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Abstract: In this paper, a new stochastic simulation method is
proposed to solve a mixed boundary value problem for the system
of Lamé equations, which describes the displacement vector of
an elastic body. Both planar and spatial problems with mixed
boundary conditions are considered in detail. The basic idea is
to use the Slobodyanskii representation of the solution through
auxiliary harmonic functions. In our work, we use an approximation
of the solution in the form of linear combinations of fundamental
solutions for the Laplace equation, as is done in the method of
fundamental solutions. As a result, the problem reduces to solving
a system of linear algebraic equations for the coefficients in this
linear combination. This system is solved by a special stochastic
projection method.
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1 Bsexgenune

W3BectHo, wT0 cucrema ypaBHenwit Jlame, OMUCHLIBAIONIAA BEKTOD CMe-
MEHUH YOPYTOoro M30TPOIMHOTO TEeJId, MPEACTABIIET CEePhbE3HBIE TPYIHOCTH
[IpU €€ YUCJIEHHOM PENTeHWH KaK PA3HOCTHBIMU METOaMU, TAK U METOJAMU
KOHEJIHBIX /J€MEHTOB, B OCODEHHOCTH, KOTJA 33/[aHbl CMEIAHHbIE TPAHUY-
Hble ycaopud. [IpuMenenne merona GyHIaMEHTAIBHBIX PEIIEHUN TPUBOIUT
K MATPHUIE C OY€Hb OOJIBIITUM 3HAYEHUEM YHC/Ia O0YC/IOBJICHHOCTH, a [epe-
X0/l K CUCTEME I'DAHUYHBIX WHTEIPAJIBHBIX yPABHEHUI CBA3AH C CHUHLYJIAP-
HBIMU $IIPAMM, MHTEIPUPYEMbIMK JIMIIb B CMBIC/IE [JIABHOIO 3HadeHus [4].
OIHOBpEMEHHO XOPOIIO W3BECTHO, UTO JJIA CAydas CKAJSIPHBIX ypaBHEHUI
Jlamnaca Bce TepedmncaeHHbIE TOAXOMBI K PEIEHNI0 TPAHMIHBIX 33/1aY MPU-
BOJAT K ycroiumBbiM 1 3dderTuBHbM MeronaMm [2], [3]. Oxnako mpsimoit
CBSA3U MEXKJy TPAHUYHBIMU 3aJadaMu JJis ypaBHeHus Jlame u ypaBHEHUS
Jlamnaca we cymecrsyer. B pabore Cnobomasgrckoro [13] ycranoBieHa CBsi3b
obIriero perrierust ypaBHenus Jlame, 63 rpaHUIHBIX YCAOBUIL, ¢ PEIIEHUSIMHU,
TakKe obmumMu, ypapaenus Jlamraca. O6obierue TaKux 1IpeicTaB/IeHuil Ha
pa3JIndHbIe KJIACCH ypaBHeHUi Hanbl B [6]. O7HAKO 37€Ch BOBHHKAET TPY/I-
Hasd 331298 IIOMCKA 3TUX FAPMOHMIECKUX (PYHKIUH TakuM 0O6pa3oM, IT00bI
BBIMTOJIHSIJTUCh UCXOJ/IHBIE CMEITAHHbIE DAHUYHBIE YCJIOBUS IS YDaBHEHUS
Jlame, garTo mnpejicrapiasger coboil OTJEIbHYI0 HETPUBUAJIBHYIO 33J1a9y JaiKe
B cayuae 3ajgadu Jupuxse. Cayuait 3agagu Jdupuxje paccMoTper B Haleit
HelaBHel pabore [12], a Takxke B [1].

B macrogrmeit pabore MBI paccMaTpuBaeM 00IuiL CIydail CMEIIAHHBIX T'Pa-
HUYHBIX yCJIOBWI, KOT/Ia HA 9aCTH IPAHUIBI 331aHbl cMemmenus (ycaosust JIn-
puxJie), a Ha OCTAJBHON 9aCTH IPAHUIBI 3a/IaHbI HANPszKeHnst (0600IeHHbIe
yenosust Heiimana). B mameit pabore Mbl ucmosib3yem npubinzkenue pere-
HUY B BUIE JUHEHHONW KoMOUHAIINI (DyHIAMEHTAILHBIX PEIeHnil Aad ypas-
venug Jlammaca, Kak 3TO meaercs B MeTone hyHIAMEHTAJBHBIX PEIeHuit
[10]. B mrore 3ajaua CBOAMTCS K PEIIEHHUIO CHCTeMbl JIMHEHHBIX anrebpa-
WYeCKUX YpaBHEHUN g KOIMDPUINEHTOB B TOH JUHEHHON KOMOWHAINN.
JlamHag cucTeMa Pernaercd € MOMOIIbI0 CTOXACTUIECKOTO MPOEKITMOHHOTO
MEeTO/1a, KOTOPBIN OKA3bIBAETCH YCTONYMBBIM, MOCKOJIBKY B O0IIEH MaTpu-
e yJacTByeT TOJbKO (PyHIAMEHTAIbHOE pelleHne ypaBHeHud Jlamraca, a
wve ypasuenus Jlame. JlanuabIi M01X0 TO3BO/ISET, TIOC/IE BBIYUCACHUST KO-
bUIMEHTOB Pa3/I0KEHNUs, CPA3y K€ BLIYUC/IUTDL PEIICHNE ypaBHeHud Jlame B
[POUBBOJIBHBIX TOYKAX BHYTPHU 00/1aCTH MPOCTHIM CYMMUPOBAHUEM 3HAYCHU T
JUHEHHON KOMOMHAITMY B 3TUX TOYKAX.
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2 IlocranoBka 3agavin

IIycrs € — OTKpEITAS OrpaHUYeHHA: 00/1acTh B mpocTpamcTee RE, 9§ — rpa-
auna obmactu Q, IN=00; U 9Q, 901 N 9Ny = (. MbI paccMaTrpuBaeM B
JaHHOM cTaThe BapaHThl d = 2 u d = 3, TO €CTh ILJIOCKYIO W MTPOCTPAHCTBEH-
HYTO 33189y TEOPUN YIIPYTOCTH .

Cwmemannas Kpaesas 3ajadva Jjs CUCTEMBI ypasHenwii Jlame mmeer cire-
AYIOIMUNA BUM:

,uAﬁ—F()\%—,u)V(V-ﬁ):O, (1)
ﬁwﬂl = 8, ? € 08,
w ~T|392 = ?, T e 0o,

rae A, i > 0 - KOHCTAHTBI yIPYTrOCTH, ﬁ = (Uy,...,Uq) — uckomblii Bek-
TOD pellleHud, HeIPePbIBHbIE BEKTOP-QYHKIINN é = (G1,...,Gg) n ? =
(F1,...,Fy) 3a1aubl Ha TpaHuIle, 1 — BHEIIHssS eJINHNYHAST HOPMAJb K I'Pa-

aume O, a 70 - T' |5, Ha Tpanure J s, onpeengeTcs CIeyoIuM 06pazom
[5] \
T T, = 2 <2deﬁ R4 VT 057 x rotﬁ> ®

Ob6ee perene cucreMbr Jlame (1) MoKeT OBITH 3AMUCAHO B BHJIE TTPEICTAB-
nenus Croboxsackoro [13]:

— —
T =AW+ (7 V)W =7 - divit, (3)
%
AW =0,
N —
rae 7 — pamuyc-sektop, a W = (Wq,...,Wy) - BEKTOD, KOMIIOHEHTBI KOTO-

poro - rapmonundeckue pyukiun. KoHCTanTa 7y 9BHO BhIpazkaercda depe3 d
¥ KOHCTAHTBI A u 4. B mannoit pabore cvermantas KpaeBas 33734 g CH-
crembr Jlame (1) permaercst B 1ByMEpHOM IPOCTPAHCTBE R? u B TPEXMEPHOM
npocrpaucrse R3. B s10it cucreme 3a4a10TCs KOHCTAHTBI A, f4 > 0 PABHBIME
APYT APYTY A = [, TOTJIA B ABYMEPHOM CJIy4ae ¥ = 2, B TPEXMEPHOM CJIydae
v =3.

