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Abstract: The article proves the equivalence of the properties of
being equationally Noethericity of a partially commutative two-
step nilpotent group G and being equationally Noethericity of its
commutative graph I'g, considered in the category of graphs with
loops. In particular, it is shown that to study the equationally
Noethericity of a partially commutative two-step nilpotent group,
it is sufficient to consider equations in one variable over this group.
Using the concept of residualizability of groups, we prove that an
arbitrary partially commutative two-step nilpotent group can be
embedded in a countable direct power of a free two-step nilpotent
group of rank 2. In addition, earlier in the works of A.J. Duncan,
1.V. Kazachkov and V.N. Remeslennikov it was shown that the
centralizer dimension of each finitely generated free partially com-
mutative group coincides with the height of the lattice of canonical
centralizers of this group. In our work we present some results
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relating the centralizer dimension and the height of the lattice of
canonical centralizers for the case of an infinitely generated free
partially commutative group and generalize a similar result from
the work of V. Blatherwick to the case of an infinitely generated
partially commutative two-step nilpotent group.
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1 Bseaenue

Anrebpandeckast cucreMa A Ha3bIBAETCsT HETEPOBOH IO YPABHEHUSIM, €C-
JIHL JIJTs1 JTEOOOTO TIEIOT0 TIOJIOKUTETHHOTO 1 Jiiobas cucrema ypasHeHuit S(X)
a1 A or n mepeMeHHBIX X 3KBUBAJEHTHA CBOEH HEKOTOPOH KOHEIHOH mMOI-
cucreme Sp(X) C S(X). AnanormaasiM 06pa3oM BBOJUTCS TOHSITHE aared-
PaNIeCcKO CHCTEMBI, HETEPOBOH IO YpaBHEHUSIM OT OJIHOM repeMenHoit. Mme-
ercd OOIIUPHBII CIIUMCOK paboT, MOCBAIIEHHBIX HUCCJIE0OBAHIIO HETEPOBLIX 110
YPaBHEHUSAM AIrebpandecKuX CHCTeM: KpoMe (M CPeJilt) TeX, 4TO yIIOMSIHY ThI
B Monorpadun .10, Tanusposoii, A.I. Msacaukosa u B.H. Pemecnennnkosa
[1], BeLIE MM, HampuMeD, (2, 3, 4, 7, §].

[lonsTre HETEPOBOCTH 110 yPABHEHUAM SIBJIAETCS OJHUM W3 TEHTPATbHBIX
B YHUBEPCAJILHON ajirebpandecKkoil reoMeTpuy HaJl aJiredpandecKuMu CUcTe-
vamu. /lanHoe HampaBIeHne MaTeMAaTHKY 3aHIMAETCS UCCIeTOBAHNEM yPaB-
HeHui, anredpanvecknx MHOXKECTB, KOOPIUHATHLIX aaredp Haj Pa3IudHbBI-
MU anTebpandecKUMy CHCTEMAMW 33 PaMKaMH KJIACCHTIECKOi aarebpande-
CKO TeOMEeTPUY — HAJ[ PA3INIHBIMU TPYIIIAMU, MOIYTPyInaMu, ajredbpamu,
rpadamvu u np. ng O6osiee mogpoOHOTO 3HAKOMCTBA C YHUBEPCAJIBHON aJi-
rebpandeckoil reomMeTpuell peKOMEeH/IyeM 4YuTaTesto, Hanpumep, paborsr [1]
u [12], Bropast u3 Koropwix npejcrasisier coboii noaxon B.U. Inorkuna,
CYIIECTBEHHO OTIHYAIOIIIHCS OT OMUCAHHOrO B [1].

Kak cremyer m3 ompesmenenus, ONHUM W3 TPEHMYIIECTB HETEPOBBIX TIO
YPaBHEHUAM aﬂFe6paI/ILIeCKI/IX CucreM ABJIAeTCdAd BO3MOXKHOCTH HUIYYCHUA
TOTHKO KOHEUHBIX CHUCTeM ypaBHenwi. Ommncamme OOIMETO TEOPEeTHIECKOTO
O/TXO/TA, TIO3BOJISIOIIETO B3TSTHYTH HA aareOpamdeckne MHOKECTBA, HAJT He-
TEPOBbIMU 110 YPABHEHUAM aﬂre6pquQCKI/IMI/I CUCTeMaMHn C PAa3HBIX TOYECK
3penust, MoxkHO Hafitu B [1, Teopembr 2.5.21, 2.5.22] u [5] (06beunstomme
TeopeMbl). Takke W3BECTHO, YTO B HETEPOBLIX MO YPaBHEHWSM ajrebpau-
YECKUX CUCTEMaX MPOU3BOJbHOE aarebpanmieckoe MHOKECTBO TPEICTABUMO
B BUJI€ KOHEYHOTO 00'beINHEHUsT HETPUBOINMBIX AIreOpaniecKuX MHOXKECTB
[1, Crencreue 2.5.6].

Berony nanee 6ymem obosnagarh depes [z,y] = r~ 'y lry kommyTaTop
JIBYX 3JIEMEHTOB x,y u3 rpynnbl G. Muoroobpasue IBYCTYIIEHHO HUJIBIIO-
TEHTHBIX IPyI Ny OMpeIessieTcss TOXIeCTBOM: [x,y, 2| = [[z,y], 2] = 1 mas
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JE00bIX X, Y, z € G auist n1060it rpyunbl G u3 No. 113, naupuwmep, (3, 4, 8] us-
BECTHO, 9TO BCE€ KOHCYHO IIOPO2KACHHBIC ABYCTYIICHHO HUJIbIIOTCHTHBIC I'PDYII-
OBl HETEPOBHI 0 ypaBHeHusM. Cpean MHOXKECTBA paboT, UCCIEIVIONUX pe-
IIETKY KBA3UMHOroo6pa3uii HUJIBIIOTEHTHBIX IPynm oTMeruM pabory [13]. B
HEll TOKa3BIBAETCSI, UTO €CJU KBAa3UMHOT000pasue U, TopoxK IeHHOe Heabeste-
BOIl JBYCTYIIEHHO HU/IBIIOTEHTHOM Tpymnmol 6e3 KpydeHus, HE COBIATAET C
KBazuMHOTOOOpazuem qFh, mopoKAeHHBIM CBODOOTHON ABYCTYIEHHO HIJIBIIO-
TEHTHOU IPYIIOit panra 2, To Tora U COIEPKUT KOHTUHYAJIbHOE MHOKECTBO
KBa3uUMHOTO0Opaszuii. OnuH w3 pe3ynbraToB Halleir paboTsl (semma 4) yera-
HABJIMBAET HEKOTOPOE MHOXKECTBO IPYII U3 KBa3uMHoroobpasus qFs.

B mamnoit pabore mon «6eCKOHEIHOCTHIO» MBI Beeraa OyaeM MMeTh BBU-
JIy CYETHYIO MOIITHOCTE. COOTBETCTBEHHO, dpa3a «HeCKOHETHO OPOKJICHHA
rpymmnay 6yner 03Had4aTh IPYIINY CO CYETHBIM MHOXKECTBOM OPOKIAIOIINX.

Onpenenenne 1 ([14]). Iycmo I' — neopuenmuposannwd npocmot epad
(803mo0ico Geckoneunniti) ¢ muoocecmeom sepuun X = V(I'), F(X) -
c60600na.A 2pYnna ¢ mnodcecmseom nopodcoamouusr X, u nycmo

R ={[z;,z;] € F(X) | zj,x; € X ux; uz; cmescno s epade T'}.

Tozda zpynna Gr = (X | R) naswsaemca c0600HOG 4aCMUYHO KOMMYMG-
muenoti epynnot, a epad T' — epadom Kommymamusnocmu c60600n0t a-
cmusho Kommymamuenot epynnoe Gp.

CioBo «cBODOjIHASIY U3 JIAHHOI'O OIPEJIESIEHUs 3a9aCTyI0 Mbl OyIeM OILyC-
KaTh, BCE PABHO MMes BBUJIy CBOOOIHYIO YACTHYHO KOMMYTATHUBHYIO I'DYII-
my. CooTBeTCcTBEHHO, O PPaA30il «IACTUIHO KOMMYTATHBHAS JTBYCTYIEHHO
HUJIBIIOTEHTHAs T'PyTiay Mbl OyjleM 1oApa3yMeBaTh CBODOJHYIO YaCTHUYHO
KOMMYTATUBHYIO TPYMIy U3 MHOT00Opasusi No JIBYCTYHNEHHO HWJILITOTEHT-
HBIX TPymn. YacTUIHO KOMMYTATHBHBIE TPYOIbLI, Win rpadOoBbie T'PYIIIIbL,
UM mpaBoyrosbHble rpynnbl Apruna (right-angled Artin groups), wmeror
MHOXKECTBO 3aMEeIaTe/ThHBIX CBOTCTB (y100HbBIE HOPMATBHBIE (DOPMBI 37IEMEH-
TOB, Pa3PEIINMOCTh OCHOBHBIX aJIrOPUTMHYECKIX 3334, boraTas CrpyKTypa
HOJArpyIn u MHOrOe jpyroe; [14, 15, 16]), cnncok KOTOPBIX MPOJ0/IZKAET M0~
nonuaThcd. Panee B.H. PemecmeHHnKOBBIM CTAaBUICT BOTIPOC 00 yCTAHOBJIE-
HUW CBS3W MEXKJy YHUBEPCATLHON aaredpanteckoil reoMeTpueli Hal TAKUMUI
CPyNIaMyd ¥ YHUBEPCAJBHON asredpanmveckoil reoMerpreil Hal HEOPUEHTH-
posanabiME (HeHanpasaeHHbiMU) rpadavmu. OnuH U3 PE3yabTATOB JAHHOM
paborbl (meopema 5) ycraHaBIMBaeT TAKYIO CBA3b B MHOroo6pasuu No jijis
CBOICTBA HETEPOBOCTHU 110 yPABHEHUAM.

HenTpanmm3aTopoM MHOXKeCTBa A 3JIEMEHTOB IPyMITbl G HA3LIBAETCI MHO-
JKECTBO BCEX TAKUX DJIEMEHTOB Tpynnbl (G, KOTOPhIE KOMMYTHUPYIOT CPa3y CO
Bcemn sementamu u3 A. Cormacuo [17], menTpann3aTopHasi pasMepHOCTD
€CTb MAaKCHUMaJIbHAs JIJINHA CPEIM BCEX CTPOTO YOBIBAIOIIMX IEMOYeK IeH-
Tpau3aTropos. Kpome Toro, kak 6bLI0 MOKa3aHo, HaIpuMep, B [14], menTpa-
JIN3aTOPhl 0OPA3YIOT PEIIeTKY, HA3BIBAEMYIO IEHTPAJIN3ATOPHON PEIIeTKOI.
IlongaTtne nenaTpann3aToOpHOi Pa3MepHOCTH TPYIINBI COBIATAET C MOHITHEM
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BBICOTHI IIEHTPAJIU3ATOPHON pereTku manuoil rpymibt. [Ipusegem aekoropoie
BAXKHBIE PE3YJIbTATHI, CBS3AHHBIE C 9TUMU HOHATUAMM, 13 pabor [14, 17]. B
[17] 6BLT0 TOKA3aHO, UTO KJIACC TPYIII, UMEOIIUX TEHTPATU3ATOPHYO PeIeT-
Ky KOHEUYHO# BBICOTBI, YHUBEPCAJIbHO aKCHOMATHU3UpYyeM, a B [14] 6bu1 npen-
JioxKeH 3(PDEKTUBHBIN aJITOPUTM BBIYUCIECHUS TIEHTPAJTU3ATOPHON pa3MepHO-
CTU JJI8 KJIacca CBODOTHBIX YACTUTHO KOMMYTATUBHBIX DI, 0O0OCHOBaHUE
KOTOPOTO B TOCIECTBIN OBIIO yIpOIeHo B 18] Ha st3bIke mapaboniecKux u
kBasunapaboamaeckux moArpymm. Kpowme roro, B pabore [19] 66110 mI0Ka3aHO,
Y9TO MPOU3BOJIbHASA KOHEYHO MOPOXKJIEHHAS YACTHIHO KOMMYTATUBHAS JIBY-
CTYIIEHHO HIJIBIIOTEHTHAS IPYIIA ¢ HEKOTOPBIM I'padoM KOMMYTATHBHOCTH
UMeeT TY K€ IEeHTPAJU3ATOPHYI0 Pa3MEPHOCTh, YTO U CBODOJHAS YaCTUY-
HO KOMMYyTaTUBHAs TPyINa ¢ TeM ke rpadom Kommyraruaoctu. B mareit
pabore Mbl 06001TaeM pe3ybTaTe |14, 19| Ha cydait 6eCKOHETHO MTOPOXK ICH-
HBIX Tpym (M. meopemy 2). Kpome TOr0, OTMETHM, 9TO B JIOKA3aTEIbCTBE
AEMMBL 3 TPUCYTCTBYIOT UJEH, CBI3aHHbIE C OJI0KAMU U OJIOKOBBIM PA3JIOxKe-
HUEM, T10/[pOOHEE C KOTOPBIMU B CJIy4dae KOHEYHO IIOPOXK IEHHBIX JIBYCTYIIEHHO
HUJIBIIOTEHTHBIX TPYIIT MOYKHO O3HAKOMUThHCs, Hanpumep, B [20, 21]. Takxe
C APYTOit CTOPOHBI YIIOMSIHEM, UTO CYIIECTBYET BEChbMa IMMUPOKU CIUCOK Pa-
00T, CBABAHHBIX C MOHATHEM IEHTPAJIM3ATOPHON pasmeprocTu. Hampumep,
paree B [22] 6pl1a BHIYNCIEHA [IEHTPAIN3ATOPHAST PA3MEPHOCTH KOHETHO 110~
POXKIEHHDBIX YaCTUIHO KOMMYTATHBHBIX METAOEIeBhIX TPy, rpad KOMMY-
TATMBHOCTH KOTODBIX siBJisieTcst JepesoM. [lo3anee B [23] 6bl1a yeraHoBiena
BepXHAL OIEHKA JJId [TeHTPAJTU3ATOPHON PA3MEPHOCTH KOHEYHO MOPOXKIEH-
HOM YaCTUYHO KOMMYTATUBHON MeTabesieBoil IPyIbl, KOTOPasd B CBOIO OdUe-
peJib JTHHEHHO 3aBUCHT OT YHUC/Ia BepiinH rpada kommyratusHocT. C 0XBa-
THIBAIONMM 3TH (M HE TOJILKO) PE3YJIBTATH 0030POM MOYKHO O3HAKOMUTHCS,
Hanpumep, B pabore [24].

