
S e⃝MR
ÑÈÁÈÐÑÊÈÅ ÝËÅÊÒÐÎÍÍÛÅ

ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÈÇÂÅÑÒÈß

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru
ISSN 1813-3304

Òîì 22, � 2, ñòð. 933�960 (2025) ÓÄÊ 517.95

https://doi.org/10.33048/semi.2025.22.060 MSC 35D35

ÎÄÍÎÇÍÀ×ÍÀß ÐÀÇÐÅØÈÌÎÑÒÜ
ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß

ÎÄÍÎÌÅÐÍÛÕ ÓÐÀÂÍÅÍÈÉ ÄÈÍÀÌÈÊÈ
ÑÆÈÌÀÅÌÎÉ ÂßÇÊÎÉ

ÌÍÎÃÎÊÎÌÏÎÍÅÍÒÍÎÉ ÑÐÅÄÛ

Â.Þ. Íîãîâèùåâà

11/10/2019 ORCID-iD_icon-vector.svg

file:///Users/tao/Downloads/5008697/ORCID-iD_icon-vector.svg 1/1

,Ä.À. Ïðîêóäèí

11/10/2019 ORCID-iD_icon-vector.svg

file:///Users/tao/Downloads/5008697/ORCID-iD_icon-vector.svg 1/1

Ïðåäñòàâëåíî Î.Ñ. Ðîçàíîâîé

Abstract: An initial boundary value problem for one-dimensional
equations of the dynamics of compressible viscous multicomponent
media in the isothermal case is considered. A theorem of the
existence and uniqueness of a strong solution to the problem is
proved without restrictions on the structure of the viscosity matrix,
except for the standard requirements of symmetry and positive
certainty.
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1 Ïîñòàíîâêà íà÷àëüíî-êðàåâîé çàäà÷è è ôîðìóëèðîâêà
îñíîâíîãî ðåçóëüòàòà

Â ðàáîòå ïðîâîäèòñÿ àíàëèç ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ
íà÷àëüíî-êðàåâîé çàäà÷è äëÿ îäíîìåðíûõ óðàâíåíèé äèíàìèêè ñæèìàå-
ìîé âÿçêîé ìíîãîêîìïîíåíòíîé ñðåäû (ñìåñè) â èçîòåðìè÷åñêîì ñëó÷àå
(ïî ïîâîäó ïðîèñõîæäåíèÿ ìîäåëè è åå ôèçè÷åñêîãî ñìûñëà ñì. [1, 2, 3]).
Â çàìûêàíèè QT îáëàñòè QT = (0, T ) × (0, 1) (T = const > 0) òðåáóåòñÿ
íàéòè ïëîòíîñòü ñìåñè ρ(t, x) > 0 è ñêîðîñòè ui(t, x) äëÿ êàæäîé êîì-
ïîíåíòû ñ íîìåðîì i = 1, . . . , N (N ∈ N, N ⩾ 2), óäîâëåòâîðÿþùèå
ñëåäóþùåé ñèñòåìå óðàâíåíèé, íà÷àëüíûõ è êðàåâûõ óñëîâèé:

∂ρ

∂t
+

∂(ρv)

∂x
= 0, v =

N∑
j=1

αjuj , αj = const ∈ (0, 1),

N∑
j=1

αj = 1, (1)

ρ
∂ui
∂t

+ρv
∂ui
∂x

+αiR
∂ρ

∂x
=

N∑
j=1

νij
∂2uj
∂x2

, i = 1, . . . , N, R = const > 0, (2)

ρ|t=0 = ρ0(x), ui|t=0 = u0i(x), i = 1, . . . , N, (3)

ui|x=0 = ui|x=1 = 0, i = 1, . . . , N. (4)

Çäåñü v � ñðåäíåâçâåøåííàÿ ñêîðîñòü ñìåñè, ÷èñëîâûå êîýôôèöèåíòû
âÿçêîñòåé νij , i, j = 1, . . . , N îáðàçóþò ñèììåòðè÷íóþ ìàòðèöó âÿçêîñòåé
N > 0, ôóíêöèè íà÷àëüíûõ äàííûõ ρ0(x), u0i(x), i = 1, . . . , N çàäàíû.
Èññëåäóåìàÿ ñèñòåìà ïðåäñòàâëÿåò ñîáîé íåêîòîðîå îáîáùåíèå èçâåñò-

íîé ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà äèíàìèêè ñæèìàåìîé âÿçêîé îä-
íîêîìïîíåíòíîé æèäêîñòè (ãàçà) íà ìíîãîêîìïîíåíòíûé ñëó÷àé. Îäíîé
èç õàðàêòåðíûõ åå îñîáåííîñòåé ÿâëÿåòñÿ íàëè÷èå ñòàðøèõ ïðîèçâîäíûõ
(ïðîèçâîäíûõ âòîðîãî ïîðÿäêà) îò ñêîðîñòåé âñåõ êîìïîíåíò â óðàâíåíè-
ÿõ (2). Â îòëè÷èå îò îäíîêîìïîíåíòíîãî ñëó÷àÿ, êîãäà âÿçêîñòü ÿâëÿåòñÿ
ñêàëÿðîì, â ìíîãîêîìïîíåíòíîì ñëó÷àå êîýôôèöèåíòû âÿçêîñòåé νij îá-
ðàçóþò ìàòðèöó âÿçêîñòåéN, ýëåìåíòû êîòîðîé îòâå÷àþò çà âÿçêîå òðå-
íèå [1, 2, 4, 5, 6, 7, 8]. Äèàãîíàëüíûå ýëåìåíòû ìàòðèöû N îòâå÷àþò çà
âÿçêîå òðåíèå âíóòðè êàæäîé êîìïîíåíòû, à íåäèàãîíàëüíûå ýëåìåíòû
îòâå÷àþò çà âÿçêîå òðåíèå ìåæäó êîìïîíåíòàìè. Åñëè ìàòðèöà âÿçêî-
ñòåé äèàãîíàëüíà, òî óðàâíåíèÿ (2) áóäóò ñâÿçàíû òîëüêî ÷åðåç ìëàä-
øèå ÷ëåíû è òîãäà ðåçóëüòàòû èçâåñòíûå äëÿ óðàâíåíèé Íàâüå-Ñòîêñà
[9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29,
30, 31, 32, 33, 34] àâòîìàòè÷åñêè ïåðåíîñÿòñÿ íà ìíîãîêîìïîíåíòíûé ñëó-
÷àé. Â ðàáîòå ðàññìàòðèâàåòñÿ áîëåå ñëîæíàÿ ñèòóàöèÿ íåäèàãîíàëüíîé
è íåòðåóãîëüíîé ìàòðèöû âÿçêîñòåé N. Âñëåäñòâèå ýòîãî, ðåçóëüòàòû
èçâåñòíûå äëÿ óðàâíåíèé Íàâüå-Ñòîêñà àâòîìàòè÷åñêè íå ïåðåíîñÿòñÿ
íà óðàâíåíèÿ (1), (2). Öåëüþ ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñóùåñòâî-
âàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (1)�(4) áåç êàêèõ-ëèáî óïðîùà-
þùèõ ïðåäïîëîæåíèé î ñòðóêòóðå ìàòðèöû N, êðîìå ñòàíäàðòíûõ ôè-
çè÷åñêèõ òðåáîâàíèé ñèììåòðè÷íîñòè è ïîëîæèòåëüíîé îïðåäåëåííîñòè.
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Âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè äëÿ óðàâíåíèé (1), (2) â ïîëèòðîï-
íîì ñëó÷àå èçó÷àëèñü â ðàáîòàõ [35, 36], äëÿ ðîäñòâåííûõ ìîäåëåé ìíî-
ãîêîìïîíåíòíûõ ñðåä � â ðàáîòàõ [37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47].

