :

Ot ={x:t v O} = b2(¢r) = 0. (%)
Ecmu ¢y € S1(Kc(¢0)), To nzomopdusm (t, V) = (¢, S) noxasan. Ecin xe
9JIEMEHT ¢y uMeer riybuny crporo Gosblie 1, TO U3 HEro JOCTUKUM 110 OTHO-
e R HeKOTOPBIil ds1eMeHT nepBoro cios ¢ € S1(K.(¢g)). Torma cupa-
BenmBo Bo(¢,) = 0. Orciona mo ompesenenunioo oTHoenua R ua Mozmenn
M(r, Z) zakmoaaeM 02(¢,) C 02(¢r) = 0. IIpoTusopeune.

O6patrno, mycts ¢y € S1(Ko(¢pp)). o ompenenenuto MHONKeCTBA Z Cy-
mectByeT semeHT t € K. (b) Taxoit, uro t =y ¢ Ecom t € S1(K.(b)),
TO BBHIDOJHSETCS (%) m m3omopduam crycrkoB C(t) n C(¢p:) mokaszan. Ec-
JIM 7K€ 9JIeMEHT ¢ mMeeT IyOGuHy ¢Tporo 6oJibiie 1, TO W3 HEro JOCTHKAM
[0 OTHOIIEHHIO R HEKOTOPHIt s;1emeHT mepsoro ciod a € S1(K(b)). Torma
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cupaseyuio 03(d,) = 0 u snaunt Bemonnserca 0o (¢q) C O2(dr) = 0. Tpo-
TUBOpEYHE.

Taxmm obpaszom, suimomasiercst S1(Kq(b)) = S1(K:(¢o)) B cmny mpons-
BOJIBHOCTH BBIOOpA ay1eMenTa ¢ ().

(IT) Ilycre mast seMeHTOB TyIyOWHBL He Oosiee k yTBEPKICHUE JOKA3AHO.
Bosbmem amement t € Si1(K (b)) & t =y ¢ W mycTs gasHBLT 37eMeHT
SBJIACTCS KO-HAKPLITHEM HEKOTOpOW amruuenu {bi,by...b, M & Vi b; =y
®i, ¢; € Pr(r). llo uHAyKTUBHOI IUIIOTE3€ BBIIOTHIACTCS

{b1,ba .. 0} 2 {61, 62 .. pn} T C S<p(K(d0)).

s PaCIIONIOZKEHUA JaHHOT'O IJIEMEHTA 3aKJJII09aeM !

Ot ={z:tly Oz} = JObi =01 () U J02(¢4) = O2(¢0);
b; % 7

—0t = {z 1 t ey =0z}t = [ ~0b; =) 03(¢s) N [)0a(hi) = 0a(gr).
b; 7 7

OTcroma cpasy CJIeyer, 9ro JIEMEHT ¢y ABIAETCA KO-HAKPBITUEM JIJTs1 AHTHU-
e {¢1, da . .. dn} C S<i(Ke(do)).-

O6parHo, nycts s1emeHT ¢y € Sky1(Ko(Po)) €crb Ko-HAKPBITHE /1T HEKO-
TOPOIl AHTUIENH {1, ... ¢p } ry6umsr He 6otee k Bo dpeitve K.(¢g). Ilo
UHIyKTHBHOI THIIOTE3€ HAIeTCA aHTUIEND 3JeMEHTOB

{bl,bg .. bn} - Sgk(K(b)) & Vi b; ):V qbl,d)l € PT‘(T),

raast, 710 {b1,by ... b} 2= {d1, 02 . n} C S<i(Ke())-

ITo ompenenenuto MHOXKecTBa Z cymiectByer sjiement ¢ € K(b) makoii,
aro t vy ¢p. [lokazkeM, 4TO JaHHBIH JEMEHT SIBJISETCS KO-HAKPBITHEM
anst aprunent {by, by ... by} C S<i(K(b)). [Ipeanonoxum nporusnoe. [Iycrs
JIEMEHT ¢ SIBJISIETCST KO-HAKPBITHEM JIIsi AHTUIENH {21,...Z2%} U BBIIOJIHSI-
erca {by,by... by} 2 {2,... 2} 7. Ilo moxkazamnoMy pamee Haiijerca aHTH-
nens saementon Mogemu M (r, Z) Taxas, 4To BHIOAHACTCH {21,722 . . . 25 11T &2
{1, 02 .. hn} C Scp(Ke(0))-

Ho Torya He CI05KHO MOKA3aTh, 9TO SJIEMEHT ¢y OYJIeT sIBJISThCS KO-HAKPBI-
THEM JIBYX Das3JMYHbIX aHTuienei B mogean M(r, Z), T.X.