B crarbe [11] aBropom 6buiu chopMysnpoBaHbl HEKOTODbIE YTBEPIKie-
Hust 6e3 gokazaresbeTB. Hacrostiiast paboTa COMEpP AT T0KA3ATETBCTBA ITUX
YTBEPXKJIEHUN U HOBbIE PE3YJIBTATHI.

Jannas paboTa MOCBSINIEHA OTBETY HA BOMPOC O TOM, KaK CBSI3aHBI CBOU-
CTBO HETEPOBOCTH TI0 YPABHEHUSAM OT ONHON TEpEeMEHHON JaCTHIHO KOMMY-
TATUBHON IBYCTYIIEHHO HUIBIOTEHTHOHN IPYIIbl G U BBICOTA PENTETKH KaHO-
HUYECKUX IleHTpain3aTopoB G. Kpome Toro, Ha 0CHOBE IOy YeHHBIX PE3YIb-
TATOB BBISIBJIEHA CBsI3b C HETEPOBOCTHIO 110 YPABHEHUSIM rpada KOMMYTATHB-
vocTu ['g rpynmbl G, paccMaTpuBaeMoro B KaTeropuu rpadoB ¢ HeTIsMU.
OCHOBHBIM PE3yJIbTATOM JIAHHONH PabOTHI SBJSETCS Meopema J, TPUBO/Is-
masi Jid TPOU3BOJBHOM YACTUIHO KOMMYTATHUBHOM JIBYCTYHNEHHO HUJIBIIO-
TeHTHOU rpynnbl GT MIEeCTb SKBUBAJIEHTHBIX ycjoBuii. Ha myTu K jokaza-
TEJILCTBY Teopembt J OBLI TIOJIyYeH PsiJi Pe3YJILTATOB, CPEJIN KOTOPBIX TaKKe
orMeTuM saemmy 4. OHA DOBOPUT HAM O TOM, UTO CBOOOIHAs JIBYCTYIIEHHO
HUJIbIIOTEHTHas: Ipymnma Fh B CYeTHON IPAMON CTENEHU COMEPXKUT B Kade-
CTBE HOJI'PYIII BCE YACTUYHO KOMMYTATHUBHbBIE JIBYCTYIEHHO HUIBIIOTEHTHBIE
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I'PyLIBL, TO eCTb I aBJIsSIeTCst CBOErO POJA «YHUBEPCYMOM» KJIACCA BCEX Ua-
CTUYHO KOMMYTATUBHBIX ABYCTYIICHHO HUJIBIIOTEHTHbIX I'DYIIII. HyHKT 1 SEM-
Mot 4 06001IaeT pesyabrar [25, Jlemma 1| 06 anmpoKCHMUPYEMOCTH KOHETHO
MOPOKJACHHBIX YACTUIHO KOMMYTATHBHBIX JIBYCTYIEHHO HUIBIOTEHTHBIX Q-
TPy HA CAyYall MPOM3BOJBHBIX YACTUIHO KOMMYTATHBHBIX JIBYCTYIEHHO
HUJIBIIOTEHTHBHIX A-cTenenubix rpymi. [louarwe A-cremeHnoit rpymmbl, win
A-rpynmel, uin crenennoit MR-rpymmer, 66110 BBEIeHO B pabote [26] ¢ uc-
[OJIB30BAHMEM CINCKa akcuoM m3 [27]| (cremennas A-rpymma mo Jluemony)
U elmle onHON akcmoMbl, HazbiBaeMoit MR-akcmowmoit. lannoe monsaTme BIO-
CJIEJICTBUM UCCIE0BAIOCH U pa3pabaThiBaIoCh BO MHOTHX paboTax, cpeju
KOTODBIX JIJIsl HIJIBIIOTEHTHOTO CJAydasi OTMETHM, K mpumepy, [28, 29, 30]|. B
TeKyIeil pabore MbI [0 YMOJYaHUI0 OYJIEM paccMaTpuBaTh Z-TPYIIILI, TO
€CTb TAaKU€ I'PYIIIbl, 3JIEMEHThHI KOTOPBIX MOXKHO BO3BOJIUTH TOJIBKO B IEJIO-
YUCJIEHHBIE CTEIEHN.

Panee B pabore (3| 6b1 chopMyTHpPOBAH CIEAYIONIUI BONPOC: IS Ka-
KUX T'PYII U3 HETEPOBOCTH 10 YPABHEHUAM OT OJIHOI [EPEMEHHON CJielyeT
HETEPOBOCTH T10 ypaBHeHI/IHM? KaK OKa3aJIOCh, JJISA CJIyYasd YaCTUIHO KOMMY-
TATUBHBIX ABYCTYTIEHHO HUJBIIOTECHTHBIX TPYII MMEeT MECTO TOJIOKUTEIb-
HBI{l OTBET Ha 3TOT Bonpoc. B jgannoil pabore oH npejcTaBieH W J0KA3aH B
Bume meopemvs 5. OTMETHM, UTO B OOIMEM CIy9ae 7 ABYCTYIEHHO HUTh-
HOTEHTHBIX I'PYII OTBET Ha BOUpPOC u3 [3] orpunarensusiii. B padore [10]
OBLT TIOCTPOEH TIPUMEP ABYCTYIIEHHO HUJIBIOTEHTHONW TPYIIIBI, ABJISIONICHCS
HeTEePOBO 110 ypaBHCHUAM OT OAHOM’ IIepEeMeHHON, HO B KOTOPOM CyIleCTByeT
OeckoHeUYHAsd CHCTEMa YPABHEHUN OT ABYX IEPEMEHHBIX, HE HYKBUBAICHTHAS
HUKAKON CBOEN KOHEYHOU TTOJACUCTEME.

ITonb3ysich coyuaem, aBTOp BblpazkaeT OJIaroJapHOCTb CBOEMY HAy4HOMY
pyxosoguTesio, Tpeitepy Anmexcannpy Bukrtoposmdy, 3a mocTaBIeHHYIO 3a-
Jady ¥ IIOMOIIb B €€ PEIICHUN.

2 IlpenBapuresibHBIE CBEAEHUSA

JIj1st O3HAKOMJIEHUS C TEOPETUIECKOi 6a30it JaHHON CTATBU PEKOMEHTYEM
guraTesio ciaegytompe paborsi: [1, 14, 16, 17, 31, 32|. Caeays nm, npuseiem
OCHOBHBEIE HeO6XO,Z[I/IMbIe HaM TIOHATUA.

Ounpenesenne 2 ([17]). Ecau cywecmseyem makoe yeaoe 4ucao d, 4mo
epynna G umeem cmpozo Youeaouyio Yenouky dauns, d Yenmpaiu3amopos
U HE UMEET YENOYKYU Jaunst boavwel, yem d, mo 2oeopam, wmo G umeem
yenmpaausamopnuyio pazmeprocmov cdim(G) = d. Ecau maxozo yeaozo wuc-
aa d ne cywecmeyem, mo noaosicum cdim(G) = oo u bydem 2060pumsb, 4mo
epynna G umeem GeCKOHEUHYIO YEHMPAAUSAMOPHYIO PASMEDHOCTID.

Ormerum, uro pasercrBo cdim(G) = 00 cupaBeiInBo UPU X0Tst Obl 0JHOM
U3 CJICOYIONIAX YCIOBUMA:

e (G MMeeT CKOJIb YIOMHO JINHHBIE CTPOrO yOLIBAIOIINE ITEITOYKH [IeH-
TPaJIN3aTOPOB;
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e (G mMeeT DECKOHETHYIO CTPOTO YOBIBAIOIIYIO MEMOYKY TIEHTPATH3aTO-
pOB.

ITenTpann3aTop TMOAMHOXKECTBA MOPOKIAIONINX TACTUIHO KOMMYTATHB-
HOW IpyIIbl MBI OYIeM Ha3BIBATEH KAHOHUYECKUM UEHMPAAUSAITNODOM.

I'pynma G HazbiBaeTcst Tpymnoit 6es kpyuwerus, eCan jjist JII000ro Heen-
HUYHOTO 9JIeMeHTa ¢ rpyribl G u3 paseHcTBa g"" = 1 Bcerja ceayer paBeH-
crBo m = 0.

O6oznaunm yepes G’ kommyranT rpynnbl G. Tosopar, uro rpynma G nme-
€T UBOAUPOBUHHBIT KOMMYMAHM, €CTA PeIeHneM JT0H0TO YPaBHEHUS BUIA
=g, tnea€Zul#geG, apnaorcs smeMenTs TobKo n3 G

3ameuanue 1. Kaowodaa 4acmudHo KOMMYMATMUSHAA 2PYNNG ASAACMCH
2pynnol 6e3 KPYHEHUA ¢ US0AUPOBIHHBIM KOMMYMAHITOM.

TlosopsiT, uto rpynma G annpoxcumupyemces rpymmott H, ecau miist 1o60T0
HEEJUHUIHOTO dj1eMeHTa g € G cyiecTByer Takoii romomopdusm h : G —
H, aro h(g) # 1.

Ilycts g € G — HEKROTODSBIH 3eMenT Tpynibl G. Obo3Hadnm depe3 «(g)
— MHOKECTBO BCeX TOPOKJIAIOIMNX MPyHnbl (G, YIaCTBYIOIINX B 3aIICH 3JI€-
MEHTa ¢.

ITycte G — 9acTHYHO KOMMYTaTHBHAS TPYIIa ¢ IpadoM KOMMYTaTHBHO-
ctu I'. Pacemorpum rpad A — nsoiicteennslit rpad k rpady I'), V(A) = V(T)
U BEPIINHEL T4, ; € V(A) cMeKHBI TOr/Ia U TOIBLKO TOrIa, KOraa [z;, x;] # 1.
Jlerko 3ameruth, uro ecam A = Iy U ... U Iy, tae Iy, ..., [, — KOMIOHEHTEI
cesasrocTi rpada A, To s mobbix x1 € I w xg € I, i # j, [z1,22] =1
B rpade I'. st ssementa g € Gr oboznaunm depes A(a(g)) — MakcuMaIb-
ueIil moarpad (To ecth WHAYMpOoBaHHBI oArpad) rpada A Ha MHOKECTBE
BepiH a(g).

I'pynnosoti azvik Lgy — 9TO SI3BIK, COCTOSIINI U3 JBYXMECTHOrO (DYHKIH-
OHAJIBHOI'O CUMBOJIA - Jijisi 0DO3HAYEHUsI TPYIIIOBON OMepaIiy YMHOKEHWS,
OTHOMECTHOTO (BYHKIMOHAILHOTO CHMBOJIA — | (0Bpalrenue) 1 KOHCTAHTHOTO
cumsosia e (emununa rpymnst): Ly = {-, 7!, e}. Pacimmpenue sizbika £ muO-
KeCcTBOM 371eMeHToB Tpynnsl G: Ly, ¢ = LUG, Ha30BeM 2pYynnosuim A3uKoM
¢ koncmarnmamu u3 G. B rexkyieit pabore Mbl GyieM pacCcMaTpUBaTh TOJIBKO
cay4aii si3pika Ly ¢ (Tak Ha3bIBaeMblit An0haHTOB CIIydaii).

Snas 006mmii B/ 97€MEHTOB B JIBYCTYIIEHHO HUJIBIOTEHTHONW IPyTINe, MBI
rMeeM O0Iuil BUJ, ypaBHEHUsI OT OJHON repeMeHHoi x ¢ koadduruenTamu
g ¥ a HaJ JABYCTYIIEHHO HUJILIOTEHTHON rpymuoii: x%glz,al = 1, rue a € Z.
Ilon cucremoit ypaBHeHmii HaJl ABYCTYMEHHO HUJIBIOTEHTHON TPYIIOM MBI
Oy/ieM TOHUMATH MPOU3BOJIBLHOE HEIYCTOE MHOYKECTBO YPaBHEHUH HaJ 3TOi
CPYIIONA.

Touxka A € G™ HasbiBaeTca pewenuem ypasnenua s(X) asbika Lgp. G OT
n mepemeHHBIX X = {1, %2,..., %y} HaJ rpymnoit G, ecn G = s(A). Tou-
ka A € G" maseBaeTcs pewenuem cucmemsv ypasnenutd S(X) Ham rpym-
noit G, ecm A sIBASIETCST pelleHneM KayKJI0To ypaBHeHus cucreMbl S(X).
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MuoxkecTBo Beex pemennii cucrembr ypasuenuii S(X) HasbiBaror aszebpau-
weckum muootcecmseom Haj G u obosnagator yepes Vg (S(X)). e cucrembl
ypasrenuit S1(X) u Sao(X) a3b1Ka L) ¢ HABBIBAIOTCS 9K6UCLAEHMHbLMY HAJL
rpymnmnoi (G, ecau UX MHOXKECTBA, PEIEHUN COBITA A0T.

Ipynna G Ha3BIBAETCS HEMEPOBOL NO YPASHEHUAM, €CITA IS JTHOOOTO 11e-
JIOTO TOJIOXKUTEBHOTO N Jitobast cucrema ypasaenwii S(X) oT n mepeMeHHBIX
X sKBUBaJeHTHa CBOell HeKOTOpoi kKoHewHOil mogacucreme So(X) C S(X).
I'pynma G Ha3bIBaeTC HEMEPOBOT NO YPASHEHUAM OM 00HOT nepemennot,
win 1-némeposoti no ypasneruam, ecin Jaobas cucreMa ypapaernit S(x) or
OJIHO! NepeMeHHONM SKBUBAJICHTHA CBOEH HEKOTOPON KOHEYHOH II0JCHUCTEME
So(z) C S(x). Bymem TOBOpUTE, 9TO CHCTEMa YDABHEHUI HE SIBISETCS HETE-
POBOM IO ypaBHEHUIM, €CJIU OHA He 9KBUBAJICHTHA HUKAKOA CBOeil KOHeYHO#
[OJICUCTEME.

B |6, Jlemma 1| mpencraBien KpuTepuii HETEPOBOCTH [0 YPABHEHUAM 1711
GYHKIMOHATBHBIX aarebpandecKux CUCTeM. Be3 CyIecTBeHHbIX W3MeHeHu i
9Ta JIeMMa CIIPABEJJINBA U JIJI IPOM3BOJIBHBIX alre0PandecKux CUCTeM (CM.,
wanpumep, [9, JTemma 1]). Tlpusegem ee hopMysnpoBKy Jiist TPOU3BOJIBHOM
aaredpamIeckoil CUCTEMBI.

Jlemma 1. Auneebpauueckan cucmema A = (A, L) ne asasemca nemeposot
N0 YPAGHEHUAM M0200 U TOABKO 0200, k0206 HaToYmcs nocsedosamen-
nocmv asemenmos {a;tien, a; € A", u nocaedosamenvrnocmv ypagHenul
{si(X)}ien, X = {z1,29,..., 2}, aswra L maxue, wmo A [~ s;(a;) dan
scex 1 € N u A = si(a;) dan scex j > i.