Îïðåäåëåíèå 1. Ñèëüíûì ðåøåíèåì çàäà÷è (1)�(4) íàçûâàåòñÿ ñî-
âîêóïíîñòü ôóíêöèé (ρ, u1, . . . , uN ) òàêèõ, ÷òî (i = 1, . . . , N)

ρ > 0, ρ ∈ L∞
(
0, T ;W 1

2 (0, 1)
)
,

∂ρ

∂t
∈ L∞

(
0, T ;L2(0, 1)

)
,

ui ∈ L∞
(
0, T ;W 1

2 (0, 1)
)⋂

L2

(
0, T ;W 2

2 (0, 1)
)
,

∂ui
∂t

∈ L2(QT ),

(5)

óðàâíåíèÿ (1), (2) âûïîëíåíû ïî÷òè âñþäó â QT , íà÷àëüíûå óñëîâèÿ
(3) � äëÿ ïî÷òè âñåõ x ∈ (0, 1), à êðàåâûå óñëîâèÿ (4) � äëÿ ïî÷òè âñåõ
t ∈ (0, T ).

Îñíîâíîé ðåçóëüòàò ðàáîòû ôîðìóëèðóåòñÿ â âèäå ñëåäóþùåé òåîðå-
ìû.

Òåîðåìà 1. Ïóñòü íà÷àëüíûå äàííûå â (3) óäîâëåòâîðÿþò óñëîâèÿì

ρ0 > 0, ρ0 ∈ W 1
2 (0, 1), u0i ∈

◦
W 1

2 (0, 1), i = 1, . . . , N. (6)

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ñèëüíîå ðåøåíèå çàäà÷è (1)�(4).

Äîêàçàòåëüñòâî Òåîðåìû 1 ñîñòîèò èç íåñêîëüêèõ ýòàïîâ è ïðîâåäå-
íî â Ðàçäåëàõ 2�6 íàñòîÿùåé ðàáîòû. Â Ðàçäåëå 2 ïðîâåäåíî èññëåäîâà-
íèå ðàçðåøèìîñòè ïðèáëèæåííîé íà÷àëüíî-êðàåâîé çàäà÷è, ïîëó÷åííîé
èç èñõîäíîé çàäà÷è ïðèìåíåíèåì ìåòîäà Ãàë¼ðêèíà ïî ïåðåìåííîé x â
óðàâíåíèÿõ (2). Â Ðàçäåëå 3 âûâîäÿòñÿ ðàâíîìåðíûå ïî ïàðàìåòðó ïðè-
áëèæåíèÿ îöåíêè ðåøåíèé ïðèáëèæåííîé çàäà÷è, íà îñíîâå êîòîðûõ â
Ðàçäåëå 4 ñîâåðøàåòñÿ ïðåäåëüíûé ïåðåõîä è îáîñíîâûâàåòñÿ ñóùåñòâî-
âàíèå ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1)�(4) â ìàëîì ïî âðåìåíè. Äëÿ
ïðîäîëæåíèÿ ëîêàëüíîãî ðåøåíèÿ, â Ðàçäåëå 5 âûâîäÿòñÿ îöåíêè, ïîñòî-
ÿííûå â êîòîðûõ íå çàâèñÿò îò ïðîìåæóòêà ñóùåñòâîâàíèÿ ëîêàëüíîãî
ðåøåíèÿ. Íàêîíåö, â Ðàçäåëå 6 äîêàçûâàåòñÿ åäèíñòâåííîñòü ðåøåíèÿ
íà÷àëüíî-êðàåâîé çàäà÷è (1)�(4) è çàâåðøàåòñÿ äîêàçàòåëüñòâî Òåîðå-
ìû 1.

2 Êîíñòðóêöèÿ ïðèáëèæåííûõ ðåøåíèé

Â äàííîì ðàçäåëå äîêàæåì ëîêàëüíóþ ïî âðåìåíè ðàçðåøèìîñòü
íà÷àëüíî-êðàåâîé çàäà÷è, ïîëó÷åííîé èç çàäà÷è (1)�(4) ïðèìåíåíèåì ìå-
òîäà Ãàë¼ðêèíà ïî ïåðåìåííîé x â óðàâíåíèÿõ (2).

Ëåììà 1. Â ïðåäïîëîæåíèÿõ Òåîðåìû 1 äëÿ ëþáîãî m ∈ N íàéäåòñÿ
èíòåðâàë âðåìåíè (0, tm) ⊂ (0, T ), íà êîòîðîì ñóùåñòâóåò ðåøåíèå
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çàäà÷è1 (i = 1, . . . , N , k = 1, . . . ,m)

∂ρ

∂t
+

∂(ρv)

∂x
= 0, v =

N∑
j=1

αjuj , (7)

1∫
0

(
ρ
∂ui
∂t

+ ρv
∂ui
∂x

+ αiR
∂ρ

∂x
−

N∑
j=1

νij
∂2uj
∂x2

)
sin(πkx) dx = 0, (8)

ρ|t=0 = ρ0(x), (9)

ui =

m∑
s=1

θis(t) sin(πsx), ui|t=0 =
m∑
s=1

θ0is sin(πsx), (10)

ãäå θik(0) = θ0ik = 2

1∫
0

u0i(x) sin(πkx) dx, ïðè ýòîì

ρ > 0, ρ ∈ L∞
(
0, tm;W 1

2 (0, 1)
)⋂

W 1
∞
(
0, tm;L2(0, 1)

)
,

ui ∈ C1,∞([0, tm]× [0, 1]).

(11)

Äîêàçàòåëüñòâî. Çàôèêñèðóåì ïîêà ïðîèçâîëüíî tm ∈ (0, T ]. Â ïðî-
ñòðàíñòâå (C[0, tm])mN ðàññìîòðèì ìíîæåñòâî

B =
{
θ ∈ (C[0, tm])mN | θ(0) = θ0, ∥θ∥(C[0,tm])mN ⩽ b

}
,

ãäå

θ = (θ1, . . . ,θN ), θi = (θi1, . . . , θim), i = 1, . . . , N,

θ0 = (θ01, . . . ,θ0N ), θ0i = (θ0i1, . . . , θ0im), i = 1, . . . , N,

b2 = e

sup
[0,1]

ρ0

inf
[0,1]

ρ0
∥θ0∥2RmN + 1.