3 IIpencraBaenme CiaobogaHckoro. JIBymepHslii ciaydaii.

Jng nByMEepHOTO Caydas CMEIIAHHAS KPaeBad 33494, IJIs CHCTEMBI
Jlame (1) umeer caemyrormuit BUL:

02U, 02U, 02U,
2 = 4
(A +2p) - G, + (A +p) 920y 0, (4)
92U, 92U, 9%,
—_— A+ 20) —= A =0
U =Gy,

Us = Go,
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upu (z,y) € 08,

81/1 61)2 61/1 8(/2
<()\—|— ,u) 0 + A y)’l’L —I-([L y—l—,u x)ny 1

8U1 8U2 8U1 aUQ o
<Hay + M8x> Ny + ()\&C + ()\ + 2/1) ay) Ny = Fs,

npu (z,y) € 0Qs.
Jna nBymeproro ciyuas npeacrasnenue Cnoboggnackoro (3) mmeer ciey-
IO BUJ:

:2 [N
Uy Wi+y 3y z By (5)
0 1 8”2
=—y—— +2Wo +x——
Us Y, T2W2ta—

Teneps MOKHO TTepedOPMYJIIPOBATL UCXO/IHYIO CMEITAHHYI0 KPAeBYIO 33/a-
qy (4) st cucrembl Jlame ¢ yaerom npencrasierusi Cao00ISTHCKOTO CIeTy-
FOIIIM 00Pa3oM:

oW oWy
:2 —_— —
Uy Wi +y 3y T By (6)
oW1 oWy
_ —yy— 2‘/‘/
Us () O + 2+ o’
Ui = Gy,
Uy = G,

npu (xvy) € ana

81)1 81)2 801 a62
2 - - - P = F
(()\—i— i) + A y)nm—i—(u y—i—,u )ny 1,

oU 1 BUQ 8U1 8U2
— tpu—=—|ng+ (A=—+A+2u) — | n, = Fy,
upu («T,y) € 8927
AW =0,
AWy =0,
TO ecTh Hayo Hafitu pernenne cucrembl (6) (pyukinun Up u Us) B obsactu
Q) npu 3amanHbIX 3HaUeHUsX QyHKIUNE G1, Go Ha rpanure 08, u ] u Fh
Ha rpanuite 0)s, KO n3BecTHO, uTo hyrKun Wi u W sBasgwoTcs rapmo-
HUueCKUMHU (yI0BJIETBOPAOT ypasHeHuto Jlamiaca), HO JJisi HUX He 33/1aHbl
PPAHUYHBIE YCIOBUSI.

Tak kaK B Kpaesbie ycsiopus Helimana BXOAAT 9aCTHBIE TPOU3BOIHBIE (PYHK-
unit Uy u Us, To BeIpazuM ux udepes dhyarmmu Wi u Wa:
oUy oWy PWy oW, 0* Wy
=2 + Yy - )
oz Ox 0xdy oy dxdy
oy oWy | O*Wi  9*W,
+ Yy 9 x 9
oy oy oy y

(7)
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o, 0*W, +38W2 n 0* Wy
ar Y o2 ar T og?
oUs oW 0*W, OWs 0* Wy
= - -y + 2 +x 9
dy ox 0xdy oy 0xdy
Torna cucrema (6) 3amuimerca B Buje:
o oW,
2 g2
8W1 8W2
149 s
a +2We + B = Go,
npu (x,y) € 004,
oWy 0*W, o 0*W,
~n,+2 - y—2 _
58xn+y88n+38y y82ny
OWs 0*Wy OWo 0*Wy
——Zn, — 2z . 20——-n, = Fy,
8yn 68n+38 +:L‘a2ny 1
oW 0*W, 8W1 82W1
37, — 2 . —9
gy TV ez T o T Yoway ™ T
OWs 0*W, oW, 0?W,
—— Nz + 2 x 2 :F,
+38xn+ 82n+58y Ny + Jraayny 5
nopu («T,y) € 8927
AW =0,
AWy = 0.

4 Meton dpysmameHTaIBHBIX pelneHuii. /IBymepusrii caydait

B gammHoil pabore sajarorcs A = u = 1. B aBymeprom mpocrpancree R?
(byH,ZLaMeHTaJIbHOG perenue ypaBHeHI/IH Jlaraca onpeaesiercs Kak:
E(z,y;2',y) ——1n\/ (x —2")2 4+ (y —y')? KOTopoe SIBJISTETCST PEITEHIEM
ypasrennss AE = —0(r —1'), rme r = (z,y), v’ = (2, /).

Bosbmem wa rpanure ) KOJIOKAIMOHHBIE TOYKA (T, Ym) , M = 1,..., M
— KOJIMYECTBO KOJIIOKAIMOHHBIX TOYEK, BO3bMEM BHE 001acTy () MCTOYHUKA
(x),y,) ,n=1,..., N — KOIM49eCTBO NCTOIHUKOB. IIpescTaBuM rapMonmde-
ckue pyukuu Wi u Ws B cne;py}omeM BUJIE:

(Zms Ym) ch (Tms Yoms T ) (9)

A
xm>ym g xm,ym,ﬂcn,yn),
=1
N A | 72 72 _
vie E (T, Ym; Thoys) = —Eln\/(:cm — )+ (Y —yh) s m=1,..., M -
KOJIMYECTBO KOJUIOKAIMOHHBIX TOYeK, 7 = 1,..., N — KOJIU9eCTBO UCTOIHH-
KOB,
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YacTwbre mpon3BoOgHbIE CI0KHON dyHKIWMEN V (T, Y) = ln\/(x —20)” + (y — o)°
(KOHCTAHTBI T, Yo ):

87‘/ o (a: — :L’o)

0r  (z—x0)”+ (y—y0)°

ov _ (v — %)

9y  (z— 96'0)2 + (y — 90)2’
0V _ (z—m)’ — (y — )
0z2

(0 =20+ (w—w)?)

°V (z—20)” — (y — w0)°

02 2
Y ((«’13 —20)” + (y - yo)Q)
PV 2(z—w0) (y — wo)
Oxdy 2
v <(33 —20)* + (y - yo)Q)
Beesien 0603HaueHHs, IYCTh — 5 = 0 U (2, — ) 4 Ym — )" = s

TOTIIa,

@ = 22 + U — 1) = VG,

((xm — )+ (ym — yﬁL)Z)2 =52 .

st mepBoit KOMTIOHEHTHI:

TMopcrasnsas Bepakenue (9) B BeIpaxkenue (8) J1g 9aCTH KOJLTOKATMOHHBIX
TOYEK, TJe 3aJaHbl TPAHUTHBIE YCA0BHA JIupruxe, uCronrb3ys npasuia aud-
depeHImMpoBaHTS, 1 TPUBEIA 3aTeM MOJA0OHBIE CaraeMble, Oy YaeM:

N

nZ::l (20111\/% + OYm <W)> e +
N /
(o ()

N N
= Zlmncn+23mndn :Gl (l'maym)am: 1)'--7M'
n=1 n=1

IloncraBisst Beipakenne (9) B BbIpazkeHue (8) /I 9aCTH KOJIOKAITHOHHBIX
TO'EK, TJe 3a/IaHbl TpaHuIHble yeaosus Heiimana, ucnoss3yst npasmia and-
depeHIpoBaHNsT, U IPUBEIS 3aTeM MOI00HBIE CIaraeMble, MOy daeM:



1012 K.K. Cabenndensa, 1./1. CmupaOB

/

i (50<(ﬂcm ;nfc;))nx N zgym((_Q(”“’m —;n)(ym - yn)>nx N

n=1 mn

+30<(y 5mny;l)>ny + (—2)0ym(_(xm — x%é;: (ym = y;)2>ny> Cn +
—Yn

Sl

+(=2)ozy,

(<—2(xm—xn

(Hom ) m =)y, ),

+20x,,

_szncn+23mn dp, = Iy xm,ym), m:M—i—l,...,M.