U91(¢i) U U92(¢z’) # U91(¢}j) U Uez(%) U1

() 0s(0:) N[ 0a(e) # ) 03(w5) N [)6a()),
i i j j

9ITO HEBO3MOZKHO II0 IMOCTPOEHUIO JTAHHOH Mozesn. lIpornsopetne.
Taxmwm o6pazom, o nrayKInn noaydaeMm (K (b), V) = (K.(¢o), S). YrBep-
JKJIeHHE JIOKa3aHO.

O

IIpomonkuM mokazaTeabcTBO TeopeMbl 3.2. Ilo yciaoBWIO TeopeMBI BO
dpeiitme oraapHO# KoMIOHEHTH K () T (7, Z) cymecTByIOT aHTUIICTH
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A, Y u snement ¢, ¢ ykazanubivn coiicrsamu. Ilo onpejesenuio MHOZXKe-
cTBa Z M JOKA3aHHOMY BbIIIIE, B JIOKAILHOM KOMIoHenTe K (b) cymecTByror
9JIEMEHTHI (AHTUIEIN), TAKWE ITO:

{ar,...an} P 2 AR & {yr,. R 2 YR &yl 2ot = {6, UVE.

ITo ycrosuio Teopemsr cymectsyer p-mopdusm Y na A%, Creposarensno,
cymectByer p-mopdusm noadpeiiva {y1, . .. i} na noadpeiiv {ay, ...a, } .
Duemvent yg € K(b) aBagercss KO-HAKPbITUEM i aHTULENU {Y1,... Yk} U
MOPOKIAET KaK KOpeHb A-peitm. T.k. p-mMopdusm coxpaHsier MCTUHHOCTD
dopmyi, To 06paz e = f(yp) FTOro MEMEHTA Yo TIPU YKAZAHHOM P-MOpdu3Me
TaKKe sBJIsieTcs Ko-HakpeiTheM s antunenn A = {a1,...a,} B K(b). ITo
UCXOIHOMY TIPEJTIONOKEHNIO, Ha SJIEMEHTE € JIOJIZKHA ObIThH NCTUHHA HEKOTO-
pas bopmyna ¢ € M(r, Z) U3 MOCHIIKA TPABHIA.

B cuy pacnonoxkenns smemMenTa e 11t GOPMYIBI P JOTIKHO BBITOTHITE-
et

Oa(de) = |J 01(00) U | Oa(00); & Oa(ge) = () Os(¢i) 1 ) Oalhi).

pi€A picA P €A P, EA

OsHaKO, 110 yCJIOBUAIO TEOpeMbl Takoit ¢dopmysibl He cyiiectByer. IIporu-
Bopeune. Teopema 3.2 mokazaHa. U

B obpatmyio cropomy :

Teopema 3.3. ITycmo modeav M(r, X) ydosaemeopsem ceoticmsam (1) —
(4). Iyems 0 HeKomMopozo HenYcmozo MHOHCECMBa JU3BIOHKEMO6 Z gZ)OR C
Z C X daa moboli nempusuasvnot anmuyenu A C K.(¢o) C M(r,Z)
BOINONHACTNCA :

(1) aubo A umeem xo-naxpumue 6 K.(¢o) C M(r, X ), m.e. swnoanaem-

ca: Ipg € M(r, Z)
ba(de) = | 01(00) U | 0a(00); & Ou(de) = (1) Oa(i) 1 [ Oa(i)-

pi€A ¢;€A P, €A ¢, EA

(2) aubo dan Kaocdol anmuuenu Y C K.(¢o) evnosnaemes:
ecau (f(yR) = AR&f — p-mopdusm), mo ne cywecmeyem xo-narpvmu
das anwmuuenu Y 6 K(¢o)) -

Tozda npasuno r we donycmumo 2a00aavH0 6 so2uke G L.