Ïîñòðîèì îïåðàòîð F : B → (C[0, tm])mN , ImF ⊂ (C1[0, tm])mN ,
F (θ) = Θ, ãäå Θ = (Θ1, . . . ,ΘN ), Θi = (Θi1, . . . ,Θim), i = 1, . . . , N
ñëåäóþùèì îáðàçîì. Ñíà÷àëà íàéäåì ôóíêöèþ

ρ > 0, ρ ∈ L∞
(
0, tm;W 1

2 (0, 1)
)⋂

W 1
∞
(
0, tm;L2(0, 1)

)
1Äî íà÷àëà Ðàçäåëà 4 áóäåì îïóñêàòü èíäåêñ m ó âåëè÷èí çàâèñÿùèõ îò íåãî,

êðîìå âåëè÷èíû tm.
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êàê ðåøåíèå çàäà÷è Êîøè (7), (9), ãäå ui, i = 1, . . . , N , çàäàþòñÿ ïî
ôîðìóëàì (10) (ñì. [48]). Ïðè ýòîì ñïðàâåäëèâû íåðàâåíñòâà

ρ ⩾

(
inf
[0,1]

ρ0

)
exp

−
N∑
i=1

t∫
0

sup
[0,1]

∣∣∣∣∂ui∂x

∣∣∣∣ dτ
 ,

ρ ⩽

(
sup
[0,1]

ρ0

)
exp


N∑
i=1

t∫
0

sup
[0,1]

∣∣∣∣∂ui∂x

∣∣∣∣ dτ
 ,

(12)

êîòîðûå, â ñèëó âêëþ÷åíèÿ θ ∈ B, äàþò îöåíêè(
inf
[0,1]

ρ0

)
exp

{
−Nπm2bt

}
⩽ ρ ⩽

(
sup
[0,1]

ρ0

)
exp

{
Nπm2bt

}
. (13)

Äàëåå îïðåäåëèì ôóíêöèþ Θ êàê ðåøåíèå ñëåäóþùåé çàäà÷è Êîøè äëÿ
ñèñòåìû mN ëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ïåðâîãî ïîðÿäêà:

1∫
0

(
ρ
∂Ui

∂t
+ ρ

(
N∑
j=1

αjuj

)
∂Ui

∂x
+ αiR

∂ρ

∂x
−

−
N∑
j=1

νij
∂2Uj

∂x2

)
sin(πkx) dx = 0, i = 1, . . . , N, k = 1, . . . ,m,

(14)

Θ(0) = θ0, (15)

ãäå Ui =
m∑
s=1

Θis(t)sin(πsx), i = 1, . . . , N . Íåðàâåíñòâî detA ̸= 0, ãäå

A(t) =


A1(t) 0 . . . 0
0 A2(t) . . . 0
...

...
...

...
0 0 . . . AN (t)

 ,

Ai(t) =


1∫

0

ρ(t, x) sin(πkx)sin(πsx) dx


m

k,s=1

, i = 1, . . . , N,

âûïîëíåííîå â ñèëó ïîëîæèòåëüíîñòè ρ, ïîçâîëÿåò ðàçðåøèòü ñèñòåìó
(14) îòíîñèòåëüíî ïðîèçâîäíûõ, ÷òî îáîñíîâûâàåò ñóùåñòâîâàíèå ôóíê-
öèè Θ ∈ (C1[0, tm])mN . Òàêèì îáðàçîì, äëÿ ïðîèçâîëüíîãî tm ∈ (0, T ]
îïðåäåëåí îïåðàòîð

F : B → (C1[0, tm])mN ⊂ (C[0, tm])mN , F (θ) = Θ,

íåïîäâèæíàÿ òî÷êà êîòîðîãî (åñëè îíà ñóùåñòâóåò), âìåñòå ñ ñîîòâåò-
ñòâóþùåé ôóíêöèåé ρ, äàåò ðåøåíèå çàäà÷è (7)�(10).
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Ïîêàæåì, ÷òî ïðè äîñòàòî÷íî ìàëîì tm îïåðàòîð F óäîâëåòâîðÿåò
óñëîâèÿì òåîðåìû Øàóäåðà î ñóùåñòâîâàíèè íåïîäâèæíîé òî÷êè (ñì.,
íàïðèìåð, [20], ñòð. 31), à èìåííî: 1) B � âûïóêëîå çàìêíóòîå îãðà-
íè÷åííîå ìíîæåñòâî (ýòî î÷åâèäíî); 2) F : B → B; 3) F � âïîëíå
íåïðåðûâíûé îïåðàòîð.
Óñòàíîâèì ñíà÷àëà, ÷òî F (B) ⊂ B. Äëÿ ýòîãî óìíîæèì óðàâíåíèÿ

(14) íà Θik(t), i = 1, . . . , N , k = 1, . . . ,m, à çàòåì ïðîñóììèðóåì ïî
i = 1, . . . , N , k = 1, . . . ,m, ïîëó÷èì ñ ó÷åòîì (7), ÷òî

1

2

d

dt

 N∑
i=1

1∫
0

ρU2
i dx

+

N∑
i,j=1

νij

1∫
0

(
∂Ui

∂x

)(
∂Uj

∂x

)
dx =

= R
N∑
i=1

αi

1∫
0

ρ
∂Ui

∂x
dx,

(16)

îòêóäà, â ñèëó íåðàâåíñòâ

N∑
i,j=1

νij

1∫
0

(
∂Ui

∂x

)(
∂Uj

∂x

)
dx ⩾ C1(N)

N∑
i=1

1∫
0

(
∂Ui

∂x

)2

dx,

R
N∑
i=1

αi

1∫
0

ρ
∂Ui

∂x
dx ⩽

C1

2

N∑
i=1

1∫
0

(
∂Ui

∂x

)2

dx+ C2,

ãäå C2 =
R2N

2C1

(
sup
[0,1]

ρ0

)2

exp
{
2Nπm2btm

}
, ïîëó÷àåì îöåíêó

d

dt

 N∑
i=1

1∫
0

ρU2
i dx

+ C1

N∑
i=1

1∫
0

(
∂Ui

∂x

)2

dx ⩽ 2C2,

èç êîòîðîé, â ñâîþ î÷åðåäü, ñëåäóåò, ÷òî

N∑
i=1

1∫
0

ρU2
i dx ⩽

N∑
i=1

1∫
0

ρ0U
2
0i dx+ 2C2tm, (17)
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ãäå U0i =

m∑
s=1

Θis(0)sin(πsx) =

m∑
s=1

θ0issin(πsx), i = 1, . . . , N . Åùå ðàç

ïðèâëeêàÿ (13), ïîëó÷àåì èç (17) íåðàâåíñòâî

∥Θ∥2(C[0,tm])mN ⩽ exp {Nπm2btm}
sup
[0,1]

ρ0

inf
[0,1]

ρ0
∥θ0∥2RmN+

+exp {Nπm2btm} 4C2

inf
[0,1]

ρ0
tm.

(18)

Âûáèðàÿ

tm < min

T,
1

Nπm2b
,

inf
[0,1]

ρ0

4eC3

 , (19)

ãäå C3 =
R2Ne2

2C1

(
sup
[0,1]

ρ0

)2

, ïîëó÷èì, ÷òî C2 ⩽ C3, è ïðèäåì ê íóæíîé

îöåíêå

∥Θ∥(C[0,tm])mN ⩽ b.

Òàêèì îáðàçîì, ïðè âûïîëíåíèè (19), îïåðàòîð F îòîáðàæàåò ìíîæåñòâî
B â ñåáÿ.