51(X)
P S (X)

83 (X)

Puc. 1. Nnmocrpanusg K semme . llyakTupnaa JuHudg
mexay a; u $;(X) osnauaer, uro A B~ s;(a;). Cunomsast u-
Hust Mexkay a; u 8;(X) npu j > i oznauaer, uro A = si(a;).

Heopuenmuposanmvim epagom HasbiBaercs mapa Muoxects (V) E), toe V
— HEIYCTOEe MHOYKECTBO BEPIINH, a8 [/ — MHOXKeCcTBO HEyIOPsJOUYEeHHBIX T1ap
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ssiemenToB u3 V| HaszbiBaembix pedbpamvu. [Ipoussosibubiii rpad saBiasercs ai-
rebpam9aecKoil CHCTeMON HAJ A3LIKOM {E(Q)}, rae OmHapHLIi npegukar F
MCTUHEH HA Tape BePIUH U U ¥ TOrAA W TOJBKO TOT/A, KOTJAA U W U CMEYKHBI.
TMox zammceio «u € T's mbl Oygem umvers Beuay, uro u € V(I'). B pabore,
Hanpumep, [9] MOXKHO O3HAKOMUTHCS C HEKOTOPBIMH TIOHATHAME U3 yHUBED-
CaBHON anredpanvecKoil TeOMeTPHUH, TPUBEICHHBIMY B QIANTAIINNA HA S3BIK
Teopun TpadoB.

Onpenenenne 3 ([16]). ITyemv A — nodmmooicecmeo sepwun 6 zpage T.
Tozda opmozonaavroe donoanernue A onpedessemes caedyrouum 00pa3om:

At ={u el |Vac Adu,a) <1},

2de d(u,a) onpedessemea kar munumym cpedu 6cexr daun nymed, coedu-
HANUWUL SePUUHDL U U a. Feau u 4 a HAZOOAMCA 6 PASHLLT KOMNOHEHIMAL
ceaznocmu, mo d(u,a) = oo. Hosoosicum no onpedeaeruro B+ =T

®opmyauposka |11, Teopema 1| roopur Ham Jiuib 0 Hagdu4YnK GECKOHEY-
HO CTPOr0 YOBIBAIOIIIEH TEMOUKY IeHTPAIN3aTOPOB. OKa3bIBACTC S, CIIPABE/I-
auB Gosee o0t PE3yabTaT, MOKA3BIBAONIN, HAIPUMED, CYIECTBOBAHUE
TAKOM IEMMOYKN HA KOHEYHBIX MHOXKECTBAX 3/IEMEHTOB I'pynibl. Kpome Toro,
MMEEeTC s elle U Pe/l HOJIe3HbIX JJIst HAC CBOMCTB, CBA3bIBAIOIIUX 1I0J1Y YCHHYIO
LEIO0YKY LEeHTPAJIU3aTOPOB C UCXOAHON HeHeTepOBOd CUCTEMON ypaBHEHUI.
CdopmyaupyeM Bce 3TO U JOKAYKEM B BUJIE CJEMVIONIEH JIEMMBI.

Jlemma 2. ITycmov G — deycmynenno nusbnomenmuas 2pynna 6es kpyye-
HUA C UBOAUPOSAHHBIM Kommymanmom. Tozda caedyrowue ymeepoicoernus
IKBUBAACHMHDL:

(1) G ne asasemea nemepogot no YpasHeRUAM om 00n0T NePemennom;

(2) 6 G cywecmeyrom nocaedosamenvrocmu ypasrenut om 00nol ne-
pemennoti obwezo euda {x“ig;lz, a;] = 1}ieny u anemenmos {b;}ien,
ydosaemeoparouue semme 1;

(3) 6 G cywecmsyrom nocaedosamesbHOCmu YpasHenut om 0drotl nepe-
mennoti suda {[x, a;] = 1}ien u snemenmos {b; }ien, ydosaemeoparo-
wue aemme 1;

(4) 8 G cywecmeyem Geckoneunaa cmpozo YObBAVULAA YENOUKD YEH-
mpasusamopos C(A1) 2D C(A2) 2 ... D C(4;) 2 ..., ede A; =
{ai,...,a;}.

Zloxazamensvcmeo. IKBUBATIEHTHOCTD «1 <= 2» TpeacTaBager coboil aea-
my 1. Crencrsue «3 = 1y cIpaBeIInBO TakKxkKe B CHIy Aemmor 1. Craegcrsue
xKe «4 = 1y umeer MecTo UCXojd u3, Hanpumep, [11, Jlemma 2].

Ilepeitmem K goKazaTeabCTBY «2 = 4». Ilycrh B G CymIeCTBYIOT IIOCIE0-
BaTeabHOCTD ypasHenuit S(xr) = {x“ g;[z, a;] = 1},en 1 mocse10BATEIBHOCTD
aeMeHTOB {b; }ien Taxue, 4To b g;[b;, a;] # 1 nis Beex @ n b;“gz- [bj,a;] =1
st Beex j > 4. Pacemorpum npomssosibHOE ypaBHeHnue x%ig;[z, a;] = 1 cu-
crembl S(x) u bip1 — ero pemenne. Caenaem Bo Bceil cucreme S(x) 3aMeHy
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nepemennoit ¢ = b;1y. Torma (bi11y)*gi[biv1y, a;] = 1. Bosseass nepsyto
CKOOKY B CTENEHb M PACIUCAB KOMMYTATOD, MCIOJIb3ysi CBOWCTBA IPYIIIbI
G, nna mekoroporo y momyumM y“bit, gi[bit1, ailly, ail[biv1,y]” = 1. Tax
KaK bjy1 ABIAETCS PEIeHHeM 3TOro ypasuenus, 10 b7l gi[bit1,a;] = 1. To-
raa y*i[y, a;][bit1,y]” = 1. Honyaaem, uro y* = [a;, yl[y, bi+1]?. Cyas no
NOCJIEIHEMY PABEHCTBY M UCXOJA M3 TOTO, 9TO KOMMYTAHT rpymnbl G u30-
JIMPOBAH, 3HAYEHNE TePEMEHHON y 00513aH0 OBITH 3 KOMMYyTaHTa TPYIIEl G.
W3 onpenenenns aBycrynenHo HusbnoTenTHo# rpynst ([[f1, f2], f3] = 1 ma
BCex f1, fa, f3 € G) momyuaaem, aro y* = 1 wm, cregoBarenbHO, Tak Kak G
— rpymna 6e3 kpyuenus, o; = 0. Torma kaxjoe ypasHenue cucrembr S(z)
umeer Buj g;[z,a;] = 1.

Paccmorpum nepsoe ypashenue ¢1[z,a1] = 1 cucremsr S(x). Cuenaem Bo
Beeit cucreme S(x) 3ameny mepemennoii © = boy. Torma nepsoe ypasreHue
upumer Buj gi[bay, ai] = 1. Orcropa g1]b2, a1][y, a1] = 1. Tak kak by siBasier-
sl pelenneM 1oro ypasaenus, 10 gi[be,ai] = 1. Takum o6pazom, Mbl npu-
num K ypasaenuto [y, aq] = 1. Ilepeumenyem B nonyuennoii cucreme Si(y)
nepemennyto y B . Ormerum, uro cucrema S1(x) He ABJISIETCA HETEPOBOIL 110
YPABHEHUSIM.

ITepeiimem KO BTOpOMY ypaBHEHHIO g 1[x,as] = 1 cucremst S1(z). Orme-
THM, 9TO OHO, BOOOIIE TOBOPS, MOTJIO N3MEHUTBCSA B PE3Y/IbTATE IPEABLAY et
3aMeHBI IIEPEMEHHO} — OTCI0/Ia U IapaMeTp gz 1. PaceMoTpuM by | — pelnerne
NepBBIX JIBYX ypaBHeHwid (mcxonnoe bs yyke MOXKET He ObITh TAKUM pelle-
HEEM), KOTOPOe CYIIECTBYET B CHIY Aemmbi 1 st cucreMbl Si(z), He sB-
asttomeficst HerepoBoit mo ypasuenusiM. Cresaem B Sp(x) 3ameny x = b3 1y.
Torga, aHAJOTHIHBIME PACCY 2K IEHASIMHI, BTOPOE YPABHEHNE BO3ZMOYKHO IPH-

BECTH K BUJY [y, as] = 1. 3amerum, 9T0 BUJ MEPBOrO YPABHEHUS IIPU JIAH-
HOll 3amene ne u3Mmenutcs. leificrBurenbuo, umeem [b31y,a1] = 1. Torma
[b3.1,a1]ly,a1] = 1. 13 Toro, uro b3 sBIsETCS PEIIEHUEM [IEPBOIO ypaBHe-

HUs, TO ecTh (b3 1,a1] = 1, mosywaem [y, a1] = 1.

Takum 06pa3zoM, HpOOJIKAsL JAHHYIO HOPOIEAYPY, Mbl HOJIYyYUM IOCJIE-
N0BaTebHOCTh KoHedHbIX cucreM {S<i(x)}ien = {{[z,q;] = 1}j<i}ien 1
nocJIe0BaTeIbHOCTE 31eMenToB {{b;;}j<it2}ien. Pacemorpum mast mpoms-
BOJTLHOTO § KOHEUHYIO Tenouky MHOXKecTB A1 C Ay C ... C A;, tme A; =
{ai,...,a;}. Tlokaxkem, 4TO CrHpaBeINBa CJIEAYIONAsl KOHEYHAs [EN0YKa
Brioxkenuit nenrpamusaropos: C(A;) 2 C(A) 2 ... 2 C(4;). Heiicrsu-
TeIbHO, Jid mponsBosbHOro j < ¢ mssectro, 9ro C(A4;) O C(Aj41). On-
Hako C'(A4;) 3 bjt1,j—1 € C(Aj4+1). pu sTom 3amernm, 4ro ecnu Ay =
A;U{ait1}, o C(Ai41) nenycro u C(A4;) 2 C(Ai+1). Takum o6pazom, Tak
KaK ¢ IPOW3BOIbHOE, OBLIO TMOKA3aHO HAJINYME DECKOHEYHON CTPOTO yOBIBA-
tomieit renouku nerrpaauzaropos C(A1) D C(A2) 2 ... 2 C(4;) 2 ...

«4 = 3». Ilyctb B G mmeer mecTo OECKOHEUHAT CTPOTO yOLIBAIOIAS
nenouka nenrpamusaropos C(A1) 2 C(A2) 2 ... 2 C(4) 2 ..., tae

A; = {a,...,a;}. Iycrs by € C(A1) \ C(Ag). Torna wmaiimercs aeMeHT
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a; € Ag\ Aj Taxoit, 9To [l~)1, ap] # 1. Iyers by € C(A2) \ C(As). Torma naii-
ZeTcs d7eMeHT ag € As \ Ag Takoii, uro [Eg,az] # 1. Hecmoxxuo 3aMeTHTh,
9TO IPH 3TOM [BQ,al] = 1. Takum 06paszoM, OPOJOIZKAS JAHHYIO IPOIEILY-
Py, MBI 3aMe4aeM, 9TO CYIIECTBYET Mapa IOCJEIOBATEILHOCTEH 3JIEMEHTOB
{a;}ien m {IN)i}iGN TaKasd, 4TO [l;i,ai] # 1 nist BCeX § 1 [l;j,ai] = 1 g Bcex
j>i. O

3 Ilemouyku 1EeHTPAIN3aTOPOB B OECKOHEYHO MOPOXKIAEHHBIX
YaCTUYHO KOMMYTATUBHBIX TPYyIIHax

Panee B paborax [14] u [18] 6b10 HOKA3aHO, YTO CYIIECTBOBAHUE CTPOrO
ybObIBatOIEdl 1EM0YKH IEHTPAIU3TOPOB MaKCUMAJIbHOR JHbl d B IIPOU3-
BOJIBHOM CBOOO/IHOM KOHEYHO [IOPOXKJIEHHON YACTUYHO KOMMYTaTHBHOMN I'PyTI-
1€ 9KBUBAJIEHTHO CYIIIECTBOBAHUIO CTPOI0 yObIBAIONIEH ENoYKy JJInHbI d Ka-
HOHUYECKUX IeHTpasm3aTopos. Ha ocHose s1ux pabor B [19] 6bu1 Hosyuen
AHAJIOUUYHbIH PE3Y/ILTAT JijIsi KOHEYHO [OPOXKJIEHHBIX YaCTUYHO KOMMYTa-
TUBHBIX JIBYCTYTIEHHO HUJIBIOTEHTHLIX pynn. OOLeINHIM U HATTOMHUM 003
9TU PE3YILTATA B BUJIE CJAEYIONIEH TeOpeMbl.

Teopema 1. [lycmo G — xoneuno noposicdennan epynna. Toeda yenmpasu-
34MOPHAA PasmepHocb 2pynnot G DasHa 8bICOME PEULETTIKY KAHOHUYECKUT
YEHMPAAUSAMOPOE 8 CACOYOULUL CAYUUAL:

(1) [14, Teopema 3.3] G — c60600HaA HACTNUNHO KOMMYMATNUCSHAA 2DYN-
na;

(2) [19] G — dsycmynenno HUALNOMEHMHAA HLACTIUNHO KOMMYMATMUG-
naf 2pynna.

Ucnonp3ys 3Ty TeopeMy, TOKaKeM CIeICTBHE, TOBOPSIIEe HAM O TOM, ITO
JUTst JII000 CTpPOro yOBIBAIOIIEHN ITIEMOYKH IIEHTPAJIN3ATOPOB TTPOW3BOJILHOMN
JHBL (He 00s3aTe/TbHO MAKCUMAJILHON) CyIIECTBYET CTPOTO yOBIBAIOIIAS
[EemoYKa KAaHOHUIECKUX IEHTPATIN3ATOPOB TaKOM Ke JITUHBI.

Caencrsue 1. Ilycmos G — KwoHewno nopootcdennas epynna. Tozda das aro-
600 cmpozo Yyousauel Yenowky UeHMpPaiu3amopos KOHEYHYEL MHONCECTNE
anemenmos uz G cywecmeyem cmpozo yoveaowas Uenowks KaHOHUYECKUT
YEHMPAAUZAMOPOS MAKOT HCE OAUNDL 8 CACOYIOWUT CAYUAAL:

(1) G — ¢60600HaA YACMUNHO KOMMYMAMUSHAA 2PYNNA;
(2) G — dsycmynenno HUABNOMEHMHAA YACTNUYHO KOMMYMATNUSHAL
2pynna.