Jlokasameavcmeo. Koneunbim dpeiimom okaabHoit komnonents: K. (dg) mo-
posum tabuunyto goruky L = L(K.(¢g)), pacmupsitontyto goruky GL. To-
raa st Hekoroporo n dpeiiv K. (¢g) sIBISETCS OTKPBITHIM oM peiiMom
n-xapakrepuctudeckoit momenn Chy, (L) (cm. Proposition 4, c. 8 [14]). Ilo
YCJIOBHIO TE€OPEMBI IIPH 33 aHHOM O3HAYUBAHUK S MPABUIO OIPOBEPIaeTCs
Ha OTKpbITOi moamogenun K.(¢g) T Chy,(L). Ecin moompemesnm o3Hadn-
BAHHME [IEPEMEHHBIX Ha BceM peiiMe n-XapaKTepUCTHYIEeCKON MOIECIH Tak,
9TO6BI MOCHLUIKA IPABMIA ObLIa MCTUHHOM, TO OIPOBEPTHEM 3aJaHHOE IIpa-
susio Ha Chy, (L), oTkyma 6yaer cjieioBaTh €ro HeJIOMmyCTHMOCTE B Ta0 THIHOM
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goruke L wvag GL. s aroro onpejenum p-mopdusm dpefiva n-xapakre-
pucrunaeckoit mogen Chy (L) na ee noadpeiim K.(¢pg). Ilepenocs ¢ nomo-
b0 JTAHHOTO pP-Mopdu3ma o3HaumBanue ¢ K.(¢g) Ha Bech dpeitm Chy, (L),
OIIPOBEPIHEM 3aJaHHOe MTPABIIIO Ha n-Xapakrepuctudeckoit moenn Chy,(L).

Omnpenem p-mopdusm g Ha dpeiive Chy, (L) cremyronmm o6pa3oM.

1) Jnst Beex snementoB x € K.(¢pg) C Chy (L) p-mopdusm g ompemennm
KaK TOXKJECTBEHHBIH: ¢(T) = .

2) Ins Beex anementoB z € S1(Chy, (L)) \ S1(Kc(¢0)) p-Mmopdusm g onpe-
nemnM Kak g(z) = e, rae e € S1(Ko(¢po)) C Chy(L) HexkOTOPHIH DHUKCHPO-
BaHHBII 9/IEMEHT, MpuHAIeKalwii mepsomy caoto S1(K(¢pp)).

Takum obpazom, p-mopduam ompesesnen #Ha BeeM mepsoM ciioe Chy,(L).

3) Bosbmem mpomsBosibHbI 3meMenT z € S2(Chy,(L) \ K(¢o)). 1lo mo-
CTPOEHUIO N-XaPAKTEPUCTUIECKON MOJIEIN JaHHBIA 3JIEMEHT SBJSIETCS KO-
HAKPBITHEM /I HeKOTOpoil anTunenyu snementoB 2 C S1(Chy (L)), HA KO-
Topoii p-mopdusm yxe ompegener u g(Z2) C S1(K(po)).

T.x. dpeitm K.(¢pp) mopoxkmaer J0ruky L, TO JErKO MOKA3aTh, 9TO KOPHE-
Boit dpeiim 2t = {2} U Z asngerca p-mopdubiv 06pazom (mpu HEKOTOPOM
p-Mopdmame f) Kopresoro moadpeiiva ¢Ff = {¢.} UY C K.(¢g). Cremopa-
TeJIbHO, KOMITO3UIHd Pp-Mopdu3MoB f u g siBjigeTcst p-Mopdu3MoM mnodpeiiva
VEC K.(¢o) ma nmoadpeitn Z T K.(¢) n anTrmens ) mvMeer Ko-HaKpLITHE
B Kc(¢0)

Ecmn asrunens A = g(Z) nmeer ko-nakpoitue t € So(Chy (L)), To ompe-
neqsieM g(z) = t. B mporuBHOM Ciydae TpuUXOAWM K OpoTHBOpednto. Jleii-
CTBUTENIBHO, B TAKOM ciydae yciaoBue (1) He BbImOJHseTCA. Yciaoue (2)
TaKyKe He BbLIIOJHSAETCs, T.K. JiJIsI HEKOTOPOro pP-MOpdU3Ma BLITOJIHIETCS
AL = g(f(¥®)) u anTunens Y nveer ko-makpeiTHe ¢, B K.(¢g). Crremopa-
TesibHO, anTHIenb A = g(Z) uMeer Ko-HAKPBITHE B JIOKATBHOW KOMIOHEHTE
K (¢0) u B cuty IpOU3BOJILHOCTH BBIOOPA 3/IeMeHTa P-MOPMhU3M OIpeieeH
Ha BceM BrOpoM cioe So(Chy,(L)).

4) TIpeamosoxnm, 910 17151 Beex aaeMenToB 2 € S<i(Chy (L) p-mopdusm
yxe onpegnernen n g(S<k(Chy(L)) T S<ip(Ke(¢o)).