Wan B marpwanom sune: Ic+ Jd = f, roe
1 UN
MaTpuna I = : . : C DJEMEHTAMU %197, BEKTOP HEM3IBECTHBIX
iM1 ot IMN
K03 dunuenTos, KoTopsie Tpedyercsd Haiitu, ¢ = (cy, ... ,cN)T, U MaTpHUIIA,
Juu o N
J = : : C 3JIEMEHTAMU Jpy, U BTOPOH BEKTOP HEM3BECT-
JM1 st JMN
HBIX KO3 DUIHMEHTOB, KoTopble Tpebyercs Haiitu, d = (dy,...,d N)T. Bekrop
paBoil YacTu:

f = (Gl(xlayl)v s 7Gl(x]\;[ay]\;[)7F1(x]\;[+1ay]\;[+1)7 s 7F1(xM>yM))T

JIiist BTOPO#t KOMIIOHEHTHI:
TMogcrasnas Bepazxkenune (9) B Boipaxenue (8) 119 9acTH KOJLTOKATMOHHBIX
TOYEK, TJe 3a/JaHbl TPAHUIHBIC yCaoBus Jlupruxe, ucronb3ys npasuita aud-
depeHmMpoBaHs, 1 TPUBE/A 3aTeM MOJ0OHBIE CaraeMble, MOy YaeM:

3 (et () o

n=1
(201 Vomn (@n =) )Y 4
+ Z 200/ dpmn +oxm, 5 =
f—t mn
N N ~
= kancn+zlmndn =Go (l‘mvym)am: 1,..., M.
n=1 n=1
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IMopcrasngas Beipazxenue (9) B Boipaxenue (8) jj1g 9acTn KOJLIOKAIUOHHBIX
TOYEK, IJie 3a/1aHbl FPaHrYIHbIe yCeaoBust Helimana, ncnosib3ys npasumia, aud-
pepEHIIMPOBAHNAS, U IPUBEOA 3aTeM IIONOGHLIE CIaraeMble, TOIYIaeM:

EN: ( ( yn))nz Doy )? + (Ym — y;)Q))nx N

oo — ! /
—|—(—O‘)<( md n))ny Uym( )(ym yn>)>ny)cn+
mn
il (T — ') 2 + (Ym — ¥, )2>
—I-Z (30(76 )nz —I—ZU:Um( 52 L )nx +
n=1 mn
—f 9
+50((ym yn>>ny n 20%(( (Tm — 23) (Ym yn)))ny>dn _
N N
:kancn+zlmndn:FQ($m7ym)a m:M+1,...,M.
n=1 n=1
Wau 8 marpwanom Bune: Kc+ Ld = g, tae
ki - kN
marpuma K = : : C 3J1eMeHTaMu ky,p,, BEKTOP HEU3BECT-
kvi oo+ kmn
HBIX KO3D)UITHEHTOB, KOTOpBIe Tpebyercst HaiiTh, ¢ = (c1, . .. ,CN)T, MaTpH-
ln - hn
na L = : . : C DJIEMEHTAMHA Ly, BEKTOP HEM3BECTHBIX KO-
Ir -+ lun
dunmenTor, koropeie rpebyerca natitu, d = (dy, ..., dN)T. Bekrop npasoii

qacTu:

T
g= (GQ(xlayl)’ cee ,GQ(ZEM,ZJM),FQ(ZI:M+1,Z/M+1), s 7F2(1:M7yM>)

Taxum obpazoM, ¢ TOMOIIBI0 MeTOa (PYHIAMEHTAJBHBIX PEITeHn CucTeMa
(8) B MATPUIHOM BH/IE BBITJISITUT CJIEIYIOIAM 00Pa3oM:

Ic+Jd=f, (10)

Kc+ Ld=g.

Marpune: I, J, K, L pazmepa M X N, BeKTOpa HEM3BECTHHIX ¢, d paszMepa
N, BekTopa npagsoit wactu f, g pasmepa M. Ecmm 3amucars (10) B 6mo0ur0oM
Buje, To nmoayunm CJIAY:

Az =D, (11)

wa-(k )e- (i) (1)
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5 IIpencraBiaenme CiaoboaaHckoro. TpexMmepHbIil ciaydaii.

Jns TpexMepHOro cayyas CMelanHas KpaeBad 3a/1a49a Jijis CUCTEMbI
Jlawme (1) nmeer caemytomuti Bug. Tpu ypaBHEHU HA KOMIIOHEHTHI CMETIEHU S

92U, 02U, 8%y 92U, 92U
2 =0, (12
(A +2p) 55 +n a7 Moz + (A + p) 8x0y+(>\+'u) 5, ~ 0 (12)
92U, U,  92Us 92U d2U;
T2 A 20) ——= e + (A A =
Pz T (A+20) 0y trgg +u)axay+( “‘)ayaz 0,
9Us  82Us 92Us 92U, 92U,
— 2 — p—

¢ TPAaHUYHLIMH YCJIOBUSME JIupuxIe
U1:G17U2:G27U3:G37 (xay?z)eagl'

n yeaoBusmu Helimama Ha BTOpoO# 9acTW TPAHUIIBI

8U1 6U2 8U3 aUl 8U2
2 - — 4 pu—
<(>\+ 1) e +’\ay +Aaz>n +<“ay +uax>ny+

oU oU.
+<N1+M 3>nz:F17

0z Ox
@Ul aUQ 8U1 OUQ 8U3
ou, AUz
+ (Maz + ME)y) n, = Fy,
# 0z H Oz v a 0z a y v
oUy U, ous\

upu (z,y,2) € 0.
g tpexmeproro ciaydas npegcrasierune Caobogganackoro (3) nmeer cyery-
IOIMA BUJ:

oW oW, oWy oWs

Uy = 3W; — — 13
! 1+y8y +282 x(‘)y Yoz (13)
oW oWy W5 oW3

Uz = Y or +3W2+$8$ Jrz@z Y2
oW oW, W5 OWs

U3 =—2 e z By +3Ws+ =z o +y ay

Teneps MOKHO 11epedOPMYJIMPOBATL UCXO/IHYIO CMEIIAHHYI0 KPAeBYIO 3a/a-
qay (12) aaa cucremsr Jlame ¢ yaerom mpejcrasienust CaoboasiHCKOTO CTe-
JAYOIUM 00pa30oM: TPU ypaBHEHUS HA, KOMIIOHEHTHI

oWy oWy oWs3

oWy
= - - 14
Uy =3Wi1+y By +z 52 x By T P (14)
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oW oW W5 oW3
Uz = Y or +3W2+x8$ JrZ(?z Yoz
owWs oWs OWs OW3

P ACALS B ALE BT\ AL BIPCALL.
8T TRy TRy TVt T TS,

¢ TPaHUIHBIMHU ycaoBuamu Jlupuxite
Ui =G, Uz = Go,Us = Gs,  (2,9,2) € 0
n ycaosuaMu HelitMaHa Ha BTOPOH YacTH T'PaHUIIBI

6U1 8U2 6U3 aUl 8U2
<()\+2,u) o +A oy +A o )ngﬁ— <M8y+uﬁm> Ny +

oUu ouU.
+ (u1+u 3) n, = I,

0z ox
8Ul aUQ 8U1 OUQ 8U3
o, AUz
+ (Naz‘f'ﬂ oy )nz—F27

U G\l oty
Foz TH o v o, TH dy v
3U1 8U2 8U3
A—F+A—+ (A +2u) =— | n, = F3,
+<ax+8y+(+”)az” Yy
npu (z,y,2) € 00y, Oyaxuuu Wi, i = 1,2, 3 aBAAOTCS rADMOHUYECKUMU
AW =0, AWy =0, AW3=0.