Jlokazameavemeo. U3 [33] usBecTHO, UTO BCE KOHEUHO MOPOXKJEHHBIE Ua-
CTMYHO KOMMYTATHBHBIE TDYIIIBI JUHEHHB, a u3 [17] — uTo Bce KOHEUHO
MOPOXKAeHHBIE IMHEHHEBIE TPYIITHI UMEIOT KOHETHYIO TIEHTPATN3aATOPHYIO Pa3-
MepHOCTE. [IoaToMy B TaHHOM JOKa3aTeJhCTBE HAM JOCTATOYHO PACCMATPH-
BaTh TOJLKO TEMOYKN KOHEUHON JJINHBI.

[Tycts B rpynme G mMeer MecTo menodka meHTpaan3aropos C(A) 2 ... 2

=

C(4A;). Ecau s1a nenodka meHTpa n3aTOpOB MaKCHMAJIBHON JJIHHBL, TO, 1O
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meopeme 1, B G cymecrByer nenodka nesrpaimsaropos C(X1) 2 ... D
C(X;) Takoi ke JJIMHbI HA MOJAMHOXKECTBAX MOPOXKIAMIIMX rpymibl G.
IIycrs menmouxka C(A1) 2 ... 2 C(4;) mHe MakcnmanbHO# JmHb B G.

Torna B G cymiecTByeT IEMOTKa MEHTPAJH3ATOPOB MAKCUMAIBLHON JIJTHHBL:
C(B1) 2 ... 2 C(Byg), tae d > . Kak 6b1710 y:Ke OTMeYEHO BHIINe, d — KO-
HewqHoe duciao. Torma, cormacHo meopeme 1, B G CymecTByeT IENOYKA I€H-
tpasnzaropoB C(X;) D ... 2 C(Xy) Takoit XKe JUIMHBI Ha TOMHOXKECTBAX
nopoxgaromux rpymmnsl G. B nenouke C(X7) 2 ... 2 C(X4) MBI MOKeM
pacemorpers noanenouky C(Xp) 2 ... 2 C(X;) rakoii e JIUHBI, 9TO U
ucxonnas nernouka C(A;) 2 ... D C(4)). O

[lasee B 9TOM IyHKTE MBI IIOKazKeM, 9TO meopema I CIpaBeIuBa U B CIIy-
Jae OECKOHETHOIO MHOXKECTBA HOpOokKjaonmx. bosee Ttoro, ormernm, aTo
€CM B I'PYIIe CyHIIeCTBYeT CKOJIb YIOAHO JyuHHAag (OecKoHedHad) CTPOro
yObIBAIOIIAsl 1EMOYKa MeHTPATU3ATOPOB, TO 3HAYNUT B ITOH TPyIIe CyIe-
CTBYET U CKOJIb YTOJIHO JiTMHHASA (6eCKOHEeTHAas1) CTPOTO yOBIBAIOIIAS [EMTOIKa,
KAHOHUYECKUX IeHTpan3aTopos. C Apyroil CTOpOHBI, HAM B JAHHON pabo-
Te HeOOXOIUM JIMIh CJIydail, Korja IeHTPaIn3arop Oepercs 10 KOHEYHbIM
mHO)KecTBaM (M. TyHKT 4 saemmos 2). C nesnbio n3beaHnsi TeXHUIECKUX
TPYAHOCTEN MBI OTPAHUINMCH ITUM.

BamMerTnM, 9TO PA3HOCTH MEXKY JABYMS PA3JIUIHBIMU KAHOHUIECKUMH T€H-
TPAJIM3ATOPAMY BCETIA COIAEPKUT XOTd ObI OMWH TTOPOXKIAONINA TPYIIIHL.
Cdhopmynupyer u JoKaxKeM 3TOT (PaKT, KOTOPBIA MPUTOIUTCA HAM jJajee; B
BUJIE CJIEJLYIOIIErO [IPEJIOXKEHMSI.

Hpenmoxenune 1. Iycmv X1, Xo — nodmmnoosicecmea noporcoaowur +a-
cmusto Kommymamuenot epynnoe G (603mooicHo GeckornewHo nopostcder-
noti) maxue, umo C(X1) 2 C(X3). Toeda moorcho natimu makot nopostcoa-
rowut x epynnw G, wmo x € C(Xs2) \ C(X1).

Jokasameavcmeo. Paccmorpum ssevent w € C(X2) \ C(X1). Torna mua
JE00bIX Y € X9 ClpaBeyIiBO PABEHCTBO [y, w] = 1 1 ciieoBaTeIbHO, TaK Kak
G 4aCcTUYIHO KOMMYTATUBHAS TPYIIA, JJIsl JTFOOBIX TOPOXKIAOIIUX & IPYIIIIbL
G, yuacrtByomux B 3amucu sjgementa w, [x,y] = 1. C apyroit croponsi,
cymecrByer Takoit z € Xi, uro [z, w] # 1, a 3HaUMT, ONATH XKE B CUJLY TOIO,
910 G YaCTUIHO KOMMYTATHBHAS IPYTIIA, CYIIECTBYET TAKOM MTOPOZK TAKOIITIL
x rpynnsl G, yIacTBYOIMUl B 3allUCU 37eMeHTa w, 910 [z, z] # 1. Takum
06pasoM, CyImecTByeT Takoi mopoxpatomuii & rpynmsl G, uto z € C(Xs) \
C(Xy). O

3ameuanue 2. Hcxods us npedaosicenus 1, xancdoti cmpozo ybuisaroweri
YENOUKE KOHOHUMECKUT UCHMPAAUZATNOPOE YACTNUNHO KOMMYMAMUEHOU
ZPYNNDBL MONCHO B3AUMHO 00HOZHAUHO CONOCMABUMS CMPO20 YOBLEAIOULYIO
YENOUKY OPTOZOHAABHHLL Jonoanenuti 6 ee epage Kommymamuenocmu. et-
CMEBUMENDHO, NOOMHONCECMEaM Noposcdaouur X1 1 Xo 4aCMUYHO KOMMY-
mamuenot epynno. Gr coomeemcmsytom nodmuoscecmsa sepuut X1 u Xo
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6 epagpe Kommymamuenocmu I'. A snawum, wmo ecau C(X;1) 2 C(X2), mo
Xi 2 X5

Cremytoriee mpeaoKeHne TOBOPUT HAM O TOM, ¥TO MPU HATHIHH OECKO-
HEYHON CTPOTO yOBIBAIOIIEH 1IEMOYKY EHTPAIU3ATOPOB, B3ATHIX 110 ITOIMHO-
JKECTBAM 2JIEMEHTOB, Mbl MOYKEM PACCMATPUBATHL DECKOHEUHYIO CTPOrO yOBI-
BAIOIIYIO IEeN0YKY HEHTPAIN3ATOPOB, B3STHIX 110 IPEACTABATENIAM U3 KazK-
J0r0 1I0AMHOXKECTBa 3/1eMEHTOB.

IIpennoxkenne 2. I[Iycme G — dsycmynenno HuAbNOMEHMHAA YACNUYHO
Kommymamusnas epynna, u 6 G cywecmsyem beckonewnas cmpozo youea-
WA YENOYKS UeHMPAAU3AMOPOs

C(D1) 2C(D) 2...2C(Dn) 2.+,

=

ede D; C Djiy. Toeda das nexomopwx a; € D1 u a; € D; \ Di—1 6 G
CNPABEAUBE BECKONEUHAA CNPO20 YOLIGAIOULAA UENOUKA YEHMPAAUZAMODOS

C(a1) 2 C(ar,a2) 2 ... 2 C(ar,a2,...,ap) 2 ...

=

Joxasameavcmeo. JIas Kaxk10T0 ¢ CyIIECTBYET TAKOM! b;, 9TO [IId BCEX Aj—1 €
D,_; cupasejyuso pasencrso [bj,a;—1] = 1 u [bj,a;] # 1 anst Hekoropo-
ro a; € D; (ogeBugno, uTo a; nomken 6uith w3 D; \ D;_1). Beibepem a; B
MHOXKeCTBe D1 MPOM3BOIBbHBIM 00pa3oM. Daement ag w3 Dy \ D1 BbiGepem
TakuM, 4robbl [ba, ag] # 1. Ilpojosizkasi JaHHYIO LPOLELYDPY, HOLYYUM Ta-
KYIO [OCJIEJ0BATENBHOCTD {a; }ieN, 9T0 B rpyune G cupasejinsa 0ecKoHeu-
Hag CTporo ybObiBaromas nernoudka nenrpanusaropos C(ay) 2 Clar,az) 2

=

.Clar,ag,...;a0) 2 ... O
N3 npedaoorcerus 2 B 4aCTHOCTH BBITEKAET

Caencrsue 2. Ilycmv G — deycmynenho HUALBNOMERMHAS YACTVUYHO KOM-
MYMAMUEHAA 2DYNNA, U A1, A2, ., Un,y ... — MAKAA NOCACOOBATMEALHOCTD
anemenmos epynnos G, wmo 6 G cnpasedausa beckoneuHas Cmpozo Youearo-
WGA YENOUKE UEHMPAAUSGTNOPOS

C(a1) 2 C(ar,a2) 2 ... 2 C(ar,a2,...,ap) 2 ...

=

Tozda Odaa 210607 MOHOMOHHO  603PACMAIOWET  TOCAECO0BAMENDHOCTIU
{ij}jen € N 6 G cnpasedrusa beckoneunan cmpozo yoveaOUAA YENOUKa
YEHTPAAUSAMOPOG

C(ail) D) C(ail,ai2) 2 ...C’(ail,aiz,...,ain) 2.

=

JlokaykeM CIEIYIONIYIO JIEMMY, ABJISIONIYIOCS KII0YeBOH B JAHHOM IIYHKTE.

Jlemma 3. Ilycmo G — deycmynenno HUABTIOMERMHAA YACTIUYHO KOMMY-
mamuenas zpynna. Tozda caedyroujue ymeepircoenun IK6USAACHIMHDL:

(1) G ne asasemea Hemeposoll NoO YPaGHEHUAM OM 00HOT TePeMENHOT;

(2) 8 G cywecmsyrom nocaedosameabHOCMU YpasHerut om odHotl nepe-
mennoli suda {[z,d;] = 1}ien u anemenmos {r;}tien, ydosaiemsopaio-
wue aemme 1, 2de d; u r; — nopoocdarousue epynnoe G;
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(3) 6 G cywecmsyem beckonenwnas cmpozo YovEaOULAH YENOYKE KAHO-
nuveckur yenmpaauszamopos C(D1) D C(Da) 2 ... 2 C(D;) 2 ...,
2de D; = {dy,...,d;} — nodmmnoorcecmea noposicoaowuz 2pynnot G.

Hoxaszameavemeo. Cregcreue «2 = 3» COPABEIJINBO B CHJIY CJIEJICTBUS
«3 = 4y u3 aemmor 2. O6paTHOE yTBEpXKIEHNWE «3 => 2% WMeeT MeCTO B
cuy «4 = 3» u3 aemmor 2 u npedaoosicerus 1. Cremcreue «3 = 1» BhITEKA-
er u3 «4 = 1y aemmn 2.

Hoxkazxem octasieecd «1 = 3». [Iycts G He aBageTcst HETEPOBOT IO ypaB-
HEHUSM OT OfHON mepemennoii. Torma, B cuny aemmour 2, B G cylecrByer
OeckoneuHasg CTPOro yObIBaIONIas TEIOYKa [EHTPAIN3ATOPOB

C(a1) 2 C(ar,a2) 2 ... 2 C(ar,a9,...,ap) 2 ...

Iycrb ¢ : G 3 a — {c1,c2,...,¢n,} C afa), e ¢; — Takue MOPOKIAIO-
e rpynnbl G U3 3anUCH SJeMeHTa a, 9To [¢;,q] = 1 mua Beex g € afa).
Ormernm, uto ecnm c(a;) = a(a;), o C(a;) = C(a(a;)).

1. Ecom cymiectByer rtakas GeckoHewHas 1o/ocieoBareabioctb I C N
aro s Beex © € I ¢(a;) = a(a;), To ¢ nomompio caedemeus 2 nepedigem
K paccmorpennto B G 6eckoneunoii nenoukn C(ai,) 2 Clai,,aiy) 2 ... 2
C(aiy, Gigs .- a5,) 2 ..., vae i € I, j € Nu s seex i € I ¢(a;) = ofa;). B
neJigX yuporienus obo3nadeHuii u 6e3 orpanundenus obmurHocTn Oyraem cau-
tarh 9T0 I = N 1 9T0 Takas Ienovka MeHTPAJIN3aTOpOB ObLIa y HAC W3HA-
JaabHO. PaceMOTpUM 9TOT ciydail mosaHee.

2. IlycTe Taxoit moamocaemoBaTeabHocT [ He cymecTByeT. Toraa cyite-
cTByeT Takas OecKOHeuHas mojmocaenosareabaocts J C N, uro jaas Beex

j € J claj) # ao(aj). Ananornano 6yaem cumrtars, uro J = N, um 9ro

crepytomias 6eckonednasi mernodka B G Obuta y Hac msnadaabHo: C(ap) 2

C(ar,a2) 2 ... 2 C(ay,a9,...,an) 2 ..., vae c(a;) # ala;) nas Beex

1. Torma KaKOplil 3716MEHT a; MOXKHO 3allICATh B CJICIYIOIIEM BHIE: 4; =

i Qi1 Qi2 - Qing, TAE G = H w (ecsm c(a;) mMycro, TO MONIOKUM
wec(a;)

¢; = 1), a ¢;; — Takoe ca0BO, UTO [¢;;,qik] = 1 mast Beex j,k = 1,n;,

( (¢ij)) — ces3ubiii Tpad. Bomee moapobHO ¢ maHHON TeMoil, CBsI3aH-
HO I“/'I ¢ 6yiokaMu w OJIOKOBBIM PAa3JI0KEHUEM, MOYKHO O3HAKOMUTLCH, HAIPHU-
mep, B [20, 21]. Ormerum, uro C(a;) = C(¢i,qi1,4i2s-- -, Qin,;)- Tak Kax
C(ay,az,...,a;) 2 C(ay,ag,...,a;,a;+1), TO CymECTBYeT TAKOH b;i1, 9TO
[biy1,a;] = 1 ans Beex j < 4, 1 [bit1,ai+1] # 1. CaepoBarensuo, [bit1,¢] =1
u [bit1,¢,;] = 1 ana Bcex j = 1,n;. Kpome Toro, nmeer mecto XoTs ObI
OJIMH BAapHAHT U3 CAEAYIONMX ABYX: [biy1,cCit1] # 1, wm [biy1, giv1,5] # 1
st Hekoroporo j € {1,...,m;11}. dist kaxkmoro b; 0o6o3HaunM depes p; Ta-
KOIf 9/7IeMeHT U3 MHOXKECTBa {Ci, ¢i1,---,qin, }, 970 [bj,p;] # 1. Torna B G
IMeeT MEeCTO OEeCKOHEYHAs CTPOro yOLIBAIOIIAA IENOYKa LIEeHTPATH3ATOPOB

C(pl) 2 C(plapZ) 2 e 2 C(p17p27"')pn) 2 o
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2.1. Ecnu cymiecrByer rakas 6eckonednas 1oguocieosaresbiocts I C N
40 Juid Beex © € I p; = ¢;, TO € LIOMOLUBIO caedcmeus 2 nepeiigemM K pacCMOoT-
pernto B G 6eckonevHoit crporo youiBatormeit nenoakn C(p;, ) 2 C(piy, piy) 2

2 C(piysPigs--»Pin) 2 ..., e i; € I. Jlnsa ynpomieHns obo3Haue-
HON ¥ He OTpaHWYMBas OOIIHOCTH OyIeM CUUTATH, UTO Takas IETMoYKa Y
Hac ObuTa m3HAYaTbHO W obo3HaumM ee depe3 C(a1) 2 C(aj,a2) 2 ... 2
C(ay,az,...,an) 2 .... OueBugHO, 9TO B JaHHOM caydae c(a;) = a(a;) u,
TakUM 00pa30M, MBI TIPUILIN K CAydaio 1 BhIIe.