Bosbmem npousposibhblit snement z € Ski1(Chy(L) \ Kc(¢o)). o mo-
CTPOCHUIO MOJECJIN /I[&HHbIﬁ JIEMEHT dABJIACTCA KO-HaKPbITUEM dJId HEKOTO-
poit anruienu smementos Z C S<i(Chy(L)), HA KOTOPOit p-MOpbU3M yxKe
ompenenen u g(Z%) C S<i(K.(¢o)). Kaxk u pamee, MOKHO TIOKa3aTh, 4TO
kopuesoit dpeiim 27 = {2} U Z! apiserca p-mopdubiv 0bpazom (npu Hexo-
TopoM p-mopdmame f) kopresoro moadpeiva ¢f = {¢.} U VE C K.(¢).
CirenoBare/bHO, KOMIIO3UITHS P-MOPGU3MOB f U ¢ siBIsieTcsl p-MOpdU3IMOM
noxdpeiiva Y C K. (¢g) na moadpeiim Z.

Ecan antunens A = ¢(Z) nmeer ko-Hakpwitie t € Sii1(Chyp(L)), TO
ompegensieM ¢(z) = t. B mporuBHOM ciiydae (eC/u HET TAKOTO KO-HAKPBITUS
) mpuxomMM K OPOTHBOpednio. JleficTBUTENbHO, B TAKOM CJIydae yCJIOBUE
(1) me Beimosmsercs. YcioBue (2) TakKe He BBIIOJHAETCH, T.K. JJIS HEKO-
Toporo p-mopdmsma pemonasercs A = g(f(V)F) u antunens Y mueer
KO-HAKpbITHE ¢, B K (o).
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Takum obpazom, onpeaeauysin p-Mopdu3M Mojgeae :

9: (Chu(L), 971 (8)) —¢ (Ke(¢0),S),

COXPaHSIONTAH UCTUHHOCTH (bopMyst. Temephb 0CTaeTcs 3aMeTUTh, UTO Mepe-
HOCS C TOMOIIBI0 p-MOopdu3Ma ¢ O3HauMBaHUe S ¢ OTKPBITOH MOIMOIETH
K.(¢0) E Chyp(L) (ma KOTOpOI TPABUIO T ONPOBEPTAETCsl) OMPOBEPTHEM
JIAHHOE TPABWJIO Ha M-Xapakrepuctudeckoit momeau Ch, (L) npu HeKoTO-
poM opmybHOM O3HauuBaHuK. CJIe0BATEILHO, IIPABUIO I HE JOIMYCTHMO
B gaHHO# TabamaHoit oruke L(K.(¢p))(2 GL), n 3HAYAT, He sBISAETCHA [JI0-
6asibHO JIoIycTUMBIM B jioruke G L. (]

4  PazpemmumocTtsh riobanbpHOoil gomyctumoctu B jJoruke G L.

OcHOBHOIT pe3ysibraT CHOPMYIUPYEM B CJIEIYIONIEN TeopeMe:

Teopema 4.1. [lpobaema 2406046101 JONYCNMUMOCTIU NPABUAG T 8 AOZUKE
GL paspewuma.

Aokasamenvcmeo. Ha ocHOBe IOy IeHHBIX paHee Pe3yIbTATOB MOXKHO HPEJI-
JIOXKHUTH CJIEIYIOIIHH a/ITOPUTM IIPOBEPKH [VIOOAIBHOM JIOIYCTUMOCTH B JIOTH-
ke G L 33/JTaHHOTO IPaBWIA T B PEAYIUPOBaHHO popme. PaccMoTpuM mpoms-
BOJIbHOE TIPABUIIO T (B pexynupoBanoii hopme) n ero konednyo G L-Mosens
mozesis M(r, X). 1 mpou3BoIbHOrO IpaBH/Ia IIOCTPOEHHE €r0 PeLyIHpO-
BaHHO# (hopmbl u mocTpoerne mogesn N (r, X) ocynecTBageTC 38 KOHETHOE
9uCIIo maroB. BhIMoaHNM mocjeioBaTesibHO MTPOBEPKY (Takyke 3a KOHEUHOe
9HCIIO TArOB) CIAEAYIONMX yeaosuii (croiicts momgenn M (r, X)).

(1) Tposepsiem ycmosme: It € S (M(r, X)) : 61(¢') = 0. Ecim Takoro
9JIEMEHTA He CYIIECTBYET, TO 10 JeMMe 3.1 IpaBuiio r raobaibHO JOTYyCTHMO
B sioruke G L. Tanee paccvmarpusaem mogesn I(r, X) s KOTOPBIX yCJI0BHe
(1) Boinosiasiercs. Tlepexoaum K npoBepke MyHKTa 2).