Äîêàæåì òåïåðü êîìïàêòíîñòü îïåðàòîðà F . Óìíîæàÿ (14) íà
dΘik(t)

dt
,

i = 1, . . . , N , k = 1, . . . ,m, à çàòåì ñóììèðóÿ ïî i = 1, . . . , N , k = 1, . . . ,m,
âûâîäèì ñîîòíîøåíèå

N∑
i=1

1∫
0

ρ

(
∂Ui

∂t

)2

dx =
N∑
i=1

1∫
0

(
−

N∑
j=1

νij

(
∂2Ui

∂t∂x

)(
∂Uj

∂x

)
−

−ρ

 N∑
j=1

αjuj

(∂Ui

∂x

)(
∂Ui

∂t

)
+ αiRρ

(
∂2Ui

∂t∂x

))
dx

(20)

Ïðîèçâåäåì îöåíêè ñëàãàåìûõ â ïðàâîé ÷àñòè (20) ñ ïîìîùüþ (13), íåðà-
âåíñòâà Êîøè è íåðàâåíñòâ ∥θ∥(C[0,tm])mN ⩽ b, ∥Θ∥(C[0,tm])mN ⩽ b,∥∥∥∥∂Ui

∂x

∥∥∥∥
L2(0,1)

⩽ C4(m)∥Ui∥L2(0,1),

∥∥∥∥∂2Ui

∂t∂x

∥∥∥∥
L2(0,1)

⩽ C4

∥∥∥∥∂Ui

∂t

∥∥∥∥
L2(0,1)

,

i = 1, . . . , N :

∣∣∣∣∣∣
N∑

i,j=1

νij

1∫
0

(
∂2Ui

∂t∂x

)(
∂Uj

∂x

)
dx

∣∣∣∣∣∣ ⩽ 1

6

N∑
i=1

1∫
0

ρ

(
∂Ui

∂t

)2

dx+ C5,
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∣∣∣∣∣∣
N∑
i=1

1∫
0

ρ

 N∑
j=1

αjuj

(∂Ui

∂x

)(
∂Ui

∂t

)
dx

∣∣∣∣∣∣ ⩽ 1

6

N∑
i=1

1∫
0

ρ

(
∂Ui

∂t

)2

dx+ C6,

∣∣∣∣∣∣
N∑
i=1

1∫
0

αiRρ

(
∂2Ui

∂t∂x

)
dx

∣∣∣∣∣∣ ⩽ 1

6

N∑
i=1

1∫
0

ρ

(
∂Ui

∂t

)2

dx+ C7,

ãäå C5 = C5

(
C4, inf

[0,1]
ρ0, N, N, b,m, tm

)
, C6 = C6

(
C4, sup

[0,1]
ρ0, N, b,m, tm

)
,

C7 = C7

(
C4, inf

[0,1]
ρ0, sup

[0,1]
ρ0, N, b,m, tm, R

)
. Ïîýòîìó èç (20) ïîëó÷àåì

íåðàâåíñòâî

1

2

N∑
i=1

1∫
0

ρ

(
∂Ui

∂t

)2

dx ⩽ C5 + C6 + C7, (21)

èíòåãðèðóÿ êîòîðîå ïî âðåìåíè è ïðèìåíÿÿ (13), âûâîäèì îöåíêó

N∑
i=1

∥∥∥∥∂Ui

∂t

∥∥∥∥2
L2(Qtm )

⩽ C8

(
C5, C6, C7, inf

[0,1]
ρ0, N, b,m, tm

)
, (22)

ãäå Q(tm) = (0, tm) × (0, 1). Òàêèì îáðàçîì, ïîëó÷åíà îöåíêà Θ â
(W 1

2 (0, tm))mN . Ñëåäîâàòåëüíî, F ÿâëÿåòñÿ êîìïàêòíûì îïåðàòîðîì.
Óñòàíîâèì òåïåðü íåïðåðûâíîñòü îïåðàòîðà F èç B â (C[0, tm])mN .

Ïóñòü θ(1,2) ∈ B, Θ(1,2) = F (θ(1,2)), u
(1,2)
i =

m∑
s=1

θ
(1,2)
is sin(πsx),

U
(1,2)
i =

m∑
s=1

Θ
(1,2)
is sin(πsx), i = 1, . . . , N . Äàëåå, ïóñòü ρ(1,2) � ðåøåíèÿ

çàäà÷ Êîøè (7), (9), ãäå âìåñòî v ñòîèò v(1,2) =

N∑
i=1

αiu
(1,2)
i ñîîòâåòñòâåí-

íî. Îáîçíà÷èì ui = u
(1)
i −u

(2)
i , Ui = U

(1)
i −U

(2)
i , i = 1, . . . , N , ρ = ρ(1)−ρ(2),

v = v(1)− v(2). Äèôôåðåíöèðóÿ ïî ïåðåìåííîé x óðàâíåíèÿ (7) äëÿ ρ(1,2)(
ò. å. óðàâíåíèÿ

∂ρ(1,2)

∂t
+

∂
(
ρ(1,2)v(1,2)

)
∂x

= 0
)
, óìíîæàÿ íà

∂ρ(1,2)

∂x
, èíòå-

ãðèðóÿ ïî x è t, èñïîëüçóÿ íà÷àëüíûå óñëîâèÿ

ρ(1,2)|t=0 = ρ0 (23)

è íåðàâåíñòâà (13) äëÿ ρ(1,2) è Ãðîíóîëëà, ïîëó÷àåì îöåíêè∥∥∥∥∥∂ρ(1,2)∂x

∥∥∥∥∥
L2(0,1)

⩽ C9

(
∥ρ0∥W 1

2 (0,1)
, b,m, tm, N

)
. (24)
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Çàìåòèì äàëåå, ÷òî èç (7), (9) äëÿ ρ(1,2) ñëåäóþò ðàâåíñòâà

∂ρ

∂t
+

∂(ρv(1))

∂x
+

∂(ρ(2)v)

∂x
= 0, ρ|t=0 = 0. (25)

Óìíîæàÿ ïåðâîå ðàâåíñòâî â (25) íà ρ è èíòåãðèðóÿ ïî x ïîëó÷àåì, ÷òî

1

2

d

dt

 1∫
0

ρ2 dx

 = −
1∫

0

(
1

2
ρ2

∂(v(1))

∂x
+ ρ(2)ρ

∂v

∂x
+ ρv

∂ρ(2)

∂x

)
dx ⩽

⩽
1

2

sup
[0,1]

∣∣∣∣∣∂v(1)∂x

∣∣∣∣∣
1∫

0

ρ2 dx+ sup
[0,1]

ρ(2)
1∫

0

(
ρ2 +

(
∂v

∂x

)2
)

dx+ (26)

+sup
[0,1]

v2
1∫

0

(
∂ρ(2)

∂x

)2

dx+

1∫
0

ρ2 dx

 ⩽ C10

 1∫
0

ρ2 dx+
N∑
j=1

1∫
0

u2j dx

 ,

ãäå C10 = C10

(
C9, sup

[0,1]
ρ0, b,m, tm, N

)
. Çäåñü èñïîëüçîâàëèñü î÷åâèäíûå

ñîîòíîøåíèÿ

N∑
j=1

1∫
0

u2j dx =
1

2

N∑
j=1

m∑
s=1

θ2js(t), sup
[0,1]

v2 ⩽
N∑

i,j=1

m∑
s,l=1

|θil(t)||θjs(t)|,

1∫
0

(
∂v

∂x

)2

dx =
π2

2

N∑
i,j=1

αiαj

m∑
s=1

s2θis(t)θjs(t).