2.2. Ilyctv Takoit moamocienoBaTenpHocTn [ He cymectByer. Torma cy-
MECTBYET TaKasd GecKoHeTHas TOAToCaem0BaTe bHOCTh J C N, 7T0 115 Beex
J € J pj # c¢j. C momomplo caedemeua 2 nepeiizieM K paccMoTperuto B G bec-
KOHEYHOH HEelouKH C(pjl) 2 C(pj17pj2) 2.2 C(pjupjz? s 7pjn) 2
rae j; € J. Anagorngano 6ygeM cantarh, 9To J = N, 0 9T0 Takas Memnovka
y Hac ObLTa ¢ camoro Hadanga u obosmadnm ee depes C(ay) 2 Clag,az) 2
...2C(a1,a2,...,ay,) 2 .... OT™MeTuM, uTO B maHHOM ciaydae c(a;) # a(a;)
u A(a(a;)) — cBasusrit rpad.

Takum obpazom, aj1st HECKOHETHOH CTPOTO yOBIBAIOIIEH IEMOYKHN IEHTPA-
muzaropos C(ar) 2 Clar,a2) 2 ... 2 Clay,az,...,a,) 2 ... UMeeM JBa

B3aNMOUCKJ/IIOTAIOIMNX CJIydad:

o s sioboro ¢ € N ¢(a;) = afa;) (1w 2.1);
o s siioboro ¢ € N ¢(a;) # ala;) n A(a(a;)) — cBsasueiit rpad (2.2).

B nepsom cayuae mogoxmm Dy := afay) 1 D; == D;_1 U a(a;). Tax xax

C(ay,az,...,a;) 2 C(ay,az,...,a;,a;+1), TO CyIIECTBYeT TakKOW b;i1, 9TO
[bit1,a;] = 1 st Beex j < @, w0 [biy1,ai41] # 1. Yaureisas, 910 1Id Kaxk-
noro i € N c(a;) = a(a;), nonyaaem: [bit1,¢] = 1 anst Beex ¢; € afay) U

alag) U...Ua(a;) w [bit1,civ1] # 1 masa wekoroporo c¢ir1 € afa;y1). Ta-
kuM obpasoMm, B G cipaBe/inBa DECKOHEUHAsT CTPOrO YOBIBAMOMIASA [TETOUKA,
KaHOHMUeCKX enrpamusaropos C(D1) D C(Dy) 2 ... 2 C(D;) 2 .... o
npedaooscenuro 2B G cynecTByeT u OECKOHEUHAS CTPOTO YOBIBAOIIAS TEIT0U-
Ka KaHoHudeckux nenrpamusaropos C (D) 2 C(D2) 2 ... 2 C(D;) 2 ...,
rae Dz = {dl, ce ,dl}

[Tepeiinem ko Bropomy ciayuaro. [To «4 = 3» u3 semmor 2 B G cymiecTBy-
er Takas M0C/IeJ0BATEbHOCTE 31eMeHTOB {b; }icN, uro g jroboro @ € N
la;,bi] # 1 n naa mobsix j < @ [aj,b;] = 1. Tlomoxum Dy := {d;}, tne
dy € «a(ay) Takoit, uro [dy,b1] # 1. Ecau cymecrByer Takasi 6eCKOHEUHAST
nonocaesoBarenbaocTs [ C N\ {1}, aro [dy,b;] = 1 mnst Becex @ € I, To
nepeiigeM K Heil U pojiesiaeM TaKyIo ¥Ke TMPOIeIyPy JJIsl CIEAYIOMIEro dyin] -

IIycts Takoit nomanociaemosaresbuoctu I Her. Torma paccMoTpum 6ecko-
Heumylo noxnoctenosarenbuocts J C N\ {1} takyo, uro [di,b;] # 1 mas
Beex j € J, u nepeiinem K Heil. bes orparudenus obmiHocTH Oy/eM CUUTATS,
gro J = N\ {1}. Bamernwm, aro a(a;) C a(b;) s Beex @ > 1. eifctBuTens-
HO, Beb [a1,b;] = 1 u [dy, b;] # 1 nuist Beex @ > 1, a 970 3HAYIHUT, 9TO b; MOKHO
3alucaTb B BUIE b; = a’f ~wj, tne k € N u [w;,a1] = 1. Torga obo3naanm
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qepes b; SJIeMEHT, TIOJIYIeHHBIH U3 b; yIATeHIeM U3 ero 3aIicu BCeX IMOPOzK-
marormux n3 MHOKectBa v(aq) \ {d1} ¢ coxpanenmem Bceit 0CTATBHON 3aITHCH.
BaMernM, 4TO 15 JI00r0 i > 2 HeBO3MOXKHA cuTyanus |ag,b;] # 1, Beipb
TOTJIA BBIXOIHUIO GBI 9TO ag = ab 1715 Hekoroporo | € N, a 370 HeBO3MOKHO,
TaK Kak [az,ba] # 1 u [a1,be] = 1. Kpome TOrO, HEBO3ZMOKHA M CHTYyAIIUsT
[ag, 132] = 1: B TaKOM CJIydae BBIXOAUJIO Obl 9TO [ag,q] # 1 mig HEKOTOpOro
q € a(a1)\{d1}, aBenp [ag,b;] = 1 mag Beex i > 2, u npu s1oM a(ar) C a(b;).

IIpogomzKasa TaHHYIO HOPOIEAypPy, Mbl HOIYYUM TaKylO MOOCIETOBATEb-
HoCTh mopoxkaomux {d;}ien, Mt Koropoit B G crupaseyuBa GecKoHed-
HasT [EMOTKA CTPOro YOBIBAIOIINX KAHOHIIECKUX TeHTpann3aTopos C(Dy) 2

C(D2)2D...2C(Dy) 2 ..., e Dy = {dy, ..., d;}. O

=

B pa6ore [19] 3 moKa3aTeqbCTBA OCHOBHON TEOPEMBI CJIEIYET, UTO JJIsT KO-
HEYHO TOPOXKIEHHBIX YACTUIHO KOMMYTATHUBHBIX IPYIII CTPOTOE BKJIIOUEHUE
[IEHTPAIU3ATOPOB, KAK MOJIMHOXKECTB 3JIEMEHTOB, B CBODOTHOM CJIy4Yae U B
cydae JIBYCTYHEHHO HUJIBIIOTEHTHOrO0 MHOroobpasus sxsuBajienTHbI. Cdhop-
MYJIIDYEM U JIOKaXKeM aHAJIOIUYHOE YTBEPIKJEeHUE [jisi HECKOHEYHO TTOPOXK-
JIEHHBIX [PYIIIL.

Ilpennoxxenme 3. ITycmv X = {x1,22,...,Zp,...}, G — Geckoneuno no-
POdICIEH 1A CEODOOHAA UACMUYHO KOMMYMAMUBHAA 2PYNNG C MHONCECTNEOM
nopooicdarowur X u epagom xommymamusrnocmu I', uw G, — beckoneywro
NOPONCIEHHAA YACTNUNHO KOMMYMAMUSHAA JBYCYNENHO HUALNOMEHTHAA
2PYNNa ¢ mem oice MHOodCeCBoM nopoosicoatowur X u mem oce 2pafom
xommymamuenocmu I'. Toada das mobozo m € N u a0bwur ssemenmos
Tiyy Tigy o+ s Tiyy Lipyy € X

Cg($i1,$i2, ce ,x,‘m) 2 Cg(xil,a:ig, ey xim,ximﬂ) <

CGN2 (xh y Ly e vy xirn) 2 CGN2 (xiuxiw sy Ly s xim+1)'
,ﬂO%aé’Gme/LbcmGO.
«e». Mlyers Oy, (Tiy, Tigy - Tig) 2 Oy, (Tigs Tigy v s Ty Tiyy) AT

HEKOTOPBIX 371eMenToB x;; € X u ama nexoroporo m € N. Torya cymecrsyer
TaKoii asementT g € Gy,, 9T0

b [Qaﬂﬁij]GNg =1lanaseex 1 <j<m;m
® [9,%ip ]y, # 1.
Jast x € X Mbl uMeeM

n
In

Cay, (@) ={zjja}2 .. .2} 1'[[;1:;1,,xt]g’l‘\j2 |z, € X,ri,sps € Lyr; =0,

ectn [z, Tilay, # 1}

T2 7, Sp,t
Torma ecim g mveer nopManbHyio Gopmy g = 27 2l .. 2l [z, 4] Gy TO
e r; = 0 gy Beex Takux ¢ € {1,2,...,n}, uaro [$iv$ik]GN2 # 1 nns

Hekoroporo k € {1,2,...,m}; u
o 1 # 0 aaa taxnx | € {1,2,...,n}, 9to [z, %4, |Gy, # 1.
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Bamernm, uro HepaBencTso 1; # 0 Baeder [$l,{l}ij]GN2 = 1 g BCcex
Jj € {1,2,...,m}. Tockonbky G u G, ume0oT OxuH rpad KOMMYyTATHUB-
HOCTH, I] € Cg<$i1,$i2, R 7$im> n I ¢ Cg(acil,a:ig, e xim,ximﬂ). Takum
obpazom, Ca (i, Tiy, -+ - Tipy) 2 Cal®iy, Tigs - oy Ty s Tiny iy )-

«=». Iycts Cq(@iy, Tigs - -+ Tin,) 2 Ca(Tiy, Tigy - - oy Tiyy s Tiyyy ) AT HEKO-
TOPBIX 371eMeHTOB x;; € X m aya nekoroporo m € N. Torga cymecrsyer
Takoit ssiement g € G, 9T0

o [g,7lc=1nmamBcex 1 <j<m;m
hd {g7xim+1}G 7é 1
U3, mampumep, [34] Ham usBecTHO, uT0 ecim H ¢BOGOIHAS TaCTHIHO KOM-
MyTaTuBHas rpynna u x,h € H u x — nopoxpaomwuii, To [x, h|g = 1 Torua
U TOJBKO TOTA, Korjaa [z, x|y = 1 1yia Beex mopoxKaaiomux ', BCTpedaio-
IIUXCST B 3aMUCH A MHUHAMAJBLHOHN minHbl. TorTma cymecTByeT Takoi mopoxK-
npatoruit y € X, 4ro
o [y,7ilc=1namaBcex 1 <j<m;m
hd [y7x’im+l]c 7é 1.
IMockonbky G u G, umeror ojgus rpad KOMMYTATUBHOCTH, 3aMETUM, YTO
° [y,xi].]GNz =lanascex 1 <j<m;m
® [y7xim+1]GN2 # 1.
Takum 06pazom, y € Cay, (Tiy s Tiyy s i, ) TY € Cay, (Tiys Tiyy ooy Ty, T
TaK 4YTO CGN2 (acil,a%, ceey xim) Q CGN2 (acil,xig, ey wim,l'ierl).

Tm+1 )7

Crenyromias Teopema siBjsiercs 0000IIeHHeM caedcmeus 1 u, COOTBET-
CTBEHHO, meopembs 1 Ha caydail 6ECKOHEYHO MOPOXKJIEHHBIX YACTUIHO KOM-
MYTATHBHEIX TPYIIIL.

Teopema 2. IIycmv G — Koneuno (uau Geckoneuno) noposcoennas c6o-
600naa (uau dYCMYNEHHO HUABNOMENMHAA) YACTIUYHO KOMMYMATUCHAA
epynna, d — KOHEYHOE NOAOHCUMEAbHOE Ueaoe wucao. Tozda ecau 6 G cywe-
CMEYem cmpo2o Youieauas UenowKs UeHMPAAU3AGMOPO8 KOHEUHOT OAUHDI

C(A1) 2 ... 2 C(Aq),

2de A; — KoHeundle MHONCECMBG dnemenmos 2pynnvt G,
mo 6 G umeemca cmpozo YooeaouLes UeNoYKs KAHOHUYECKUT UEHMPAAU-
3amMopos maxot sce dauHvl

C(X1) 2... 2 C(Xa),

2de X; — KoHeuHble NOOMHONCECTNEA NOPOHCOGOUWUT 2pynnsl G.
Kpome mozo, ecau 6 G cywecmeyem beckonewHnas cmpozo Youearowas
YENOYKa UEHMPAAUIGMODOE

C(A)2...20(A) 2 ...,

2de A; — KoHeunvle MHONCECMEBG dnemenmos 2pynnvt G,
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mo ¢ G umeemcs beckoHewHaA cmpozeo y6m6afougaﬂ uenovka KaHoHue-
CKUT Uernmpaau3amopos

C(X1)2...20(Xa) 2 ...
2de X; — KoHeuHble NOOMHONCECTNEA NOPOHCOGOUWUT 2pynnsl G.

Joxasamesvcmeo. Pazobbem 10Ka3aTeibCTBO HA [ABA ITYHKTA: HEPBLIH MBI
MOCBATUM CTPOTO yOBIBAIOIIEH IEIIOYKE IEHTPAJIM3ATOPOB KOHEIHON JIJINHBI,
a BTOPOil — HECKOHEYHOM CTPOTO yOBIBAIOIIEl IEITOYKE EHTPAIN3ATOPOB.
1. Ilyere B G cymecrByer nenouka nenrpanusaropos C(A;) 2 ... 2
C(Ag) xoHeuHO jmHbL, 1€ Bee A; — KOHEYHBIE MHOXKECTBA JIEMEHTOB U3

- d -
G, nnycte A = |J Ai m a(A) — MHOXKECTBO BCEX HOPOXK/IAOIIUX IPYIIIIBL
i=1

G, KOTOpBIE YUACTBYIOT B 3amucsx sjaemerToB u3 A. Ouesumno, aro a(A)
koHe4HO. ITocTpouM Qeomp(A) 1o caegytomemy anropurmy. B nadasne noso-

KM acomp(fl) = «a(A). Paccmorpum muoxkecrso D1 = C(A2) \ C(Ay) # 0.