(2) TIposepstem ycmosme: 3o € M(r, X) : (xo & 61(Po) & O2(po) # 0).
FEcan ue BuimoHen mepBbiit KOHBIOHKT, TO 10 jiemMe 3.1 mpaBu/io r rirodab-
HO jmomyctumo B joruke GL. Eciu BbIONHEHA TepBast 9acTh YCAOBUS, HO
HE BBITIOJIHIETCS BTOpasd — He AonycTuMo ryiobaasto B jgoruke G L. Tlosromy
nasee pacemarpusaem mogenn N (r, X) B koropeix ycaosus (1)-(2) Bbrmod-
Hstorest. [lepexogum K nmpoBepke IyHKTa 3).

(3) IIposepsiem ycioBue: nochuika npasuia T ucruHaa Ha Ke(¢g) (re.
Vo € Ko(¢po) (¢ s ¢)). Ecam ner, o no semme 3.1 npasuio r riobanbHo
monycrumo B jgoruke G L. Tlosromy manee pacemarpusaem mogean I(r, X),
B KOTOPBIX TIPABIJIO 7" OIIPOBEPTAETCsI Ha JIOKATBHON KoMmoHeHTe K. (¢p), T.e.
yeaosus (1)-(3) semmonasrorcs. Ilepexonany K mpoBepke myHKTA 4).

(4) IIposepsiem ycioBme: JoKasbHast KoMmoHeHTa K (¢o) He HACBHIIEH-
Ha [0 KO-HAKPBITHAM, T.€. CYIIECTBYeT HETPHUBHAJBHAS AHTHIEIHL 0e3 KO-
HAaKpBITHA. Ecam ycroBne He BBITOTHEHO (T.€. JTOKAIbHAS KOMIIOHEHTA HACHI-
[IEHHA 110 KO-HAKPBITHAM JI0 DJIyOUHBI 97€MeHTa (), TO, PN BBIIOJIHEHUN
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yesosuit (1)—(3), npaBuio r He gomycTumo riaobansHo B joruke GL 1o jem-
me 3.1. [Tosromy masee pacemarpusaem mogean N (r, X ), B KOTOPBIX yC/10BUs
(1)-(4) BeimonusioTcs. Ilepexonnm K TpoBepke MyHKTA 5).

(5) Ecmm mozmens M (r, X)) yaosaersopsier yeaosusim (1) — (4) u yaoBreTso-
psIeT TaKzKe YCJOBUSIM TEOPEMBI 3.2 , TO MPABUJIO T TJIOOATBHO JOMYCTUMO B
soruke G L v mposepka 3akoH4IeHa. MHade mepexonnm K mpoBepke myHKTa 6).

(6) Ecm mozmesns M (r, X) yaosaersopsier yeaosusm (1) — (4) u yaoBieTsBo-
psieT TaKyKe YCJIOBUSAM T€OPEMBI 3.3, TO TPABUJIO T He JOMYCTHMO II00aIbHO
B yoruke G L. IlpoBepka 3akonuena.

B pesysbraTe, 1isi TPOM3BOIBLHOTO HPABWIA I B PEAYIUPOBaHHOM (hopme
33 KOHEYHOE IHCJI0 MIAT0B MBI MOXKEM MPOBEPUTH €ro TIOOATBHYIO JOMYCTH-
MOCTb WJIM HEJOIyCTUMOCTb B joruke G L. (]

5 3akaoueHne

B crarbe ucciieytorcs npasuiia BbIBOA, TVIOOATBHO JOIIYCTUMBIE B JIOTH-
ke GL (T. e. JomycTuMble cpa3y BO BCeX (DHHUTHO AlIPOKCHMHUDPYEMBIX PaC-
mmpenusx GL). Jlnst mpaBus B peaynupoBantoil hopme, MOIebh KOTOPBIX
VIOBJETBOPSIET HEKOTOPHIM €CTEeCTBEHHBIM CBOWCTBAM, TIOJTYUEHO HEOOXOIM-
MO€ W JTOCTATOYHOE YCJIOBWE TobassHoi jgomyctuMocTu B jornke GL. Ha
OCHOBE TIOJIYI€HHOTO OTTNCAHUS TTPEJJIOKEH aJITOPUTM TPOBEPKH TI0OATHHOM
JIOTYCTUMOCTH TTPOU3BOIBHOTO TTPABUJIA B PeAyIupoBaHHOl (dopme. Takum
obpaszom, mpobsema riobaabHON momycruMocTu B joruke GGL pasperinma.
B ¢Ba3u ¢ 9TMM BO3HMKAET BONPOC O HAJMYMU (ONMUCAHWM) KOHEYHOTO WJTH
SIBHOTO Gaszmca s t00aJbHO JOTMYCTUMBIX TTPABUI st S4 u GOBITHHCTBA,
6asopbix soruk (Grz,GL,S4.1 u 17.)