Taxum o6pazom, Hao Halitu pemenne cucrembt (14) (byaxum Uy, Uy u Us)
B obsactu () mpu 3ajaHHbIX 3HaveHusX Gyt G, Go, G3 Ha TpaHUIE
0, u Fy, Fs, I3 na rpanaute 0o, ecyiv gano, aro dyukiun Wi, Wo u Wy
SIBJIAFOTCST TAPMOHUYIECKUMY, HO JIJIsl HUX HEM3BECTHBI TPAHUYIHBIE YCIOBUS.
Tak kak B kpaeswie yciopus Helimana BXOAAT 9aCTHBIE TPOU3BOSHBIE (PYHK-
uwnit Uy, Uy u Us, 10 BBIpa3um ux depe3 dpyukimu Wi, Wy u Wi

UL OW1 | Wi | OPWi oW, OPWh OWs  8°Wj

= 1
Ox 3 ox Ty Oxdy te 0xdz Oy v oxdy 0Oz o0z (15)
ol oWy *W, 0*Wh W, 0*Ws
=4 +y +z - - )
dy oy Oy? Oy0z Oy? Oy0z
o _ OWi Wi W Wy 0W
0z 0z 022 y@yaz OyOz 022"’
U, 0>, oWy 0* W, %Wy 0*Ws
Y2 _ _ 4 _
Ox Y or2 + Ox T Ox2 e 9192 Y 0xdz
Uy oWy oW, oWy 0* W, Wy  OWs B 0*Ws

oy~ or Yooy oy " “owoy TCayo: 0z Yogor
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Uy PWi We | PWy | Wy W

8z Y020z 8z 922 " Toza: Y a2

Uz _282W1 B 282W2 +48W3 +x82W3 N 0*Ws

or Ox2 Oxdy Ox Ox2 y&cay’

oU; 0*W, 0*W, W3 0’ W3 0*Ws

9vs _ _ _ 4

oy : Oxdy ‘ Oy + Oy Ty Oy T 0xdy’
oU; oW, PWy, oW, 0*W, W3 0’ W3 0*Ws

=— — 2z — -z +3 +z +y )

0z Oz 0xdz oy 0y0z 0z 0xdz oyoz

Torja cucrema (14) sanuiercs B Buje:

ows owq oWsy oW3
_ — = 1
3SW1+y 3y + z 5, T 3y T 9, G, (16)
oWq OWs oWy oWs _
—yia +3Wy +x E + 2 5, -y ER = (o,
oWy OWs OWs ows
S _Zé?y +3W3+$8x +y dy = (33,

upu (x,y,z) € 0.
Ha Bropoii wactu rpanumpl, e 3aJanbl yciosus Heitmana

27
Sl =
=1

e
oW, *W- O*W-
(1) gL 2) _ 2 1 3) _ 2 1
“ 7 M) & 4 Oxdy M “oxdz
19144 52w 92W-
4) _ 1 5) 1 6) _ 1
Oé( ) = 4763/ Y (5) =—y 972 Ty, Y 92 s
O*W- 15)%% 0“W;
mH_, 27 (®) — 1 9 — _ 1
z@yc’)zny’a 4 52 ¢ o e
(10) _ 232W1 (11) _ y32W1 a2 _ W2
022 % oydz ~ oy ©
O*W- oW- o“W-
(13) _ 2 (14) _ 2 (15) _ 2
« 2 6x8ynm’ 4 ox 7’ o2 Y
O*W- O*W- O*W-
(16) _ _ 2 a7 _ 2 (18) _ 2
“ a2 Y w0z “ ooy
2
04(19) - _xa I(/:)/2”27&(20) = —LW?) @) — —2$g 12/3”3:7
Yyoz r0z
o0“W- O*W- 19144
(22) _ 3. (23) _ _ 3 (24) _ ,OWs
“ Y owoz Y o oydz ox
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27
Z/B(Z) = F27
=1

rie
oW O2W. 2
B(l) = 437]41””6(2) = —yﬁm’ﬁ(g) = yT;nz,
O*W- oW 92w
ﬁ(4)_zay e, B0 = 5y, 8O = 2y al
O*W 92w OW-
80 = 2y = Vg P = 4
62W 82 82W
10 2 11 12 2
B = w2, B " 2 B o
8W (‘32W 2.
ﬁ(ls (‘) 2 y,ﬁ (14) axaj ny,ﬂ(15) ayaj ny,
ow. O92W. 92
316) o L, g7 - ag12271/27ﬁ(1z3) _ é)2227%
O*W- 2. 92
6(19) - xax 2 Z?/B 20 81‘8,2“1:76(21) Wajnx7
oW 2. OW.
6(22) - 823 y7ﬁ %) = — ayajny>ﬁ(24) 4731}3”2’
82W 82W 82W
(25) _ 3 26) 3 (27) _ 3
B Yy ayQ n,, B azQ n,, B axay Ny,
27
Z 7(1) - F37
i=1
e
oW, aQW aZW
A =47 et = =2 ne ) = 2T,
W %W 2w
4) g (5) — 1 (6) _ 1
T g0 “ozay 9102
oW 92W- 2.
(7) — _Yvi 8) _ 1 (9) 2
oz 2% 902" 00y
2 2
. xa&yg/j = 48;{/2 ny: 1 = 238142/2 ys
o Yy
O*W. 52W- OW-
(13) — 2 (14) 2 (15) _ 2
’y z 822 y,')/ 8x82n 7ay ’)’LZ7
2 2
(16) 922 WQn 17) 48W3 (18) _ 0°“Ws
oyoz ' or © oz2 @
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O*W. O*W. ow.
19) _ 3 20) __ 3 21) _ 3
’Y( ) = - (922 an( ) - yaxay X ( ) =4 a nya
O*W. 0*W. O*W.
(22) _ 3 (23) — _ 3 (24) _ 3
ry y ayQ nyvV y 822 nyﬂ/ xaxﬁyny’
ow. O*W. O*W.
@) _ MW @6 _, 3. 27 _ g 3
gl 7 5, "7 T org, Y yayaznz,

npu (x,y, z) € 0Qe. Oyuxiun W;, i = 1,2, 3 rapmornveckue.

6 Meton pyHmaMeHTAIBHBIX penieHnii. T pexMepHBbIit
caydJaii

B mamnoii pabore 3ajgaiorcs A = g = 1. B Tpexmepnom mpocrpaxcrse R3
dbyHIaMeHTAIbHOE Perenne ypaBaenud Jlammaca umeer Bu

1
dr/(w—2)2+ (y—y)2 + (2 — 2')2
Bosbmewm Ha rpanuiie OS2 KOJUIOKAIMOHHBIE TOUKY (L, Ym, Zm ) , M = 1, ..., M
~ KOJIMYECTBO KOJUIOKAIMOHHBIX TOYEK, M TOMECTUM BHE 00.1aCTH {) TOUedHbIe
ncrouanukn (), yh,25) , n=1,..., N — Komm4ecTBo ncrournkos. IIpencra-

BuM rapmonnyieckue ¢pyukiumu Wi, Wo u W3 B crnemytomem Bume:

E(z,y,z;2',y,2) =

N
Wi (xmayrm Zm) = Z cn (xm73/ma Zm;-x;wy?,w Z;L), (17)
n=1

N
Ws (xmyymazm) = ZdnE (ﬂim,ymazm;l’%,%,zg),

n=1

N

§ : / / /!
W3 ($m7ym72m) = enE (‘rmaym7zm;xn7/yn72n)7

n=1

m=1,..., M — Komn4ecTBO KOJUIOKAIIMOHHBIX To4uek, n = 1,..., N — Koau-
9€CTBO NCTOTHUKOB.