(27)

Èç (26), ïðèìåíÿÿ íåðàâåíñòâî Ãðîíóîëëà è ó÷èòûâàÿ íà÷àëüíîå óñëîâèå
â (25), âûâîäèì íåðàâåíñòâî

1∫
0

ρ2 dx ⩽ C11(C10, tm)

N∑
j=1

∫
Qt

u2j dxdτ, (28)

ãäå Qt = (0, t)× (0, 1). Äàëåå, èç óðàâíåíèé (14) äëÿ U
(1,2)
i , i = 1, . . . , N ,

ââèäó (7) äëÿ ρ(1,2), ñëåäóåò ñîîòíîøåíèå

1

2

N∑
i=1

1∫
0

ρ(1)U2
i dx+

N∑
i,j=1

νij

∫
Qt

(
∂Ui

∂x

)(
∂Uj

∂x

)
dxdτ =

= R
N∑
i=1

αi

∫
Qt

ρ
∂Ui

∂x
dxdτ −

N∑
i=1

∫
Qt

ρUi
∂U

(2)
i

∂τ
dxdτ− (29)

−
N∑
i=1

∫
Qt

ρ(1)vUi
∂U

(2)
i

∂x
dxdτ −

N∑
i=1

∫
Qt

ρv(2)Ui
∂U

(2)
i

∂x
dxdτ.
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Ïåðâîå ñëàãàåìîå â ëåâîé ÷àñòè (29), ââèäó (13) äëÿ ρ(1,2), äîïóñêàåò
îöåíêó

1

2

N∑
i=1

1∫
0

ρ(1)U2
i dx ⩾

1

2
inf
[0,1]

ρ0 exp
{
−Nπm2btm

} N∑
i=1

1∫
0

U2
i dx. (30)

Äëÿ âòîðîãî ñëàãàåìîãî â ëåâîé ÷àñòè (29) èìååì íåðàâåíñòâî

N∑
i,j=1

∫
Qt

νij

(
∂Ui

∂x

)(
∂Uj

∂x

)
dxdτ ⩾ C1

N∑
i=1

∫
Qt

(
∂Ui

∂x

)2

dxdτ. (31)

Äëÿ ïåðâîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (29) âåðíî, ÷òî

R
N∑
i=1

αi

∫
Qt

ρ
∂Ui

∂x
dxdτ ⩽

C1

2

N∑
i=1

∫
Qt

(
∂Ui

∂x

)2

dxdτ+

+C12 (C1, C11, R,N, tm)

N∑
i=1

∫
Qt

u2i dxdτ.

(32)

Äëÿ âòîðîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (29) ïîëó÷àåì

−
N∑
i=1

∫
Qt

ρUi
∂U

(2)
i

∂τ
dxdτ ⩽

ε

2

 N∑
j=1

sup
Qt

U2
j

 N∑
i=1

∥∥∥∥∥∂U (2)
i

∂τ

∥∥∥∥∥
2

L2(Qt)

+

+
C11Ntm

2ε

N∑
i=1

∫
Qt

u2i dxdτ ⩽ εmC8

N∑
i=1

sup
[0,t]

1∫
0

U2
i dx+

+
C11Ntm

2ε

N∑
i=1

∫
Qt

u2i dxdτ.

Âîçüìåì çäåñü

ε =
1

4NmC8
inf
[0,1]

ρ0 exp
{
−Nπm2btm

}
,

òîãäà

−
N∑
i=1

∫
Qt

ρUi
∂U

(2)
i

∂τ
dxdτ ⩽ C13

N∑
i=1

∫
Qt

u2i dxdτ+

+
1

4N
inf
[0,1]

ρ0 exp
{
−Nπm2btm

} N∑
i=1

sup
[0,t]

1∫
0

U2
i dx,
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ãäå C13 = C13

(
C8, C11, inf

[0,1]
ρ0, N, b,m, tm

)
. Òðåòüå ñëàãàåìîå â ïðàâîé

÷àñòè (29) îöåíèì ñëåäóþùèì îáðàçîì:

−
N∑
i=1

∫
Qt

ρ(1)vUi

(
∂U

(2)
i

∂x

)
dxdτ ⩽ C14

(
N∑
i=1

∫
Qt

u2i dxdτ+

+

N∑
i=1

∫
Qt

U2
i dxdτ

)
,

(33)

ãäå C14 = C14

(
sup
[0,1]

ρ0, N, b,m, tm

)
. Íàêîíåö, äëÿ ïîñëåäíåãî ñëàãàåìîãî

â ïðàâîé ÷àñòè (29) ïîëó÷àåì ñîîòíîøåíèå

−
N∑
i=1

∫
Qt

ρv(2)Ui

(
∂U

(2)
i

∂x

)
dxdτ ⩽ C15

(
N∑
i=1

∫
Qt

u2i dxdτ+

+
N∑
i=1

∫
Qt

U2
i dxdτ

)
,

(34)

ãäå C15 = C15 (C11, N, b,m, tm). Òàêèì îáðàçîì, èç (29), ñ ó÷åòîì (30)�
(34), ñëåäóåò íåðàâåíñòâî

N∑
i=1

1∫
0

U2
i dx ⩽ C16

 N∑
i=1

∫
Qt

u2i dxdτ +

N∑
i=1

∫
Qt

U2
i dxdτ

 , (35)

ãäå C16 = C16

(
C12, C13, C14, C15, inf

[0,1]
ρ0, N, b,m, tm

)
, èç êîòîðîãî, ïîëü-

çóÿñü íåðàâåíñòâîì Ãðîíóîëëà, ïîëó÷àåì îöåíêó

N∑
i=1

∥Ui∥2L2(0,1)
⩽ C17(C16, tm)

N∑
i=1

∥ui∥2L2(Qtm ), (36)

à îòñþäà � íåðàâåíñòâî

∥Θ(1) −Θ(2)∥(C[0,tm])mN ⩽ C18(C17, tm)∥θ(1) − θ(2)∥(C[0,tm])mN , (37)

îáîñíîâûâàþùåå íåïðåðûâíîñòü îïåðàòîðà F íà B.
Ïîñêîëüêó îïåðàòîð F óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû Øàóäåðà, òî

â B ñóùåñòâóåò íåïîäâèæíàÿ òî÷êà θ îïåðàòîðà F , îïðåäåëÿþùàÿ (âìå-
ñòå ñ ñîîòâåòñòâóþùåé ôóíêöèåé ρ) ðåøåíèå çàäà÷è (7)�(10). Ëåììà 1
äîêàçàíà.
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3 Ðàâíîìåðíûå îöåíêè ãàëåðêèíñêèõ ïðèáëèæåíèé

Â äàííîì ðàçäåëå ïîëó÷èì ðàâíîìåðíûå ïî ïàðàìåòðó m îöåíêè ïî-
ñòðîåííûõ ïðèáëèæåííûõ ðåøåíèé, êîòîðûå ïîçâîëÿò âïîñëåäñòâèè ñî-
âåðøèòü ïðåäåëüíûé ïåðåõîä ïðè m → ∞.

Ëåììà 2. Â ïðåäïîëîæåíèÿõ Òåîðåìû 1 ñóùåñòâóþò ïîëîæèòåëü-
íûå ïîñòîÿííûå C19 è t0 ⩽ T (ñì. (54)) òàêèå, ÷òî äëÿ ëþáîãî ðåøåíèÿ
(ρ, u1, . . . , uN ) çàäà÷è (7)�(10) ñïðàâåäëèâà îöåíêà

N∑
i=1

(
∥ui∥L∞

(
0,t0;W 1

2 (0,1)
) + ∥ui∥L2

(
0,t0;W 2

2 (0,1)
) + ∥∥∥∥∂ui∂t

∥∥∥∥
L2(Qt0 )

)
+

+∥ρ∥
L∞
(
0,t0;W 1

2 (0,1)
) + ∥∥∥∥1ρ

∥∥∥∥
L∞(Qt0 )

+

∥∥∥∥∂ρ∂t
∥∥∥∥
L∞
(
0,t0;L2(0,1)

) ⩽ C19,

(38)

ãäå Qt0 = (0, t0)× (0, 1),

C19 = C19

({
∥u0i∥W 1

2 (0,1)

}
, ∥ρ0∥W 1

2 (0,1)
, inf
[0,1]

ρ0, N, R, N, T, t0

)
.