References

[1] P. Lorenzen, Einfihrung in die operative Logik und Mathematik, Springer-Verlag,
Berlin-Gottingen-Heidelberg, 1955. Zbl 0066.24802

[2] H. Fridman, One hundred and two problems in mathematical logic, J. Symb. Logic,
40:3 (1975), 113-129. Zbl 0318.02002

[3] R. Harrop, Concerning formulas of the types A — BVC, A — 3z B(x) in intuitionistic
formal systems, J. Symb. Logic, 25:1 (1960), 27-32. Zbl 0098.24201

[4] Mints G.E. Derivability of admissible rules, J. Sov. Math., 6:4 (1976), 417-421.
Zbl 0375.02014

[5] J. Port, The deducibilities of S5, J. Philos. Logic, 10:1 (1981), 409-422. Zbl 0475.03005

[6] V.V. Rybakov, A criterion for admissibility of rules in the modal system S4 and
intuitionistic logic, Algebra Logic, 23:5 (1984), 369-384. Zbl 0598.03013

[7] V.V. Rybakov, Admissibility of logical inference rules, Studies in Logic and the
Foundations of Mathematics, 136, Elsevier, Amsterdam, 1997. Zbl 0872.03002

[8] V.V. Rybakov, An explicit basis for rules admissible in modal system S4, Bull. Sect.
Log., Univ. L4dz, Dep. Log., 28:3 (1999), 135-144. Zbl 0961.03021

[9] Iemhoff R. On the admissible rules of intuitionistic propositional logic, J. Symbol.
Log., 66:1 (2001), 281-294. Zbl 0986.03013



1072 B.B. PUMAIIKUI

[10] E. Jerdbek, Admissible rules of modal logics, J. Log. Comput., 15:4 (2005), 411-431.
Zbl 1077.03011

[11] E. Jetdbek, Independent bases of admissible rules, Log J. IGPL, 16:3 (2008), 249-267.
Zbl 1146.03008

[12] V.V.Rimatskiy, An ezplizit basis for WCP-globally admissible inference rules, Algebra
Logic, 62:2 (2023), 149-165. MR4712928

[13] R. Iemhoft, A(nother) characterization of intuitionistic propositional logic, Ann. Pure
Appl. Logic, 113:1-3 (2002), 161-173. Zbl 0988.03045

[14] V.V. Rimatskiy, Description of modal logics which enjoy co-cover property, Sib.
Electron. Mat. Izv, 19:1 (2022), 316-325. Zbl 1547.03152

[15] V.V. Rybakov, V.V. Rimatskiy, A note on Globally admissible inference rules for
modal and superintuitionistic logics, Bull. Sect. Log., Univ. L6dz, 34:2 (2005), 93-99.
MR2166696

[16] V.V. Rimatskiy, V.R. Kiyatkin, Independent bases for admissible rules of pretabular
modal logic and its extensions, Sib. Electron. Mat. Izv, 10 (2013), 79-89.
Zbl 1330.03046

[17] V.V. Rimatskiy, Globally admissible inference rules, Izv. Irkutsk. Gos. Univ., Ser.
Mat., 42 (2022), 138-160. Zbl 1560.03068

[18] V.V. Rimatskiy, Basis of Globally Admissible Rules for Logic S4, lzv. Irkutsk. Gos.
Univ., Ser. Mat., 50 (2024),152-169. Zbl 7967585

ViTaLly V. RIMATSKIY

SIBERIAN FEDERAL UNIVERSITY,

PR. SVOBODNII, 79,

KRrASNOYARSK, 660041, RussiAN FEDERATION
Email address: Gemmeny@rambler.ru


https://doi.org/10.1007/s10469-024-09733-6
https://doi.org/10.26516/1997-7670.2022.42.138
https://doi.org/10.26516/1997-7670.2024.50.152

	Введение
	Определения, предварительные результаты
	Вспомогательный результат 
	 Разрешимость глобальной допустимости в логике GL.
	Заключение