YHacruble iponsBonubie byukimn V (z,y, 2) = L

V(@—20)2+(y—y0)?+(2—20)?

ov. T — Tg

or =
(2= 20)* + (5 = 90)* + (= — 20)?)”

o Y—Yo

oy 37

T (@=a0) + w0+ (2 - 20)°)

v _ 22

0z N3
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o0*V 3(x — x0)*

o ((l‘ —20)* + (y — y0)* + (2 — Zo)2>
1

5
2

i

Njw

((JU —20)* + (y — yo)* + (2 — 20)2)

82V 3(y — o)

((UC —20)* + (Y —y0)° + (2 — 20)2>

5
2

0*V _ 3(z — 2)?
P (e ml -+ - )
1
(=20 + (= 0)* + (= — 20)7)

A 3 (2 — o) (¥ — %)
PN (- ml -+ - a0?)
>V 3 (2 — 20) (= — 20)
20 (a0 + )+ - 0?)
oV 30— 30) (2 - 20)
0y0z 5

((33 —x0)” + (y —y0)* + (2 — 20)2)

O6o3Ha"NM — 4= = 0 1 \/(:cm — 2V 4 (ym — ¥5)° + (2m — 25)° = Sun,
Torma

[

((@m =207 + (o = 92 + (om = 2)7) " = B

2 2 2 5
((@m = 0"+ (g = 90)° + (= 20)°) " = G
JI71s1 IepBOit KOMIIOHEHTHI:
Ioncrasnss seipaxenue (17) B Bopaskenne (16) 11st 9acTl KOJIOKAIMOH-

HBIX TOYEK, TJIe 33J[aHbl TDAHUYHbBIE YCa0Bus Jupuxiie, UCIOIB3ys MpaBuia
nuddepeHnupoBanns, U IPUBEJs 3aTeM 0J00HbIE CaraeMble, MOy JaeM:
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S (305 o (-0 g, (LYY

35 (oo ()

al (2m — 2n)
3 (o () e -
o mn
N N N
n=1 n=1 n=1

= G1 (Tm, Y 2m) m =1,..., M.

Toncrasass Beipaxkernne (17) B Beipazkenue (16) i 9acT KOJIIOKAIMOH-
HBIX TOYEK, IJle 33 [aHbl I'PaHuYHble yCaoBus Helimana, ncrosb3yst npaBuia
nuddepeHnpoBannsd, U TPUBEI 3aTeM TOI0OHBIE CIATaeMbIe, TTOIYIaeM:

N 11 N 19 N 27
Z (Z a%%) cn + Z (Z aﬁ%) dp, + Z (Z aﬁ%) en =
n=1 \i=1 n=1 \i=12 n=1 \i=20
N N N
= Z ImnCn + ijndn + Z kmnen =
n=1 n=1 n=1

= F1 (T Y 2m) sm = M +1,..., M.

Tyt
— ! ol o
oty =0 (T Yo aff) = 2oy, (G e Z ),

(55

mn

ot ! _a/
a® = 252, <(3 (Tm — ) (2m zn))> nasa® = 4o <_(ym yn)> ny,

5 (3(90’" B x%)Q) 1

mn

©) (3(ym - yif) 1
Qmn = 0Ym o | <5}3rm> Ny

((3 (Ym — Yn) (2m — 22))) ny,al® =4

N p— 2

mn
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a%a(m)(((%xz&f ) <531@>>
o (52 2) - ()~
= (-5
)

Q) — gy <(3 (Ym — yé%)( m — zﬁl))) ns,alld =

mn

O‘%?z) =20 (—m)

<(3 (Tm —

z

(B (xm — z3,) (Ym — Yn))
52 > !

(
o19) — o (—z,0) ((3 (Ym — yég) (2m — Zé))) ",

& S
o) = () (P CnZ )Y,
Py (LT AICES )

1021

),
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mn

_ 2
a®) = 5p 4(3(5”’” i ) B <1> n
o O 63 -

gr%g) =0 (~Tm)

55

mn

(67

@) _ gy ((3 (zm — w{;%) (ym — yé))) ..

Nnu B MATPUYIHOM BUOE:

Ic+Jd+ Ke= f, rue

i1 v 1IN
MaTpuna [ = : : C ATIEMEHTAMH Ty,
iM1 ot IMN
BEKTOP MCKOMBIX KO3(hhHUIMeHToB ¢ = (c1, . . . ,cN)T,
Ju N
Marpuna J = : : C DJIEMEHTAMUA Jmp,
JMi ot JMN
BEKTOP MCKOMbIX KO3bbuimentos d = (dy, . .. ,dN)T,
ki - kN
maTpura K = : g C DIIEMEHTAMA Ky,
kyvi -+ kun
BEKTOD MCKOMBIX KO3 dunmentos e = (eq, .. ., eN)T. BexkTop npagoit wacTu:

f =
T
(Gl(xla Y1, 21), Gy (mM,yM, ZM)’ Fl(mjfj+1ayjff+1a Z191+1)7 ey Fl(a?M, Ym ZM))

Jnst BTOpOit KOMIIOHEHTHI:
Ioncrasnss seipaxenue (17) B Bopaskenne (16) 11st 9acTl KOJIIOKAIMOH-
HBIX TOYEK, [JIe 33/IaHbl "PAHUYHbIE YCI0BUs Iupuxiie, UCIOIB3Ys TPaBUIa
nuddepeHnupoBanns, U IPUBEJs 3aTeM T000HbIE CaraeMble, MOy JaeM:
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~ o
+n§:l (3057; + 0T, ( (xmég_x )> + 02m ( (Z”g%:nz’/”‘)» dy +
Eem( )

N
= Z mnCn + mend + Z gmn€n =

:GQ(xmaymuzm)7m:1,...,M.

Toxcrasass Boipaxkernne (17) B Beipazkenue (16) 115 9acT KOJIIOKAIMOH-
HBIX TOYEK, IJie 33 [aHbl I'PaHuYHble yCaoBust Helimana, ncrosb3yst npaBuia
nuddepeHnupoBannsd, U TPUBEI 3aTeM TOI0OHBIE CIATaAeMBbIE, TTOIYIaeM:

f: (iﬁm )cn+n21 (Zﬁmn) dy +Z (Z ﬁmn> en

n=1 \i=1 n=1 \i=20
N N N

= E lmncn+§ pmndnTLE dmn€n
n=1 n=1 n=1

Tyt
ﬁ(l) = 4o <_ (x”’:s;);nwn)> N,
3(zm — x%)z 1
ﬁr(gr)z_a( ym) ( 675nn ) - (5;3””) Ng,
3(Ym — yq/z)Q 1
s =om [ i ) ()| e
— / p—
67(;117)1 = oz <(3 (ym yg%) (Zm Zn))) Ny,
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Py (AT

Grun
3(zm — ) (2m — 2,
/37(7?1)120(—%1) <( ( (55)( )))nm
T — T,
60 = o (-2l ),

3(ym — ) (zm — 2, Zm — 2,
BU5) = 952, <( (y y(s?ij ))> 0y, B9 — 4g (_( o )) n,

B2 = (o) (22 ‘%%(’" 2D,
620 = o (cay) (B =) En =) ),
522 = (o) (- C ) Yo,

B2 — 95 (—ypn) <(3 (Ym — yég) (2m — zn))> .
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S(ym_y;@)Q
g0 oo (L) (1)),

B2 — & (—y,n) (3(Zm_z;1)2> —< ! ) n.,

mn mn

5(27) =gz, ((3 (Tm — 23) (Ym — y&))) n,.

I/I.HI/I B ManI/ILIHOM BI/I’ZLe:
Lc+ Pd+ Qe = g, e
i -+ hn

MaTpuna L = : : C SJEMEHTAMUA lyp,,

Ivm - lun
BEKTOP MCKOMBIX K03(hhUIMeHToB ¢ = (c1, . . . ,cN)T,

pi1 -+ PIN
marpuma P = : : C DJIEMEHTAMU Dy,

Pm1 -+ PMN

T

BEKTOP MCKOMbIX KO3bbuiuentos d = (dy,...,dyN)",

q1 -+ qIN
Marpuia @ = g g C YJIEMEHTAMU Gy,

aMm1 - qMN

T .

BEKTOD MCKOMBIX KO3 dunmentos e = (e, ...,en)" . Bekrop mpasoit gactu:

g =
T
(GQ(Z‘l, Yi, Zl)a ceey G2(l‘]\~4,y]\~4’ z[fj)? F2(37]§[+1a yN]+1’ Z]\7[+1)7 --.2,F2(.’17M, Ym, Z]\{[))

Jnst TpeTheit KOMITOHEHTHI:
Ioncrasnss seipaxenue (17) B Bopaskenne (16) 11st 9acTl KOJIIOKAIMOH-
HBIX TOYEK, [JIe 33/IaHbl "PAHUYHbIE YCI0BUs upuxiie, UCIOIB3Ys TPaBUIa
nuddepeHnupoBanus, U IPUBEJ 3aTeM T000HbIE CaraeMble, MOy JaeM:
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n=1 mn
+n§;l (oo (222220 ) ) 4, 4

N
= Z TmnCn + Z Smndn + Z tmnén =
n=1

:G3($maym,2m),m=1,...,]\;[.