Ecau B D) He cymectByer Takoro smementa dp, aro a(d;) € a(A), To mo-

JOKUAM Oeomp(A) = Qcomp(A) U a(dy) st mekoroporo dy € D, unaue ocra-
BUM Qcomp(A) Ge3 m3menernns. [l BceX MOCHEYIONAX § MO MHOKECTBAM
D; = C(Ai+1) \ C(Ai) # 0 Mpr pacmmpsieM eomp(A) OMECAHHBIME BBILIE
neiicreusamu. B pesysnbrare 6ygeT IOCTPOEHO HMOAMHOMKECTBO (icomp(A) mO-
POK TAOMKX rpynnbl (G, KOTOPOE IPUTOIATCS HAM JTAJIee.

PaccMOTPHM KOHEYHO TIOPOZK ICHHY IO YaCTHYIHO KOMMYTATHBHYIO IIOIPYII-
ny G < G Ha MHOXKeCTBe IIOPOZKIAIOMINX Qleomp(A). U3 mocTpoeHust ceomyp(A)

B moarpynie G MMeeT MecTo Iemnodka IenTpanns3atropos Cx(Ar) 2 ... 2
Ca(Aqg). Torpa o caedemeuro 1B G CyLIECTBYET LEMOUKa IEHTPATII3aTOPOB
Ca(X1) 2 ... 2 Ca(Xq) Toil 2Ke OIMHBI Ha MOIMHOKECTBAX TTOPOZK TAIOITIX
rpynmbl G, TO eCTh HOJMHOKECTBAX acomp(fl), a 3HAYUT U TOMHOXKECTBAX
MHO2KECTBA BCEX MOPOKIAONUX Tpymibl G.

2. llycre G — nByCTYIEHHO HWJIBIOTEHTHasi rpymnmna, u B G uMeercs Iie-
nodka reHTpaan3zaropos C(A1) 2 ... D C(Ag) 2 ... OECKOHETHON JJIHHBI,
rae Bce A; — KOHedHble MHOMXKeCTBa 3meMenToB u3 G. CormacHo aemme 2,
rpynna G He SBJISIETCS HETEPOBOM 0 ypaBHEHUSM OT OJIHOHN IepeMeHHOi.
Torya o semme 3 B G cymiecTByer GecKOHeYHas IMENOYKa CTPOTO yObIBa-
FOIUX KAHOHUYECKUX MEHTPAJU3ATOPOB KOHEUHBIX OJIMHOXKECTB TOPOXKIa-
OIX. AHATOTHYHBIN Pe3yabTaT g CBOOOAHOM JaCTHIHO KOMMYTATUBHOMN
[PYIIIbI MBI UMEEM TIOCPEICTBOM 7PEOAOHCEHUSA 3. (]

4 HeTepoBOCTh IO yPAaBHEHUAM JJId YACTUIHO
KOMMYTATUBHBIX JIBYCTYIIEHHO HUJABMOTEHTHBIX TPy

Ounpexnesenne 4 ([26]). [lyems A — npoussoavHoe accouUAGMUBHOE KOADUO
¢ edunuyeti. Pesyavmam deticmeus o € A na g € G 6ydem sanucvisams
6 sude g*. I'pynna G naswveaemcsa A-cmenennot epynnot, uasu A-epynnot,
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ecau va G 3adarno deticmeue Koavua A, ydosaemeoparowee caeoyrouum ax-
CUOMAM:

9'=9,9"=11"=1,
g* P =g%g%, ¢*f = (¢*)°

(h—lgh)a _ h_lgah,
l9,h] =1 = (gh)* = g"h",

oas 6cex g, h € G ua, f € A. ITocaednior arcuomy, esedernyto 6 [26], nasvi-
satom MR-axcuomot. Ecau evinosrenv ece axcuomot, xpome MR-axcuomo,
mo epynny G nazwearom cmenennol A-zpynnot no JTundony [27].

loBopsiT, 9T0 HEHyIEeBON dMeMenHT « Koablia A deticmeyem mouno na G,
ecim G* # 1. Konbro ckansipoB A pefictsyer Touno Ha G, €CaH KaxKIbIi
HEeHyIeBoit ameMenT n3 A metictsyer TounHo Ha G.

IIyets G u H — A-rpynmet. Toraa romomopdusm ¢ : G — H HazbIBaeTCst
A-zomomopgusmom, ecmm P(g®) = (¥(g))* nas awobbix g € G u a € A.

Bynem rosoputs, uto A-rpymma G anmpokcuMupyercs A-rpymmnoit H, ecin
JUIsE JTF000T0 HEeIMHIYHOTO 3jeMeHTa g € G cymecrByer A-romomopdusm
¥ : Gr — H rakoit, aro ¢ (g) # 1.

Bcerogy nanee gepes Fo mbl Oyaem 0603Ha4YaTL CBOOOAHYIO ABYCTYIIEHHO
HUJIBIIOTEHTHYTO TPYIILy paHra 2, a depe3 F3’ — cueTHyI0 OPAMYIO CTeIIeHb
E.

N3 [25, Jlemma 1] wam u3BecTHO 06 ANpPOKCUMUDPYEMOCTH TTPOU3BOJIb-
HOW KOHEYHO TMOPOXKIACHHON YacTUIHO KOMMYTATUBHON JBYCTYIEHHO HUJIb-
noTeHTHOH Q-rpynnsl rpymmoit Fy. O6o6IuM 3ToT pe3ysibrar Ha caydan Dec-
KOHETHOTO MHOXKECTBA TTOPOXKIAIONTINX W TPOU3BOJIHHBIX KOJIEIT CKATSIPOB:

Jlemma 4. Cnpasedausn, caedyroujue ymeepicoenua:

(1) scakaa (6 mom wucse u BECKOHEUHO NOPOHCOEHNAR) UACTIUYHO KOM-
MYMAMUEHas dsycmynenno nuavnomenwmmuas A-zpynna Gr annpox-
cumupyemes A-epynnoti Fy mozda u moavko mozda, xoz2da Koavyo
craaapos A maxoe, 4mo eepna cAeoYIOWaAs NApa UMNAUKAUUT:

Va € A(3g € Gr(¢g® # 1) = Jw € Fh(w® # 1)),

Va € A(Jg € Gr(g* # 1) = Jwy, wy € Fy([wy, wo]* # 1)),

ede G — wommymanm epynnv Gr;

(2) scakaa (6 mom wucse u BECKOHEUHO NOPOHCOEHHAA) HACTIUYHO KOM-
MYMAMUBHAA J8YCMYNEHHO HUADNOMENMHAA L-2DYNna annpokcl-
mupyemca  c60600not  deycmynenno Huavnomenmuol  ZL-epynnot
parea 2;

(3) scaran (8 mom wucse u 6ECKOHEUHO NOPOHCOEHHAA) HACTUYHO KOM-
MYMAMUBHAA J8YCTNYNEHHO HUALNOMENTMHAA L-2PYnna ABAAEMCA
nodepynnoti Fs’.
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ITapy mmmmkanmit u3 nyukra 1 MokHO 1mepedOpMyIMPOBATE, HALIPUMED,
CIEAYIOMMM 00pa30M: «KaXKJblil 3JIeMeHT KoJiblia A, meficTBytommii TO4HO
ua rpymmne Gr, geficTByeT TOUHO U Ha Fb» M «KaXXABIl 3JIeMeHT Kojblia A,
JEUCTBYIOMINWI TOYHO HA KOMMYyTaHTe Tpymnbl Gr, JAeficTByeT TOUHO U Ha
KOMMYTaHTe TPYIIbl Fhy. JIoKaXeM 9Ty JeMMYy.

oxazameavcmeo. 1. =. JIoKa3aTeILCTBO B 3TY CTOPOHY B II€JIOM ITOBTOPSIET
cxeMmy nokasarenbersa |25, Jlemma 1]. Ilyers I' — npomssosbablil rpad, Gr
— YACTUIHO KOMMYTATHBHAdA JBYCTYIEHHO HUJILIIOTEHTHasd A-Tpymma, mo-
crpoennas o rpady I, Fy mopoxmaercst MuoKecTBoM {y1, yo }. Heobxommmo
MOKA3aTh, 9TO JJIs JTIO60T0 HEETHHUIHOTO 31eMeHTa g € Gr cyiecTsyer A-
romomopdusm ¢ : Gp — Fy takoii, ato ¥(g) # 1. llyers Gp mopoxgaercst
MHOZKeCTBOM X (BO3MOYKHO GECKOHEUHBIM ), I HECTUHUIHBIH 971eMenT g € Gp
umeer Bug g = 7' ... z0" ] [:r:i,xj]ﬁij, e Ii,...,Ty — SJIEMEHTbl U3
1<i<j<n

X.

Paccymorpum mBa corygas.

1) Hycrs cymecrsyer ap # 0 rakoe, uro z3* # 1. Torpa 1o nepsoii
UMILIMKAIMK U3 YCJI0BUS CylIeCTByer ¢i1oBo w(y1,y2) € Fy takoe, uro w #
1. Oupenenum orobparkenue Y CAeAYIONUM 00Pa30OM:

T — w, x;— 1 aaa i # k.
OdgeBuHo, 9T0 00pa3 v/IeMeHTa ¢ HeenuHUIYIeH. HeTpyamo nposepurs, 910
9TO 0TOOpaXKEeHHE ABIIeTCs A-TOMOMOPMUIMOM.
2) Ilycrs o = 0 wim :cf" =1 ana Becex ¢ = 1,...,n. Torma smemenT g nMe-

ereun g = [[ [zi,24]%. Cremosarensro, cymectsyer By # 0 Takoe,
1<i<j<n

aro [z, 2] # 1. Torma mo BTOPOH MMILTHKAIIMH U3 YCJIOBHS CYIIECTBY-
o1 cnoBa wi(y1, y2), w2 (y1,y2) € Fy maxue, uro [wi,ws]?* # 1. Ilocrpomm
oToOpaykKeHue ) CJIeyNmUM 00pa3oM:

Tp > Wy, Tp— we, x> 1 aas i £k wui#t.

Jamnmoe oroGpaskenne mepeoanT [Tk, 2% B [wy, we] # 1. Herpymmo
MPOBEPUTH, UTO OHO ABJAETCH A-ToMoOMOPDUIMOM.

<. TlycTh ok HA epBasg NMILTAKAIIS, TO €CTh, CYIIEeCTBYIOT o € A g €
Gr rakue, uro g¢ # 1, Ho pu oM 15t sioboro w € Fo w® = 1. Torga ans
moboro A-romomopduszma 1 : Gp — Fy, ouesugno, ¥(g%) = (¥(g))* = 1.
CrenoBarenbao, A-rpynna Gt He annpokcuMmupyerca A-rpyimoit Fo.

ITycTb 0k HA BTOPAsS MMILIKAILIWS, TO €CTh, CYIIECTBYIOT @« € A g € G’F
takue, 9o g% # 1, HO npu 3TOM JyIst HOOBIX CII0B w1, we € Fo [wy, we|* = 1.
Tak kak Gp — 4aCTUYHO KOMMYTATHBHAS JBYCTYIIEHHO HUJILIOTEHTHAA A-
rpymma, o g = [[ [z, xj]ﬁiﬂ', TJE X1, ..., Ty — JTEMEHTHI U3 MHOXKECTBA

1<i<j<n

mopoxaatorux rpynmsl Gr. Ipeamonoxum, arto ¢ : Gp — Fy — Takoit A-
romomopdusm, aro ¢ (g) # 1. Torna mst HekoTopbIx map ;, z; (1 <i < j <
n) TOpOK TaoNwX rpynmsl Gr ¥ (x;) = w;, ¥(x;) = wj u [w;, w;]% # 1, e
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wi,wj € Fy. Torga, ¢ ucnonssosanuem MR-akcuombl, XoTs Obl 1715 OHOM
napel i, j ([wi,wj]ﬁij)a # 1. C apyroit croponbr, Tak kak Gr ABYCTyNEH-
HO HUJILIIOTEHTHA, [wi,wj]ﬁij = [wi,wfij | u, yunreiBasi panee 10JyYEHHOE
HEPABEHCTBO, [wi,wf 9] £ 1. Iloayunnu OpOTHBOpPEYHE C TeM, YTO MBI U3-
HaYaJIbHO MPE/IMOJIATA/IN, YTO HE CYIIECTBYET Haphl CJA0B W1, W € Fy Takoii,
qro [wy, wa]* # 1.

Takum obpazom, nyakT 1 gaHHOM JeMMbI JTOKA3AH.

2. Kosib11o ckansgpoB Z, 049€BU/IHO, JIEUCTBYET TOYHO HA Ipyiie Fo, mosTo-
MY COpaBeIMBa TepBasi UMIIMKAIWS W3 yTBepxKjaeHus myHkTa 1. Kpome
TOTO, B KadeCTBE 3JIEMEHTOB w1, Wz € Fh M3 BTOPOH MMIIMKAINN MOYKEM
B34Th Y1,Y2 — HOpoxKAawomue rpynnsl Fo. Takum obpazom, yTBep:KIeHUE
MYHKTa 2 CJIeAyeT U3 MYHKTa 1, TOKa3aHHOTO BHIIIIE.

3. Pesynprar [1, Jlemma 1.6.2] o cyTu rOBOPUT HAM O TOM, UTO TIPOU3BOJIb-
Hag rpynna G annpoKCUMUpYyeTcs rpyimnoil H Toria u ToJIBKO TOra, KOria
G BRJIQJIBIBAETCST B HEKOTOPYIO MPIMYIO (BO3MOXKHO OGECKOHEUHYIO) CTEIeHb
rpyunsl H. W3 sTtoro dhakTa un yKe TOKA3aHHOTO BBHIIIE IMYyHKTa, 2 HEIIOCPE-
CTBEHHO CJIeJIyeT TYHKT 3. (]

]Ot

Bameuanue 3. Ecau dsycmynenno nusvnomenmmuas epynna G aeasemcs
nodepynnoti 3 daa nexomopozo koneunozo namypaavozo n, mo G neme-
posa no ypasnenuam. eticmeumenvno, epynna F3' xoneuno noposcdena, a
3HAUUM U HEMEPOBA NO YPASHEHUAM (CM., nanpumep, |3, 4, 8|). Jhobas noo-
2pYNNa Hemeposoti No YPASHEHUAM 2PYNNLL 68 C6010 0uepedv MaxsHce Heme-
posa no ypasuenuam (cm., nanpumep, [3]). Taxum obpasom, ecau wacmum-
HO KOMMYMAMUEHAA 08YCMYNEHHO HUADNOMEHMHASL 2DYNNA He ABAACNCA
HEMEPOBOU NO YPASGHEHUAM, O OHG HE ABAACTNCA NOOPYNNOL 6 2PYNNax
F3' Oas ecex KomeunulT HAMYPAALHOIT N, U, NO NYHKMY 3 AEMMOL 4, ACAA-
emcsa nodepynnot umenno ¢ F3.