Äîêàçàòåëüñòâî. Ââåäåì îáîçíà÷åíèå

α(t) =

N∑
i=1

t∫
0

1∫
0

(
ρ

(
∂ui
∂τ

)2

+

(
∂2ui
∂x2

)2
)

dxdτ. (39)

Óðàâíåíèå (7) âëå÷åò âûïîëíåíèå íåðàâåíñòâ (12), èç êîòîðûõ, â ñâîþ
î÷åðåäü, ñëåäóþò îöåíêè

C−1
20 exp{−C20α(t)} ⩽ ρ(t, x) ⩽ C20 exp{C20α(t)}, (40)

ãäå C20 = C20

(
sup
[0,1]

ρ0, inf
[0,1]

ρ0, N, T

)
. Çàìåòèì òåïåðü, ÷òî èç (7) âûòåêàåò

ðàâåíñòâî

ρ
∂2

∂t∂x

(
1

ρ

)
+ ρv

∂2

∂x2

(
1

ρ

)
=

∂2v

∂x2
, (41)

èç êîòîðîãî ïîëó÷àåì

d

dt

 1∫
0

ρ

(
∂

∂x

(
1

ρ

))2

dx

 = 2

1∫
0

(
∂2v

∂x2

)(
∂

∂x

(
1

ρ

))
dx. (42)
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Èç (42) ñëåäóåò ñîîòíîøåíèå

1∫
0

ρ

(
∂

∂x

(
1

ρ

))2

dx ⩽

1∫
0

ρ0

((
1

ρ0

)′)2

dx+

+

t∫
0

1∫
0

ρ

(
∂

∂x

(
1

ρ

))2

dxdτ +

t∫
0

1∫
0

1

ρ

(
∂2v

∂x2

)2

dxdτ.

(43)

Çàìå÷àíèå 1. Ïðè âûâîäå (43) íàì ïîòðåáîâàëàñü (â (41), (42)) äî-
ïîëíèòåëüíàÿ ãëàäêîñòü ρ ïî ñðàâíåíèþ ñ (11), õîòÿ ñàìî ñîîòíîøåíèå
(43) íèêàêèõ äîïîëíèòåëüíûõ òðåáîâàíèé íå ïðåäóñìàòðèâàåò. Ýòî
îçíà÷àåò, ÷òî (43) ìîæåò áûòü ïîëó÷åíî ïóòåì ðåãóëÿðèçàöèè ρ0,
âûâîäà (43) äëÿ ðåøåíèé ïîëó÷èâøèõñÿ çàäà÷, à çàòåì ïðåäåëüíîãî ïå-
ðåõîäà ïî ïàðàìåòðó ðåãóëÿðèçàöèè. Àíàëîãè÷íî ñëåäóåò ïîíèìàòü âû-
âîä ñîîòíîøåíèé (24).

Èç (43), ïîëüçóÿñü (39), (40) è íåðàâåíñòâîì Ãðîíóîëëà, ïîëó÷àåì
îöåíêó

1∫
0

(
∂

∂x

(
1

ρ

))2

dx+

1∫
0

(
∂ρ

∂x

)2

dx ⩽ C21 exp{C21α(t)}, (44)

ãäå C21 = C21

(
C20, ∥ρ0∥W 1

2 (0,1)
, inf
[0,1]

ρ0, N, T

)
. Äàëåå, óìíîæàÿ (8) íà θ′ik+

π2k2θik, ñóììèðóÿ ïî i = 1, . . . , N , k = 1, . . . ,m, è ó÷èòûâàÿ (7), (10),
ïðèõîäèì ê ñîîòíîøåíèþ

N∑
i=1

1∫
0

ρ

(
∂ui
∂t

)2

dx+
N∑

i,j=1

νij

1∫
0

(
∂2ui
∂x2

)(
∂2uj
∂x2

)
dx+

+
1

2

d

dt

 N∑
i=1

1∫
0

ρ

(
∂ui
∂x

)2

dx

+
1

2

d

dt

 N∑
i,j=1

νij

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dx

 =

=
N∑
i=1

1∫
0

(
− ρv

(
∂ui
∂t

)(
∂ui
∂x

)
− αiR

(
∂ρ

∂x

)(
∂ui
∂t

)
+ (45)

+αiR

(
∂ρ

∂x

)(
∂2ui
∂x2

)
+ 2ρv

(
∂ui
∂x

)(
∂2ui
∂x2

)
−
(
∂ρ

∂x

)(
∂ui
∂t

)(
∂ui
∂x

))
dx.

Ò. ê. N > 0, òî

ëåâàÿ ÷àñòü (45) ⩾ C22(C1)α
′(t) + β′(t), (46)
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ãäå

β(t) =
1

2

N∑
i=1

1∫
0

ρ

(
∂ui
∂x

)2

dx+
1

2

N∑
i,j=1

νij

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dx.

Ðàññìîòðèì îòäåëüíî êàæäîå ñëàãàåìîå â ïðàâîé ÷àñòè (45). Äëÿ ïåðâîãî
ñëàãàåìîãî â ïðàâîé ÷àñòè (45) èìååì

−
N∑
i=1

1∫
0

ρv

(
∂ui
∂t

)(
∂ui
∂x

)
dx ⩽

⩽
N∑
i=1

∥v∥L∞(0,1)

∥∥∥∥√ρ
∂ui
∂t

∥∥∥∥
L2(0,1)

∥∥∥∥√ρ
∂ui
∂x

∥∥∥∥
L2(0,1)

⩽

⩽
C22

10
α′(t) + C23 β

2(t) exp{C23α(t)}, (47)

ãäå C23 = C23(C20, C22, N). Äëÿ âòîðîãî è òðåòüåãî ñëàãàåìûõ â ïðàâîé
÷àñòè (45) ïîëó÷àåì ñîîòâåòñòâåííî

−R
N∑
i=1

αi

1∫
0

(
∂ρ

∂x

)(
∂ui
∂t

)
dx ⩽

C22

10
α′(t) + C24 exp{C24α(t)}, (48)

R

N∑
i=1

αi

1∫
0

(
∂ρ

∂x

)(
∂2ui
∂x2

)
dx ⩽

C22

10
α′(t) + C25 exp{C25α(t)}, (49)

ãäå C24 = C24(C20, C21, C22, R,N), C25 = C25(C21, C22, R,N). Äëÿ ÷åòâåð-
òîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (45) âåðíî, ÷òî

2

N∑
i=1

1∫
0

ρv

(
∂ui
∂x

)(
∂2ui
∂x2

)
dx ⩽

⩽ 2

N∑
i=1

∥v∥L∞(0,1)∥
√
ρ∥L∞(0,1)

∥∥∥∥√ρ
∂ui
∂x

∥∥∥∥
L2(0,1)

∥∥∥∥∂2ui
∂x2

∥∥∥∥
L2(0,1)

⩽

⩽
C22

10
α′(t) + C26 β

2(t) exp{C26α(t)}, C26 = C26(C20, C22, N).