Toncrasass soipaxkernne (17) B Beipazkenue (16) 11 9acTv KOJIIOKAIMOH-
HBIX TOYEK, IJle 33 [aHbl I'PaHuYHble yCaoBus Helimana, ncrosb3yst npaBuia
nuddepeHnupoBannsd, U TPUBEI 3aTeM TOI0OHBIE CIATaAeMBbIe, TTOIYIaeM:

() Bl (E )

n=1 n=1 \i=17

= Z TmnCn + Z Smndn + Z tmnen =
n=1 n=1 n=1

= F3 (T Ymy 2m) sm = M +1,..., M.

Zm — 2},
= o (g ) e

=0 (~on) (3@";; M) - ()]
V) =0z 3(%;75;%)2) <53;> N,
Yk = TYm <(3 (o = yg‘?i:zm — z")>) M,
V®) — g (—zm) ((3 (zm — (55) (Ym yn)>> ny,
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iD= (o) (-1t o,

248k = 20 () (202 ‘{%(m D).
= (o (L= =Y,
A = () (Bt =5

o
A = o) (- )
I =20 () (Bt = 2]
e e I
b

3(zm — ) (Yym — v,
420 — gy <( ( 55) (Ym — ¥ ))) N
o
42D — 4o (_ (yn;s S’myn)> 0,

1027
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(3 —21)°) ( 1) .

(23) _ 5 (—
(24) _ B (@m — 23,) Wm — Yp))
o, = OZm, 5 Ny,
mn
(2m — 23) (B (#m — a,) (2m — 2p))

%(32) =To |- = 3 & Tz, ’Yf(r%g) = 20_1“m = Tg = o Ny,

530 Onn

3 (Ym — Yn) (2m — 7))
Vo) = 20y <( (o S a— R
mn

I/I.HI/I B MaTPpUYHOM BHUIEC!:
Rc+ Sd+Te = h, roe

riyo ot TIN
MaTpunia R = : : C 3JIEMEHTAMU Ty,

M1 ot TMN
BEKTOP MCKOMBIX K03(hhUIMeHTos ¢ = (cq, . . . ,cN)T,

s11 0 SIN
Marpuna S = : : C 9JIEMEHTAMHU Sy,

SM1 ' SMN
BEKTOP MCKOMbIX KO3 buimentos d = (dy, . .. ,dN)T,

tin -+ hun
marpuia 1 = : : C DJEMEHTAMHA Ty,

v - tuN
BEKTOD UCKOMBIX KO3 dunmentos e = (eq, . . ., eN)T. BekTop mpagoit gacTu:

h =
T
(G3($1,y1» Zl)v vy GB(xj\;[ayj\Za Z]f[)v FS(xN]+17y]f[+1a Z]\;[+1)7 ceey F3(x1\4a Ym, ZI\/I)) .

Takum o6pazom, ¢ MOMOIBIO MeTo/1a DYHIAMEHTAILHBIX PEIEHN CHCTe-
ma (16) B MATPUUHOM BUJIE BBINIAIUT CJAEAYIONMM 00Pa30oM:

Ic+Jd+ Ke=f, (18)

Le+ Pd+ Qe =g,
Rc+ Sd+Te = h.

Marpune: I, J, K, L, P, Q,R, S, T pazmepa M X N, BeKTOpa HEU3BECTHBIX
¢, d,e pazmepa IV, BekTopa npasoit vactu f, g, h pasmepa M. Fcan 3amucars
(18) B 6;10unOM Buge, To noayunm CJIAY:

Az = b, (19)

I J K c ¥
F,ZLGA: L P Q , L = d 7b: g
R S T h
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7 CroxacTnyeckuii mTepalimoOHHbIl MPOEKIIMOHHBIIT METOJT,

CroxacTruecKuil TPOEKIIMOHHBIM METO/I MPUMEHUM K PEIeHUI0 TPON3-
BOJIBHBIX CHCTEM JIMHEHHBIX ypaBHeHU AX = b ¢ mpaMoyroabHoit MaTpureit
A pasmepnoctu m X n. Ou Bbruucisger obo0IIeHHOE pelenne X, MUHUMA-
3upyst HopMmy HeBsizku || AX* — bll2. On moxker ObITh 3amucan B BUJE MOCTIE-
JIOBATEJbHBIX UTepaluii KoMioHeHT pernenns [14], [9]:

bu i) v(1)»
(@ (% Xk)af(i» (20)
lla ey ll3

rJie X IPOU3BOJBHO BRIOPAHHBI CTAPTOBBIA BEKTOD, V(1) CaydaitHbIil HOMED
CTPOKH @y, (;), by(;) - COOTBETCTBYIOMAsA KOMIOHEHTa BeKTopa b. Cayuaiinbit

HOMED CTPOKH V(i) BHIOMPAETCS B COOTBETCTBUM C JUCKPETHBIM PaIpeiese-
HUEeM

Xi+1 = X +

, lail|3
(i) = =m0z
> a3
CKOpOCTh CXOAMMOCTH METOa 9yBCTBATEILHA K BEJIWUNHE UnCaa 00yCaoB-
JIeHHOCTH MaTpuibl A, aro ciegyer us onenkn [14]

B 1] < (1 ) xo I3 (21)
- K*(A)

rje X - TouHoe perienne ypapaenns Ax = b, a k(A) - uncno 06ycaoBIEHHO-
ctu, xKotopoe 3amuceiBaercs B Buge k(A) = ||Al|p||A7||F tae F yxasesaer

na nopmy ®pobenuyca [|All7 = >0, Y0 a7

DKOHOMUYHBII MeTO/1 BBIGOpA MHIEKCOB II0 TPOU3BOJIBLHOMY JHUCKPETHOMY
pacrpe/esiennio JaH B pabore [15]. B mammx pacderax Mbl IpeBapuTeIbHO
HOPMUPOBAJIA CUCTEMY YPABHEHWH Tak, 9TOOBI KasK1asd CTPOKA MMEJa OJIHY
U TY JKe BEPOSITHOCTH, TOTJA HOoMep cTpoku v (i) marpuisl A BbiOMpaercs
paBHOBepoATHO. OTMETHUM, 9TO MOTYT MPUMEHATHCA W JAPYTHe PaHI0MU3H-
pOBaHHBIE METOJbI JJisl Pelenus 6obIux cucreM ypasuenwuii [8], [11], [7].

8 UYwucjaeHHBbIE IKCIEPUMEHTHI

Tect 1. Pemenne cMmermanHON KpaeBoil 3ajJaqu Js CUCTEMBI Jlame cToxa-
CTUIECKHAM IIPOEKINOHHLIM METOI0M HINETCHd B 0OJIacTH
Q={(z,y): 0<x<1,0<y<1}—KBagpar co CTOPOHAMH, PDABHBIMHE 1.
BagapaJnch paHnaHble yCeaosus Jlupuxie ma JieBoil CTOpoHe KBaIpaTa
{(@y): 2 =00<y<1}:
2
Gl =Y,
Gy = 3>
BagaBanch rpannaHble yeaosus Jupuxie Ha BepxHeil CropoHe KBagpaTa
{(z,y): 0<z<ly=1}:
G =32 - Tz +1,
Go = 4x* — 10z + 1.
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BajiaBajivch rpannanbie yeaosus Jlupuxie Ha npaBoit CrOpoHe KBajpara

{(z,y): =1,0<y <1}
Gr=3—-Ty+v°,

Gy =4 —10y + 3>
BaaBaanch rpaHUdHbe yCIoBus HefiMana Ha HIKHEH cTOpOHE KBaJIpaTa
{(z,y): 0<z<1l,y=0}:
Fl = —Z,
F2 = 24x.
M3BeCTHO TOYHOE PEIICHNE TAKOM 3a1adm:

Uy = 32° — Ty + 42,

Uy = 422 — 10zy + >

OTHocuTe/IBHAST TOTPEITHOCTh YUCJEHHOTO PENIEHUs] BBIYUCISIETCH B JIUC-
KPETHOM aHaJjore HopMbl Lo 110 cieytorreit hopmyiie:

VERTE UGy - U @)’
VENT SN (U ()

8.0.1. YucaeHHDbIil 9KCTIEPUMEHT TIPU Pa3HbIX 3HAYEHUAX K03 hu-
uueHTa § (KOJIMYeCTBO MIATOB, HA KOTOPbIE yAAJE€Hbl UICTOYHUKHN OT
CTOpPOH KBaapaTa). B merone dyHIaMEHTATHHBIX DEIICHU MapaMeTphl

-100%.