Kak 6b1710 0TMeUeHO BO BBeJeHUH, U3 paboThl 3] HAM M3BECTEH CIIETYIO-
U BOIIPOC: JJIA KAKWUX TPYI U3 HETEPOBOCTH IO YPABHEHUAM OT OJHOM
epEMEHHOM CJeIyeT HeTepoBOCTb 10 ypaBHenusiM? Cienyromias TeopeMa
JaeT MOJOXKUTEJBHBIA OTBeT Ha 3TOT BOIIPOC IJId CAydasl YaCTUYHO KOMMY-
TATUBHBIX JABYCTYIIEHHO HUJIBIIOTEHTHLIX IPYIIN U [I03BOJISET [IPU UCCJIe0Ba-
HUU BOIIPOCA HETEPOBOCTH 10 YPaBHEHUAM JJId TaKUX I'PYII PaCCMaTpUBATL
TOJIBKO CUCTEeMBI YpaBHEeHWI OT omHol mepeMennoit. BoJsiee Toro, ¢ ydaeTrom
AEMMDL 2, OHA CBOIUT PACIO3HABAHNE HETEPOBOCTHU TI0 YPABHEHUIM K BOIIPO-
Cy CyIecTBOBaHUS OECKOHEYHOU CTPOro yOBIBAIOIIEH IENOYKN [TeHTPAIN3a-
TOPOB.

Teopema 3. Bcakas 4acmu4Ho KOMMYMAMUEHAA 08YCTYNEHHO HUALTLO-
MEHMHAA 2DYNNG ABAACCH HEMEPOSOT N0 YPABHEHUAM Mo020a U TMOADKO
moeda, kK02da OHa ABAAECTNCA HEMEPOBOT NO YPAGHEHUAM O 00HOT NEPEMEH-
HOTU.

Hoxazameavcmeo. Fcam rpynma HeTepoBa MO YPaBHEHWSIM, TO, TIO OTpee-
JICHUIO, OHa U l-HeTepoBa 10 ypaBHeHusM. 113, Hanpumep, [1] usectHo, 91O
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KOHEYHO IIOPO2KACHHBIC JIBYCTYIICHHO HUJIBIIOTEHTHBIC I'PYIIIIbBI HETCPOBLI 110
ypasaerusiMm. [lycts G — 6ECKOHEUHO MOPOKICHHAST YACTUIHO KOMMYTATHB-
Had JBYCTYIIEHHO HUIbIOTEeHTHas rpymmna. [lo nyukTy 3 semmor 4, G sBiig-
erca noarpynmoit F'. Ilyers aq, by, ag, be, ... — mopoxkmatomue rpynnsl F3’
([ai, bi] # 1), g1,92,... — mopoxkpatronmwe rpynnel G, u B rpymne FY oxu
UMEIOT IIPEJCTABJICHUS §; = a?ilbﬁila% B gl ¢, tae ¢; — dile-
1 i1 Yie Yig in;, in,

MeHT KoMMyTaHTa IS, Jlatee onuiieM npouenypy, UAeHHO BIOXHOBJIEHHYIO
METOAO0M Faycca opuBeACHUA MaTPHUIBI K BerHeTpeyFOﬂbHOﬁ CbOpMe.

Pacemorpum nopoxkatoruit g1 rpynnsl G. bes orpanwdenust o6miHOCTH
Oy[1eM CIUTaTh, 9TO OH UMEeT TPEJCTABICHNE g1 = a‘flbf "ag? ng apt bﬁ?l .
c1- Tlycth o HEe paBen Hys 0 (MHAYE IEPEMMEHyeM TOPOKIAI0NINE a; B b; n
bi B a;), u g; (tme i > 1) — mopoxjawomuii, B MPEJCTABIEHUN KOTOPOTO
MPUCYTCTBYET a1 C HEHYJIEBO CTEleHbIO ;. JalullieM Ha MeCTe ¢; JJIEMEHT
yi =g, "+ g5, mpuBeennbli K HopMaIbHOf dhopme. OTMeTHM, 9TO B Ipes-
CTaBJIEHUN 3JIeMEHTa Y; MOPOXKIAOIIEro 4] y¥Ke HeT, U 910 [¢1,¢9;] = 1 <=
[91,yi] = 1. Ecam y; okazasicsi paBeH eIMHNUIIE WM SJIEMEHTY W3 KOMMYTaHTa,
TO yIaJ UM €ro u3 Cucka. [[OBTOpUM 9Ty TPOIEeaypy 10 TeX Top, MOKa a1 He
OCTaHETCS TOJBKO B g1. llepemvernyem Bce MOy IUBITIHECS 3JIEMEHTHI ¥; B ;.

ITyctep g; — mepBbIi 37€MEHT TI0CTe g1, B IPEACTABICHIH KOTOPOTO IpPH-
CyTCTBYeT by ¢ HeHyJeBol cremennbio. OTMETHM, 9TO g; He KOMMYTHPYET C g1.
BosmoxnEe! ABa caydad: b0 TAaKOi 3/IeMEHT ¢, CYIIECTBYeT, 00 €ro Her.
Ecan oH ecthb, TO mIOMeHsIeM ero MecTaMu (M HA3BAHUSIME) C g2 U IOBTOPUM
OPOTIEAYPY € g2 u by u B pesyabrare m30aBUMCA OT MPUCYTCTBUS TOPOIK-
natommero by Bo Beex g; (i > 2). B pesysbrare go OCTAHETCA €IMHCTBEHHBIM
9JIEMEHTOM U3 TEKYIIETO CIUCKA, KOTOPBIT HEe KOMMyTHpyeT ¢ g1. OueBuHO,
aro C'(g1) 2 C(g1,92)- Hanee mosropum npouegaypy jjist MOJCIUCKA, HAYM-
HAIOIIEr0Csl C g3, ¥ Iaphl MOPOXKIAIONINUX A2, ba.

[Iycrs Takoro g; mer, T0o eCThb U a1, ¥ by, KOMMYTUPYIOT CO BCEMU @; IpU
1 > 1. Torma ynaauM u3 mpecTaBaeHUs ¢ TOPOXK,IAIOIINE a1 U by, & WHIEKCHI
OCTABINNXCS @, b; YMEHBININM Ha €JINHUITY: G CTAHET UTPATh POJL a1, by —
b1, a3 — ag u Tak nmanee. Kcaum g) He cTajg paBeH eJWHUIE WM SJIEMEHTY
m3 KOMMYTaHTa, TO TIOBTOPUM BCIO TIPOTIEYPY, HAYAB C G1, MECTO KOTOPOTO
[0 CYTH 3aHAJ ao. ECIN Ke g1 0KA3aJICs PABHBIM €TUHUTIC WIN 3JIEMEHTY U3
KOMMYTAHTa, TO 3HAYNAT g1 KOMMYTHPYET CO BCEMU OCTATHHBIMY 9JIEMEHTAMHI
M3 TEKYIEero cmnmucka. Torma yaaauM ero W3 CIOUCKa W YMEHBITNM HOMEpPa
OCTABINUXCS SJIEMEHTOB HA €JIUHUILY: g 3afiMeT MecTo g1, g3 3aliMeT MecTo
go ¥ Tak gajee. [[oBTOpUM TpOTIeAy Py JJIsT CIIUCKa ¢ OOHOBJIEHHBIMY METKAMMT
97IEMEHTOB, HAUWHAS C g ¥ TapPbl TOPOXKIAIONIAX G2, ba.

OrMernM, 9TO HA 4-M TIIare MpoIeayphl, KOT/Ia MBI U30aBIIeMCS OT af WIH
by, M3 3aIMCH 3JIEMEHTOB ¢; IPH j > ¢, 3JIEMEHTHI G¢, I7ie t < 7, He MeHAIOTCH.

B pesynbTare BLITIOMHEHNS OMUCAHHON BBIIIE MPOTEIYPHI MBI MOYKEM II0-
JIYYUTH B CHUCKE JINOO KOHEYHOE MHOXKECTBO JJIEMEHTOB, Jinh0 GeCKOHEYHOE.
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IlycTh mx KOHEUHOE YMC/I0. 3aMEeTHM, 9TO IOCJE KaXKJOr0 IMara BbITOJIHE-
HUS ONKUCAHHOU BBIIIE NPOIELYPhl UCTUHHOCTH CBONCTBA HEKOMMYTATUBHO-
CTW TIap 3JIEMEHTOB U3 CIIUCKA OCTaeTcs HemaMennoi. /lefictBurenbro, ecan

l9i,95] # 1, tme i, > 1, 10

i, yil =l ™

ar = oq]

el I A A R |

s [y 2
= [gl %79?1”9;11791 ,Y]Hgiagj]al 7é 1’

Tak Kak (G — 9aCTUIHO KOMMYTAaTUBHAs IPYIIIA. YiajleHue Ke dJ1eMeHTa ¥;
HA HEKOTOPOM IIIare MpOIe/IypPhl MPOMCXOJUIO TOIBKO B CIydae, ecan y; (a
3HAYUT U ¢;) KOMMYTHPOBAJ CO BCEMHU OCTAJBHBIMEU d1eMenTamu. CrenoBa-
TeJIbHO, TpyTina G npeacTasisier coboii mpsimoe npousseaenune H X A, rne H
— KOHEYHO TOPOXKAEHHAA IBYCTYIIEHHO HMJIBITOTEHTHAA Tpymma, a A — 6Gec-
KOHETHO MOpPOXKIeHHas abeaesa rpynma. ['pynna H sBisgercd HeTepoBoii mo
ypasuenusiv [1]. VI3, manpumep, [1] ussectHo, uTo abeseBbl rpymibl HETEPO-
BBI TI0 YPABHEHWUSIM, COOTBETCTBEHHO M TPYINa A HeTepoBa 1m0 ypaBHEHUSIM.
Kpowme roro, u3 pesyabraros paborbl |7| m3BecTHO, UTO HpsSMOE HPOU3BE-
JIEHUE JBYX HETEPOBBIX 10 yPABHEHWSAM TPYTII HETEPOBO MO YPABHEHUSIM.
Taxum o6pazom, G ABIsIETCS HETEPOBOI MO YPABHEHUSIM.

Paccmorpum cyuaii, Korga B pe3ysbTaTe OMMCAHHON BBITIE MPOIELYPHI
MBI IMeeM OECKOHEYHOE MHOMKECTBO 3JIEMEHTOB (1, G2, - .-, Jn - - .- JAMETHM,
9TO IS KasK/I0T0 HEYETHOTO | B MPEJACTABICHUN §; MMEETCS TOPOXK IAFOITIiA
a; rpymnsl FY, KOTOPBIN IPU 9TOM OTCYTCTBYET B LIPEJCTABJICHUN (it1, & B
gi+1 UPU 3TOM €CTh TakKoil nmopoxgarommuii b;, uro [a;, b # 1. Torpa mus
JIEO0OIr0 HEYETHOrO § CHPABEIUBO, YTO (g5, git1] # 1. Kpome Toro ormernm,
9TO0 M1 M0ObIX j > i+ 1: (g4, 9] = [gi+1, 9;] = 1. Takum obpasom, B rpymme
G mMeeT MecTO Caemyiomasa HECKOHEYHAsI CTPOr0 YOBIBAIOIIAS [IETOYKS, [TeH-
rpamuzaropos: C(g1) 2 C(g1,93) 2 .. 2 C(91,93, - -+ 92n—1) 2 . ... Torma

=

o aemme 2 rpynna G He sBisgeTcs 1-HeTEpOBOil 10 YPaBHEHUSIM. [l

Kak ObLI0 OTMEYEHO BO BBEJEHUH, B OOIIEM Ke CJIydYae HETEPOBOCTH 110
yPaBHEHUSAM JIBYCTYIIEHHO HIJILIIOTEHTHON MPYIIILI He SKBUBAJIECHTHA €€ HeTe-
POBOCTH 110 ypaBHEHHSIM OT OJIHOIH mepeMmeHHOi. IIpmBemeM cooTBeTCTBYIO-
Uil TprMep TPYIIIBI, TOCTPOeHHOI B padore [10].

IIpumep 1. Iyemv G = (aj,az,...,b1,ba,...,c1,¢Co,...,d1,do,... |
las,bj] = [cj,di], i > j,i,j € N) — deycmynenro nuronomenmmuas Z-zpynna.
Ommemum, wmo G He ABAAECMCA HACTMUNHO KOMMYMAMUSHOU 2pynnot, He
umeem Kpyuenus u kommymanm 6 G u3osuposan.

I'pynna G we asasemcsa Hemeposoti no YpasHEHUAM, MAK KK OAL Cae-
Jyrow,eti nocaedosaMEALHOCTIU YPASHEHUTE OM O6YT NEPEMEHHBIT T U Y U
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NoCAC006AMEALHOCTIVU nap aAnemMeHImos u3 G swvinoanenol YCcao6uUA AEMMDBL 1:

[z,b1][y,c1] =1 (a1,dy)
[z, ba][y, c2] = 1 (a2, ds2)

[x7bn”yvCN] =1 (anydn)

\

Kpome mozo, necaoocno 3amemums, vmo das epynno, G cnpasediusvs 6bi-
KAQOKY U3 J0KA3AMEADCMEA ACMMbL 4 U TOMOMY OHG ANNPOKCUMUPYEMCA
epynnoti Fy. Takum obpazom, G asasemca npumepom nodepynnv 6 Fy,
HEMEPOBOT NO YPABHEHUAM OM 00HOT NEPEMEHHOT, HO He ABAAIOUETUCA Heme-
POBOTL MO YpasHeHuAM (0m 08YT NEPEMEHHDIT).