(50)

Íàêîíåö, äëÿ ïîñëåäíåãî ñëàãàåìîãî â ïðàâîé ÷àñòè (45), ñ ïîìîùüþ
îöåíîê∥∥∥∥∂ui∂x

∥∥∥∥
L∞(0,1)

⩽
√
2

∥∥∥∥∂ui∂x

∥∥∥∥ 1
2

L2(0,1)

∥∥∥∥∂2ui
∂x2

∥∥∥∥
1
2

L2(0,1)

, i = 1, . . . , N,
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âûâîäèì

−
N∑
i=1

1∫
0

(
∂ρ

∂x

)(
∂ui
∂t

)(
∂ui
∂x

)
dx ⩽

⩽
N∑
i=1

∥∥∥∥∂ui∂x

∥∥∥∥
L∞(0,1)

∥∥∥∥ 1
√
ρ

(
∂ρ

∂x

)∥∥∥∥
L2(0,1)

∥∥∥∥√ρ
∂ui
∂t

∥∥∥∥
L2(0,1)

⩽ (51)

⩽
C22

10
α′(t) + C27 β(t) exp{C27α(t)}, C27 = C27(C20, C21, C22, N).

Òàêèì îáðàçîì, èç (47)�(51) ñëåäóåò, ÷òî

ïðàâàÿ ÷àñòü (45) ⩽
C22

2
α′(t) + C28(1 + β2(t)) exp{C28α(t)}, (52)

ãäå C28 = C28(C23, . . . , C27). Îáúåäèíÿÿ ñîîòíîøåíèÿ (46) è (52), ïîëó-
÷àåì èç (45) íåðàâåíñòâî

C22

2
α′ + β′ ⩽ C29 exp

{
C29

(
C22

2
α+ β

)}
, C29 = C29(C22, C28). (53)

Çàäàäèì ëþáîå C30 > β(0) (íàïðèìåð, C30 = 2β(0)). Òîãäà ïðè

t0 = min

{
T,

exp{−C29β(0)} − exp{−C29C30}
C2
29

}
, (54)

èç (53) ïîëó÷àåì îöåíêó

sup
0⩽t⩽t0

(α+ β) ⩽

(
1 +

2

C22

)
C31, (55)

ãäå C31 =
1

C29
ln

(
1

exp{−C29β(0)} − C2
29t0

)
, êîòîðàÿ âìåñòå ñ (7), (40) è

(44) çàâåðøàåò äîêàçàòåëüñòâî Ëåììû 2.

4 Ñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé

Â äàííîì ðàçäåëå, íà îñíîâàíèè ïîëó÷åííûõ ðàâíîìåðíûõ ïî ïàðà-
ìåòðó m îöåíîê, ñîâåðøèì ïðåäåëüíûé ïåðåõîä ïðè m → ∞ è ïîêàæåì,
÷òî ñîâîêóïíîñòü ïðåäåëüíûõ ôóíêöèé ÿâëÿåòñÿ ñèëüíûì ðåøåíèåì çà-
äà÷è (1)�(4) â ìàëîì ïî âðåìåíè.
Ïîñòðîèâ ñîãëàñíî Ëåììå 1 ðåøåíèÿ (ρm, u1m, . . . , uNm) çàäà÷ (7)�(10)

ïðè âñåõ m ∈ N, à çàòåì ïðè íåîáõîäèìîñòè ïðîäîëæèâ èõ íà èíòåð-
âàë (0, t0), ñîãëàñíî Ëåììå 2, ìîæíî èñïîëüçîâàòü äëÿ íèõ îöåíêó (38).
Íà îñíîâàíèè ýòîé îöåíêè ìîæåò áûòü âûäåëåíà ïîäïîñëåäîâàòåëüíîñòü
(êîòîðóþ îáîçíà÷èì òàê æå; äàëåå ýòà ïðîöåäóðà òàêæå áóäåò ïîäðà-
çóìåâàòüñÿ ïðè íåîáõîäèìîñòè), äëÿ êîòîðîé ïðè m → ∞ äëÿ âñåõ
i = 1, . . . , N èìåþò ìåñòî ñõîäèìîñòè

ρm → ρ ∗ −ñëàáî â L∞
(
0, t0;W

1
2 (0, 1)

)
,

uim → ui ∗ −ñëàáî â L∞
(
0, t0;W

1
2 (0, 1)

)
è ñëàáî â L2

(
0, t0;W

2
2 (0, 1)

)
.
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Êðîìå òîãî, îñòàâøèåñÿ ñâîéñòâà, ïåðå÷èñëåííûå â (5), âûïîëíåíû äëÿ
íàøåé ïîñëåäîâàòåëüíîñòè â Qt0 ðàâíîìåðíî ïî m, à çíà÷èò ïðåäåëü-
íûå ôóíêöèè ïîïàäàþò â ñîîòâåòñòâóþùèå êëàññû. Ïîêàæåì, ÷òî ñî-
âîêóïíîñòü ôóíêöèé (ρ, u1, . . . , uN ) ÿâëÿåòñÿ ñèëüíûì ðåøåíèåì çàäà÷è
(1)�(4) íà (0, t0).
Èç ðàâíîìåðíûõ îöåíîê ρm, uim, i = 1, . . . , N â L∞

(
0, t0;W

1
2 (0, 1)

)
è

∂ρm
∂t

,
∂uim
∂t

, i = 1, . . . , N â L2(Qt0) (ñì. (38)) ïîëó÷àåì ïî òåîðåìå

Àðöåëà�Àñêîëè ([49], Òåîðåìà 1.70, ñòð. 58) ñõîäèìîñòè

ρm → ρ ïðè m → ∞ ñèëüíî â C
(
[0, t0];L2(0, 1)

)
, (56)

uim → ui ïðè m → ∞ ñèëüíî â C
(
[0, t0];L2(0, 1)

)
, i = 1, . . . , N. (57)

Èç îãðàíè÷åííîñòè
∂uim
∂t

, i = 1, . . . , N â L2(Qt0) ñëåäóþò ðàâíîìåðíûå

îöåíêè
∂2uim
∂t∂x

, i = 1, . . . , N â L2(0, t0;W
−1
2 (0, 1)), ÷òî âìåñòå ñ îöåíêàìè

∂uim
∂x

, i = 1, . . . , N â L2(0, t0;W
1
2 (0, 1)) ïðèâîäèò, ïî òåîðåìå Ëèîíñà�

Îáåíà ([49], Òåîðåìà 1.71, ñòð. 59), ê ñõîäèìîñòÿì

∂uim
∂x

→ ∂ui
∂x

ïðè m → ∞ ñèëüíî â L2(Qt0), i = 1, . . . , N. (58)

Îòñþäà è èç (57) ñëåäóþò ñîîòíîøåíèÿ

uim → ui ïðè m → ∞ ñèëüíî â L2

(
0, t0;C[0, 1]

)
, i = 1, . . . , N. (59)

Òàêèì îáðàçîì, ïðåäåëüíûå ôóíêöèè ρ, ui, i = 1, . . . , N , óäîâëåòâîðÿþò

óðàâíåíèÿì íåðàçðûâíîñòè (1) ñ v =

N∑
j=1

αjuj ïî÷òè âñþäó â Qt0 , íà÷àëü-

íûì óñëîâèÿì (3) � äëÿ ïî÷òè âñåõ x ∈ (0, 1) è ãðàíè÷íûì óñëîâèÿì
(4) � äëÿ ïî÷òè âñåõ t ∈ (0, t0).