€L,

3a/1aBAJIUCHh TAK: (Nx = hi, Ny = hi>’ KOJIMYECTBO KOJJIOKAITUOHHBIX TOYEK
x y

M =2 ((Ny —5)+ (Ny — 5)), KOIHIeCTBO TOUEUHBIX NCTOYHIKOB

N =2((Nz — 1)+ (Ny — 1)), B CTOXaCTHIECKOM UTEPALMOHHOM ITPOEKIIHOH-
moM metoge mrst permeans CJIAY nadanbHag wrepanys 3a1aBagach HYIE€BOH,
a KOJIMIECTBO MTePaITuil 3a7aBaI0Ch Kiper = 107.

Ha Puc. 1 npexacrasnens: rpadukn komnonents pemenus Uy (2, 0.5), mo-
JIY9€HHbIC CTOXaCTUYICCKUM IIPOCKIMOHHBIM METOJ0M (KpaCHbIM OBEeTOM IIpu
sHaveHnn § = 1, cuHUM 1BETOM Tipu 3HadeHUn & = 20, 3eJEHBIM I[BETOM TPHU
saadernn § = 400) u TouHOE pemreHue (CEPBIM IBETOM), AT CETKH 33/1a-
Bajncg hy, = hy = 1072, Ha Puc. 2 npencrapieHsl Te ke rpadpuKu, HO s
koMronenTsl Uz (z,0.5).

B sTux pacuerax orHOCHTEeNBHAs HMOTpeImHOCTH pu § = 1: e, = 10.1%
st Uy, er, = 5.1% nna Us; npu § = 20: er, = 0.4% ana Uy, u e, = 0.2%
st Ug; ipu § = 400: e, = 23.1% ansa Uy, ep, = 4.7% nns Us.
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Ux(x,0.5)
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Puc. 1. CpaBhenne 4ucJI€HHBIX PAcUYeTOB C TOYHBIM periie-
HHEM JIJIsT TPeX BapUaHTOB BHIGOPA. §.
I
U; TouHoe pelweHne
L Uy ipi §=1 weseeees i
Up npu =20 ====-

Uz npu 3=400

Puc. 2. To xe, uro m ma Puc. 1, Ho a1a kKommonenTwl Us.
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8.0.2. YucaeHHDbIil 9KCTIEPUMEHT IIPU PA3HOM YUCJIE UTEPAIUIT
CTOXAaCTUYECKOT0 MTEPAIMOHHOTO IMMPOEKIMOHHOT0 MeToda. B jaH-
HOM pacdere BCE TApaMeTphl B MeToje (hbyHIAMEHTATLHBIX PerTeHuii 3a1a-
BaJIOCH TaK Ke, KaK U B MPEJbIAYIIEM mpuMepe, Koaddurument § 6bL1 Puk-
cupoBaH, § = 25, pacdyeThl MPOBOIUINCH JIJIsT PASHOTO YHC/Ia, WTEPAIAil B
CTOXACTUIECKOM TTPOEKIIMOHHOM METOJIE.

Ha Pwuc. 3 mokasanbl rpadukn mis kommonents Uj (z,0.5), (KpacHbIM
IIBETOM KOJIMYECTBO mTepanuil Ko, = 103, 3eJeHBIM IIBETOM KOJIMYECTBO
urepaniit Kjer = 105, CHHUM [BETOM KOJWYECTBO HTepanuit Ko, = 107) il
TOYUHOE petrenne (CephIM 1IBETOM ), AT CeTKH 3a1apajcd h, = h, = 1072, Ha
Puc. 4 npescrasiensl anajgornanbie rpadukn st KomnoueaTs Us (z,0.5)

0.6 T
; ; U{ TOUHOE peleHie
A o ket
' ' ' Uy npu Kier=10
' ' ' Uy oM Ker=107 = = =
\ : .
\ :
—~ :
in IJ—-}".‘L-- i
=] LY f
Zaaf o -
- L
N : : :
: %, : :
. S .
0 0.2 0.4 0.6 0.8 1

Puc. 3. CpaBhenune ¢ TOYHBIM pEIEHUEM I PA3IUTHBIX
BAPUAHTOB YHCJ/Ia UTEpanuil B CTOXACTUYECKOM IIPOEKIIHOH-
HOM METOJE.

OTHOCHTEbHAS TIOTPENTHOCTD B 3TUX pacdeTax: mpu Ko, = 10%: e, =
8.6% mna Uy, w ep, = 6.9% nna Us; npn Kjer = 10° e, = 2.1% nna Uy,
uer, = 1% ana Uy; npn Kjer = 107: €7, = 0.32% ana Uy, w er, = 0.18%
aast Us.
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Puc. 4. To xe, ato u na Puc.3, vo g kommonentsr Us.

8.0.3. YwmciieHHBI 3KCIIEPUMEHT IIPU PAa3HBIX KOJIUIECTBAX KOJIJIO-
KaIlMOHHBIX TOYEK U NCTOYHNKOB. B mamHoM mpuMepe napaMerpsl B Me-
Toze byHIAMERTATBHBIX PEIMTEHWH 3a1aBATNCH TAKUMK YK€, 9TO W B TIPEJIbI-
JIIEM TIpIMepe, a KOJMYecTBO ureparmii 3a1aBanoch Ky, = 107. Pacuers
TPOBOJUJINCE JIJIsT PA3JINIHBIX BAPUAHTOB YHUC/Ia TOYEK KOJLTOKAIUH U HCTOY-
HUKOB.

ITpuseiem 371€Ch JIOCTUIHY Thie OTHOCHTE IbHBIE TIorpernHocT: £7, = 0.32%
st U, en, = 0.18% pmna U npu umcsie KoJulOKanMOHHBIX Touek M =
2((Ny —5) + (Ny — 5)) u uncne ucrournkos N = 2((N; — 1) + (N, — 1));
B 9TOM CJlydae MaTPUIA PENIaeMoil CHCTEMbl SIBIASETCH TPSIMOYTOJbHOMN, B
HEll CTPOK MEHBIIE, 9eM CTOJIDIIOB.

Bropoit Bapuant: €1, = 0.32% maa Uy, er, = 0.12% ansa Uz upu uucie
touek Kosutokanun M = 2 ((Ny — 1) + (Ny — 1)) u uncie ucrounukos N =
2((Ny = 1) + (Ny — 1)). B 310 citydae MaTpuIia CACTEMBI - KBaIPATHASL.

Tperuit Bapuanr: €1, = 0.41% uua Uy, er, = 0.15% pust Uz upu uucie
Touex Kostokanun M = 2 ((Ny — 1) + (Ny — 1)) u uucne ucrounukos N =
2((Nz —5) + (INy — 5)). B sTom ciayudae cTpok 00JblIe, YeM CTOIOIOB.

8.1. Tect 2. B ganmom TecTe BLIOPAHO TOYHOE PEITEHNe CMeITanHoi Kpa-
eBOi 3ajaun fyis ypapHenus Jlame B equanaroM Kybe 2

Up =92 + 20y + 24z — 6 — 222 + 22z,
Uy = dzyz + 2yz — 3y,
Us = 1022 — 5y? — 222 — 322 — 3.
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Q={(z,9,2)[0<x<1,0<y<1,0<z<1}.