5 O cBg3u HETEPOBOCTH MO YPABHEHUSM YACTUIHO
KOMMYTAaTUBHON ABYCTYHNE€HHO HUJIBINOTEHTHONH IpPynnbl C
HETEPOBOCTHIO 10 YPAaBHEHUAM rpacda KOMMYTATUBHOCTHI

Panee B |9, Teopema 1| 661710 110Ka3aHO, YTO IPU UCCIE0BAHUE BOILIPOCA
HETEPOBOCTHU [0 YPABHEHUAM B s3bIKe rpadoB JOCTATOYHO PACCMATPUBATH
TOJILKO ypaBHeHus Buaa F(x,u), rpe x — nepeMenHasi, a 4 — KOHCTAHTHbIH
cumbost. Ha ochose sroro pesynbrara B |9, Teopema 3| nHa si3bike 3anpe-
[IEHHBIX T0ArPAdOB ObLIN OIMCAHBI BCE HETEPOBBI 110 YPABHEHUSM IIPOCTHIE
rpadnl u rpadsl ¢ neTaaMu. JlanHoe onucanne OCHOBAHO Ha MOHSITHH COGED-
werHo Henémeposa 2pada.

Onpenenenne 5 ([9]). I'pad naswseaemes cosepuienno Henemeposvim, ecau
on codepoicum BeCKoneunyI0 NOCALOOEANENLHOCTID NONAPHO PASAUNHBLL 6€p-
wuH a1, b1, a,b2, ..., An, by, . . . MAKYI0, 4INO KGHCOAA U3 BEPULUH A CMENACHG
co scemu sepuunamu by npu j < i, no He cmedcHa ¢ b;.

Hamomaum, uTo 6eCKOHEUHBIH TPOCTOM rpad HABBIBAETCH HAIKAUKOU, €CTH
OH COJIEPYKUT B KAUECTBE MHAYIUPOBAHHOIO ToArpada KWKy Ha CYETHOM
gncye pepiuH. [loHgTHe HAAKIUKK JJIg KOHEYHBIX IpapOB MpPU OMUCAHUN
HETEPOBLIX 0 ypaBHEHUsM TI'padOB HE UCHOJIB30BAJJIOCH IO MPUYUHE TOTO,
YUTO KaXK bl KOHEUHBIN rpad sIBJISETCS HETEPOBBIM [0 YPABHEHUSIM.

Pesynerar [9, Teopema 3| B opurnaaabHO HOPMYIUPOBKE BBITJISIIUT CJIE-
JVIOIIIM 00pa3oM:

Teopema 4. Cnpasedausv, cacdyrowue YymeeprcoeHus:

(1) Hpocmoti 2pagh HenEMEPOS NO YPABHEHUAM MO204 U MOALKO mozda,
K0200 0H AUOO COBEPWEHHO HEHEMEPOS, AUOO ABAAENCA HAOKAUKO.

(2) I'pagp ¢ nemaamu HeHEMEPOS NO YPASHEHUAM MO204 U MOALKO MO~
2da, K020a OH COBEPUIEHHO HEHEMEDOS.

Pacemorpum mapy mipumepos u3 [11].
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Ipumep 2. I'pag, usobpascernnvili Ha puc. 2, He ABAAEMCA HU HAOKAUKOTU,
HU COBEPUIEHHO HEHEMEPOBBIM, G TOMOMY OH HEMEPOS MO YPABHEHUAM KAK

8 cayuae nPocmoz20 2pada, Mak U 68 CaAyuae JoDABAECHUA NEMEAL 6 KAHCIYIO
U3 €20 BEPUIUH.

ail b11 a1 ba1 a31 531
e o)

22 bgg

33 b33

Puc. 2. I'pad u3 npumepa 2.

Hpumep 3. ['pap, usobpascennovili na puc. 3, ABAAECNCA COBEPULEHHO HEHE-
meposoim. Omcroda caedyem ez2o HEHEMEPOBOCNb KUK 6 CAYUAE NPOCINOZO0
epada, max u 6 cayuae epada ¢ NEMAAMU.

Puc. 3. I'pad u3 npumepa 3.

3ameuanue 4. [Ipocmoi epadp I cosepwenno nenemepos mozda u moavko
mozda, koeda zpad ¢ nemasmu L' cosepuwenno nenemepos. eticmsumennto,
8 ONPEJEsEHUL COBEPULEHHO HEHEMEPOBE 2PAPa UMEIOMCA AUWD YCAOBUA HG
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OMHOWECHUA (U./LU omcymcmaeus omHoweHuﬁ) CMENCHOCTNU M@OfC@g nonapHo
PA3AULHDIMU BEPUIUHAMU. Hoamomy HAAUYUE UAU OMCYTNCIMBUE NEMEAD HE
8AUAEM HA CEOUCMBO COGEPUWIEHHO HEHEMEPOBOCTU epagﬁa.

Jlemma 5. I'pap T (xax npocmot, max u ¢ nemaamu) cosepuento nerneme-
po6 mozda u MOALKO Mo20a, K020a 6 HeMm CYuLecmeyem 6ecKoHeuHas Cmpo-
20 YOVBAIOULGA UENOUKE OPMOZOHAADHLT JONOAHEeHUT, Mo ecmb Halidemca
nocaAedosamesbHocmd eepuitt b1, bo, ... by, ..., das Komopol cnpasediusa
CACIYIOWAA OECKOHEUHAA UETLOYKE BAONCEHUTE!

L=0-2{b} D {b1,bo} 2 ... D {b1,bo,....0,} D ...,

Hoxasameavcmeso. JlokazaresbcTBO 1poBejieM Jjid rpada ¢ newiamu. Mc-
THHHOCTDL /I IIPOCTOro rpada OymeT caesoBaTh U3 PACCYKJISHHI, IIpUBe-
JEHHBIX B 3GMEYAHUY 4.

ITycts rpad ¢ merasvu I' copepinientno HEHETEPOB, TO €CTh OH COIEPIKUT
OECKOHEUHYIO TTOCAEA0BATEILHOCTh MOTAPHO PA3JIUIHBIX BEPIIUH a1, b1, ag,
ba, ..., Gn, by, ... TAKYIO, 9TO KAXK /a5 U3 BEPIIUH (; CMEKHA CO BCEMU BEPIIIHU-
ravu b; ipn j < 4, Ho e cMeskra ¢ b;. Torma a; & {b;i}1 m aasBeex j < i a; €
{bj}l, a 3HAYUT JJId JE000ro ¢ {bl, bo,..., bi}J‘\{bl, ba, ..., b;, bi+1}J‘ S Aj41-
Takum obpazom, crpaBeqnBa yKA3aHHAA B JeMMe DECKOHEYHAd IEMOIKa
BJOZKCHWNA.

Ob6parro. 3amerwM, 9TO B HPOU3BOJBLHOM Tpade ¢ MeTAIMU JJIsd JIHO-
ObIX JIBYX BEPIIWH T W Y CIPABEIINBA IKBUBANCHTHOCTH: d(z,y) < 1 <=
E(x,y). Torma mng mpousBojbHOrO mogmuoOzKecTBa, BepmmH A B rpade ¢
newigmu I’ OpTOTOHAIBHOE JIOMIOJTHEHNE MOYKHO [TEPENUCATE CJACTYIOITIM 00-
pa3om:

At ={uel |VYac AT = E(u,a)}.

Torna mosyyaercsi, uTo B rpade ¢ NETIIMU OPTOTOHAJbHOE [OTOJTHEHUE
AL mpencrasisier coboif anrebpamdeckoe MHOXKECTBO CHCTEMbl ypaBHEHMI
S(z) = {E(z,a) | a € A} nan srum rpadom. Takum 06pazoM, Mbl ©MeeM
B ' 6eckomevunyo cTporo yOLIBAOIMIYIO IEM0YKY aaredpaniecKux MHOXKECTB.
Torma, mo |1, Teopema 2.5.4|, I' He aBgeTCS HETEPOBLIM O YDABHEHUSIM.
CrenosaresibHo, 110 meopeme 4, I’ coBepIIeHHO HEHETEePOB. O

Wcxoast uz meopemor 2, 3amevanus 2 u semmor 5, cyiecTsopanme H6ecko-
HEUHO CTPOTO yOBIBAIOIIEH TEMOUKY TEHTPAJIN3aTOPOB B TpyIine G 9KBUBA-
JIEHTHO CYIIIECTBOBAHUIO DECKOHEUHON CTPOro yOBIBAIOIIEH MEIOYKT OPTOro-
HaJbHBIX JonosHeHuil B ee rpade kommyrarusuoctu ['g. Ilpu sTom, ncxoms
u3 samenwanus 4, rpad I'g MOXKHO paccmMarpuBaTh B KaTeropum rpadosB C
IeTJIAMN.

IloabIToXKUM OCHOBHOM pe3yabTaT JaHHON paboThI B BAE CIEAYIONIEH Teo-
PEMBI.

Teopema 5. [lycms G — deycmynenno Husbnomenmnaa 2pynna 6e3 Kpyue-
HUA C US0AUPOBAHHBIM KomMmymanmom. Tozda caedyrowue ycaosus sK6U6a-
ACHITHDL.
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(1) G ne asasemca nemeposoli no ypasnerusm om 00nol nepemennol;
(2) 6 epynne G cywecmsyem 6eckoHewHAA CMPO20 YOUBAIOUWAH UETIOUKG
YEHMPAAUZAMOPOE KOHEUHDIT MHOHCECTNE dnemenmos u3 G.

Ecau G % momy oice ABAAEMCA HACMUNHO KOMMYMAMUSHOUT 2pynnot, mo
KaoHCcdoe U3 IMUL YCAoBU NO 0MIEABHOCNU IKGUBAAEHMHO KANCOOMY U3
CACOYIOWUT YCAOBUL:

(3) G ne asasemcs Hemeposol no YpasHeHUuAM;

(4) cywecmsyem nocaedosamesbHOCMb NONAPHO PASAUNHBL a1,b1, a2,
bay ...y, by, . .. nopoorcdarouwur epynnoe G Maxas, wmo s s00uix
i [ai,bi] #1 u dan scex j <i [aj,b;] =1;

(5) epagh Kommymamusenocmu ¢ nemaamu epynno, G ne asaaemcs neme-
DOBHIM NO YPAGHEHUAM;

(6) epagp Kommymamusnocmu epynnoe G ABAAEMCA COBEPUWEHHO HEHE-
MEPOBHIM.

Hoxaszameavemeo. Jas nroboit MBYCTYIEHHO HUJBIOTEHTHONW TPyl Oe3
KPYYEeHHUs ¢ W30JUPOBAHHBIM KOMMYTAHTOM UMeeM «1 <=> 2» B CHJY AeM-
Mot 2.

IIycts G — 9acTUYHO KOMMYTATUBHAS ABYCTYIIEHHO HUJBIIOTEHTHAS TPYTI-
ma. DKBUBAJIEHTHOCTb «4 <= 1» HCTUHHA B CUIY meopemvt 3. «2 <= T»,
KaK TO¥Ke yKe OBLIO OTMEYEHO, CIIPABE/JINBA B CHIIY MEOPEeMbl 2, 3aMe4ua-
HUA 2 U Aemmor 5. «T <= D» OUeBHJHA W3 ONpeJeseHuil COBEPIIEHHO
HEHETePOBa rpaha u YacTUIHO KOMMYTATUBHON I'PYIIIIbI, & UMEHHO: JBE Pa3-
Jinanble BepimHbl @ u b u3 rpada I' cMexHBI TOrIa M TOJBKO TOr/A, KO-
r/71a COOTBETCTBYIOIIME UM MOPOXKIAIOIINe HE KOMMYTHUPYIOT. BeITeKaroras
U3 3aMEYAHUA 4 U Meopembv, 4 SKBUBAJIEHTHOCTL «7 <> 0» 3aBepIlmaer
JI0Ka3aTe/IbCTBO. O

3ameuanne 5. B cayuae, Ko20a epagd KOMMYMAMUSHOCU ABAAEMCA KAU-
K01, COOMBEMCMBYIOWAA YACTNUYHO KOMMYMaAMuUeHas 2pynna abeaesa. M3,
nanpumep, 1| uzsecmno, wmo abesesvr epynnve HEMEPOBHL NO YPABHEHUAM.
Taxum 06pa3om, HEMEPOBOCTL NO YPAGHEHUAM 2PAPQ KOMMYMAMUSHOCMAL,
PACCMAMPUBLEMO20 6 KAME20PUU NPOCTNLT 2PpaP08, He IKEUBAAEHMHG Heme-
POBOCTNU NO YPABHERUAM COOMBEMCMEYIOWET EMY YACTNUYHO KOMMYMAMUE-
HOU 2pYnno.

IIpogemoncTpupyem npuMeHEHUE Meopemvs § Ha TOH ke mape MPUMEepoB
u3 [11].

IIpumep 4. Jacmuuno KOMMYMamMueHas 08YCMYNEHHO HUALNOMEHMHAA
epynna G == <a11,bll,a21,b21,a22,b22,...,anl,bnl,...,ann,bnn,... |
[aij,bir] = 1 daa scex j # k), nocmpoennas no zpady KomMmymamuero-
cmu u3 npumepa 2, codepcum croab Yy2oduo daunnvie (Ho ne beckoneuroie)
CMPo2o YowLeaWUE YENOUKU KAHOHUYECKUT UEHMPAAUSAMOPOS, & NOMOMY,
no Meopeme 5, OHa ABAAEMCA HEMEPOBOT NO YPASHEHUAM.
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IIpumep 5. Hacmuuno KOMMYMaAMueHas 08YCMYNEHHO HUALTOMEHMHAR
epynna H = (a1,b1,a2,b2,...,0an,by,... | [a;,bj] =1 dan ecex i # j), no-
CMPOEHHAA NO 2PAPY KOMMYMAMUSHOCTIU U3 npumeps 3, ne Asasemcsa 1-
HEMEPOBOT NO YPABGHERUAM 2PYNNOT, MaK Kax 6 Hel umeemca 6eCKoneuHas
cmpozo yoveaowas yenowka yenmpasusamopos. Cucmemy ypasuerut 1ad
H, ne sxsusasenmnyto nuxaxot ceoetl KonewHol nodcucmeme, MOACHO HaTi-
mu, HAnNPUMep, OOHUM U3 CACOYIOWUT CNocobos:

(1) no 6Geckoneunot cmpozo ybviearuset Yenowke KAHONUMECKUT UeH-
mpaausamopos ¢ H;

(2) no nocaedosamesbHoOCMU NONAPHO PASAUNHDIT BEPULUN, ONPEICAAIO-
WUT  COBEPULEHHYIO HEHEMEPOSOCTL  2pada  KOMMYMAMUEHOCTU
epynno. H;

(3) no 6Geckoneunols cmpozo y6wvisaIOULET YENOUKE OPMOZOHANBHUL 00~
noanenutl 6 epage Kommymamusrnocmu epynnve H (aemma 5).

B dannom npumepe maxot cucmemoti ypasHerul A6AACMCA
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