CMe]_HaHHbIe I'PaHnYHbIC YC/I0BUA BbI6I/IpaIOTCH B COOTBETCTBUU C TOYHBIM
peIeHneM CIeAYIONIM 06pasoM. Yeaosust JIupuxiie 3a aHbl Ha TISITH TPAHIX
Ky0Oa: Ha 3ajHell rpanu Kyba

{(z,y,2) [t =0,0<y<1,0< 2 <1}
G1 =20y + 24z — 6,
Gy = 2yz — 3y,
G3 = —5y? — 322 — 3z.
Ha mepegHeil rpanu Kyda
{(z,9,2) [t =1,0<y <1,0< 2 < 1}
G1 =9+ 20y + 25z — 6,
G2 = Tyz — 3y,
G3 =10 — 5y? — 422 — 3z.
Ha, JIeBOH Tpanu Kybda
{(z,y,2) [0 <z <1l,y=0,0< 2 <1}:
G4 :9w+24z—6—x2z+23;z,
G2 =0,
Gs = 102% — 222 — 322 — 3z.
Ha IPaBoil rpanu Kybda
{(z,y,2) [0 <z <1l,y=1,0<z<1}:
Gy =9z + 14+ 24z — 222 + 222,
Go =bxz+ 22— 3,
Gs = 1022 — 5 — 222 — 32° — 32.
¥ Ha BEpXHe#l rpaHu Kyba
{(z,y,2) 0 <z <1,0<y<l,z=1}:
G1 = 11z + 20y + 18 — 22,
G2 = bry —y,
G3 =102 — 5y — z — 6.
I'panngmnre yenosus Heiimama 3amansl Ha HuskHed rpann Kyba
{(z,y,2)[0<x<1,0<y<1,z=0}:
Fy = 2? — 220 — 44,
Fr, = —5xy + 8y,
F3;=3.
B wMerome dyHIaMeHTANBHBIX — pemreHnil  3a7aBasoch  pasbuenue

_ 1 _ 1 _ 1
N, = oo Ny, = By’ N, = e Hucsao Touek KOJJIOKAIIMU

M=2((Ny—1)-(Ny — 1)+ (Ny — 1) - (N = 1) + (N, — 1) - (N, — 1)),
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YUCJIO UCTOYHUKOB
N=2((Ng+1)-(Ny+ 1)+ (N +1) - (N. +1) + (N, +1) - (N. +1)).

B croxacTudeckoM uTepannoHHOM MPOEKITHOHHOM METOJle CTApTOBOE peITle-
HIe 6pPaJIoCch HYJIEBBIM, IApaMeTp § = 5, KoJudecTBo urepanuii Kije, = 107,
OtHocuTe/IbHAST TOTPEITHOCTh YUCJIEHHOTO DENIEHUs] BBIYUCISIETCH B JIUC-
KPETHOM aHaJjore HopMbl Lo 110 ciieytorreii hopmyiie:

Nz_ Ny—1 Nz_
\/21:'1 ' ijyl k=0 ! (U (@i, yj, 2x) — Un (i, yj, Zk))2
2 =

Ny—1 =Ny—1 ~N.—1 2
\/Ei:l ijyl koo (U (i, 5, 2k))
Ha Puc. 5 n3o6pazxens! rpaduk pemenns Uy (x,0.5,0.5), mosydeHHbIi cTOXa-

CTUYECKUM TIPOEKIIMOHHBIM METOI0M (KPACHBIM IIBETOM ), U TOYHOE PEIleHune
(cepbIM I[BeTOM), LIAr CeTKU 3aiaBajcs h, = hy = h, = 0.05.

-100%.

EL

28 T
; ; ; Uy TOUHOE PellicHHe
. . . U} YHCneHHoe pellieHne = = =
: __‘."‘
fu'_“'\ 24 ...'..“ .
5
n | | >
=] 2 : : _,-".' :
e "
— S
2 - e .
u-"" . . . .
16 EF i i i i
0 0.2 0.4 0.6 0.8 1

X

Puc. 5. Cumemannast kpaeBas 3ajada B Kybe: cpaBHEHUE C
TOYHBIM PEITEHUEM.

Ha Puc. 6 m3obpaxensr rpadux pemenus Us (x,0.5,0.5), momyueHHbit
CTOXACTUYECKMM MPOEKITMOHHBIM METOJOM (KPACHBIM I[BETOM ), M TOUYHOE Pe-
meHne (CepBIM IIBETOM), IAr CeTKH 3amasascsd h, = hy = h, = 0.05.

Ha Puc. 7 m3obpaxensr rpadukn pemenunss Us (x,0.5,0.5) croxacTude-
CKUM TPOEKIMOHHBIM METOJ0M (KPACHBIM IIBETOM) M TOYHOE perreHue (ce-
PBIM LBETOM), IIATI CETKU 3aJaBajcs hy = hy = h, = 0.05.

OtrHoCcHTe/IbHAS OIPEIIHOCTL B JlaHHbIX pacuerax: €1, = 0.08% mus Uy,
er, = 0.7% nnst Uz, m e, = 0.02% s Us.
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Us(x,0,5,0.5)

U-(x,0,5,0.5)
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Puc. 6. To xe, uro m Ha Puc. 5, Ho s kommoreHTH Us.
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Puc. 7. To xe, uro m Ha Puc. 5, HO s koMmoreHTH Us.
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3akJroueHue

B nanno0it paboTe mpeIoKeH HOBBIM ATOPUTM CTOXACTHIECKOTO MOJIe/IH-
POBaHUS JIJIsT PEIEHNs CMEIAHHON 3a/1a4u JJIsT CUCTeMBI ypaBHeHuit Jlame,
KOTOpas OMMCHIBAET BEKTOP CMEIIEHW yIPYroro Teaa B W30TPOITHOM CJIy-
aae. [1ogpobHO pacCMOTPEHBI KakK ILIOCKAS, TaK U MPOCTPAHCTBEHHAS 333~
9a CO CMENTaHHBIMY TPAHUYHBIME yCaoBuaMu. OCHOBHAS UIesT 3aKTFOUALTCS
B HCIOJIB30BAHUY MPEICTaBIeHUs BeKTopa pertennii CIo00aaHCKOT0 depes
BCIIOMOTaTeIbHBIE TapMounyeckne dyukimu. [Ipobiema 3/mech mepexoaur B
[IOUCK TUX TAPMOHUYECKUX (DYHKIIHI TAKUM 006pa30M, 9T00OBI BBIIOJIHSAIHUCE
HCXOJIHBIE CMEITaHHbIe TPAHUYHBIE YCIOBUS JIjid ypaBHeHus Jlame, 910 rnpe/-
craBJigeT coO0l OTIE/NbHYIO0 HETPUBUAIBHYIO 33149y [laKe B CAydae 3a/a49u
Hupuxsie. B narmeit pabore Mbl UCHOAB3yeM HPUOJINKEHNE PEIIEHUS B BUJIE
JINHEWHBIX KOMOWHAINNN (hyHIAMEHTATBHBIX pelleHuit asi ypaBHerus Jla-
miaca, Kak 9TO JIeaaercs B MeTone (byHIaMeHTaabHBIX perenuii. Cremyer
MOIYEPKHYTh, UYTO MPEJIJIOZKEHHBIN TI0IX0T CYIIECTBEHHO OTJINYIACTCS OT IPS-
MOTO TIpUMEHEHHUsI MeTo1a (PyHIAMEHTAIbHBIX PEIleHni K ypaBHeHu o Jlame,
r7e UCIosb3yercs HQyHIAMEHTATBLHOE PEleHne STOTO yPABHEHUS, TEM, UTO,
bstarogapst pazsioxkenuto Ciob0/STHCKOTO, y/IaeTcd MTOCTPOUTh YCTOWIUBBIi
MeTOJI, TIOCKOJBKY UCIOJIB3YETCS TOJBKO (PyHIAMEHTAIBHOE PelleHne ypas-
uwenus Jlamnaca. B urore 3ajiaga cBOIUTCS K PEIIEHUIO CUCTEMbI JIMHEHHBIX
ajirebpanvyecknx ypapHeHu# s Ko3dpunnenTos B 310l JuHeiiHON KOMOU-
Haru. JlaHHasi cucTeMa peIaeTcsi ¢ MOMOIIbI0 CTOXAaCTUIECKOTO MTPOEKIIN-
OHHOT'O0 METOJIA.
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