Èç îãðàíè÷åííîñòè
∂uim
∂t

, i = 1, . . . , N â L2(Qt0) ñëåäóþò ñëàáûå ñõî-

äèìîñòè
∂uim
∂t

ê
∂ui
∂t

â L2(Qt0), i = 1, . . . , N , ÷òî âìåñòå ñ (56) è îãðà-

íè÷åííîñòüþ ρm
∂uim
∂t

, i = 1, . . . , N â L2(Qt0), âëå÷åò ñëàáûå ñõîäèìîñòè

ρm
∂uim
∂t

ê ρ
∂ui
∂t

â L2(Qt0), i = 1, . . . , N . Äàëåå, èç (56) è (58) ñëåäóåò, ÷òî

ïðè âñåõ i = 1, . . . , N

ρm
∂uim
∂x

→ ρ
∂ui
∂x

ïðè m → ∞ ñèëüíî â L2

(
0, t0;L1(0, 1)

)
, (60)

îòêóäà è èç (59) ïîëó÷àåì äëÿ âñåõ i, j = 1, . . . , N ñõîäèìîñòè(
ρm

∂uim
∂x

)
ujm →

(
ρ
∂ui
∂x

)
uj ïðè m → ∞ ñèëüíî â L1(Qt0). (61)
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Èç (8) ñëåäóåò, ÷òî äëÿ ëþáûõ ôóíêöèé âèäà (i = 1, . . . , N)

φi =
M∑
s=1

ηis(t)sin(πsx), ηis ∈ C[0, t0], s = 1, . . . ,M, M ⩽ m, (62)

âûïîëíåíû äëÿ âñåõ i = 1, . . . , N ðàâåíñòâà∫
Qt0

(
ρm

∂uim
∂t

+ ρmvm
∂uim
∂x

+ αiR
∂ρm
∂x

−

−
N∑
j=1

νij
∂2ujm
∂x2

)
φi dxdt = 0, vm =

N∑
j=1

αjujm,

(63)

ïåðåõîäÿ â êîòîðûõ (áëàãîäàðÿ ïîëó÷åííûì âûøå ñõîäèìîñòÿì) ê ïðå-
äåëó ïðè m → ∞, ïîëó÷àåì (ïîñêîëüêó ìíîæåñòâî ôóíêöèé âèäà (62)
âñþäó ïëîòíî â L2(Qt0)) ñïðàâåäëèâîñòü óðàâíåíèé áàëàíñà èìïóëüñîâ
(2) äëÿ ïðåäåëüíûõ ôóíêöèé ρ, ui, i = 1, . . . , N ïî÷òè âñþäó â Qt0 . Òà-
êèì îáðàçîì, äîêàçàíî ñóùåñòâîâàíèå ñèëüíîãî ðåøåíèÿ çàäà÷è (1)�(4)
â ìàëîì ïî âðåìåíè.

5 Ãëîáàëüíûå àïðèîðíûå îöåíêè

Â äàííîì ðàçäåëå, ÷òîáû ïðîäîëæèòü ðåøåíèå çàäà÷è (1)�(4) ñ èí-
òåðâàëà (0, t0) íà âåñü ðàññìàòðèâàåìûé èíòåðâàë (0, T ), ïîëó÷èì äëÿ
íåãî àïðèîðíûå îöåíêè, êîíñòàíòû â êîòîðûõ çàâèñÿò ëèøü îò äàííûõ
çàäà÷è è îò âåëè÷èíû T , íî íå îò ìàëîãî ïàðàìåòðà t0 (ñì., íàïðèìåð,
[20], ñòð. 40).
Ïðè âûâîäå îöåíîê äàëåå, èíîãäà áóäåò óäîáíî ïîëüçîâàòüñÿ ìàññîâû-

ìè ëàãðàíæåâûìè êîîðäèíàòàìè. Âîçüìåì çà íîâûå íåçàâèñèìûå ïåðå-

ìåííûå t è y(t, x) =

x∫
0

ρ(t, s) ds. Òîãäà óðàâíåíèÿ (1), (2) ïðèìóò âèä

∂ρ̃

∂t
+ ρ̃2

∂ṽ

∂y
= 0, ṽ =

N∑
j=1

αj ũj , (64)

∂ũi
∂t

+ αiR
∂ρ̃

∂y
=

N∑
j=1

νij
∂

∂y

(
ρ̃
∂ũj
∂y

)
, i = 1, . . . , N. (65)

Îáëàñòü QT ïðè òàêîì ïåðåõîäå îòîáðàæàåòñÿ â îáëàñòü

ΠT = (0, T )×(0, d), ãäå d =

1∫
0

ρ0(x) dx, ρ0 =
N∑
j=1

ρ0j , íà÷àëüíûå è êðàåâûå

óñëîâèÿ (3), (4) ïðåîáðàçóþòñÿ ê âèäó

ρ̃|t=0 = ρ̃0(y), ũi|t=0 = ũ0i(y), i = 1, . . . , N, (66)
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ũi|y=0 = ũi|y=d = 0, i = 1, . . . , N. (67)

Ïðèñòóïèì ê âûâîäó àïðèîðíûõ îöåíîê.

Ëåììà 3. Â ïðåäïîëîæåíèÿõ Òåîðåìû 1 ñóùåñòâóåò ïîëîæèòåëü-
íàÿ ïîñòîÿííàÿ C32 òàêàÿ, ÷òî

N∑
i=1

1∫
0

ρu2i dx+

1∫
0

(
ρlnρ− (lnd+ 1)ρ+ d

)
dx+

+
N∑
i=1

T∫
0

1∫
0

(
∂ui
∂x

)2

dx dt ⩽ C32,

(68)

ãäå C32 = C32

(
sup
(0,1)

ρ0,
{
||u0i||L2(0,1)

}
,N, d,N,R

)
.

Äîêàçàòåëüñòâî. Óìíîæèì óðàâíåíèÿ (2) íà ui, ïðîèíòåãðèðóåì ïî
x è ïðîñóììèðóåì ïî i = 1, . . . , N . Ó÷èòûâàÿ, ÷òî â ñèëó (1), (4) è óñëî-
âèÿ N > 0, èìåþò ìåñòî ñîîòíîøåíèÿ

N∑
i=1

1∫
0

(
ρui

∂ui
∂t

+ ρvui
∂ui
∂x

)
dx =

1

2

d

dt

 N∑
i=1

1∫
0

ρu2i dx

 ,

R
N∑
i=1

αi

1∫
0

ui
∂ρ

∂x
dx = R

d

dt

 1∫
0

(
ρlnρ− (lnd+ 1)ρ+ d

)
dx

 ,

N∑
i,j=1

νij

1∫
0

ui
∂2uj
∂x2

dx = −
N∑

i,j=1

νij

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dx ⩽

⩽ −C1

N∑
i=1

1∫
0

(
∂ui
∂x

)2

dx,

(69)

ïîëó÷èì íåðàâåíñòâî

1

2

d

dt

 N∑
i=1

1∫
0

ρu2i dx

+R
d

dt

 1∫
0

(
ρlnρ− (lnd+ 1)ρ+ d

)
dx

+

+C1

N∑
i=1

1∫
0

(
∂ui
∂x

)2

dx ⩽ 0.

(70)
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Íåðàâåíñòâî (70) ïðîèíòåãðèðóåì ïî t, èñïîëüçóÿ (3), ïîëó÷èì

1

2

N∑
i=1

1∫
0

ρu2i dx+R

1∫
0

(
ρlnρ− (lnd+ 1)ρ+ d

)
dx+

+C1

N∑
i=1

t∫
0

1∫
0

(
∂ui
∂x

)2

dx dτ ⩽
1

2

N∑
i=1

1∫
0

ρ0u
2
0i dx+

+R

1∫
0

(
ρ0lnρ0 − (lnd+ 1)ρ0 + d

)
dx.

Îòñþäà íåïîñðåäñòâåííî ñëåäóåò îöåíêà (68). Ëåììà 3 äîêàçàíà.

Çàìå÷àíèå 2. Îöåíêà (68) â ìàññîâûõ ëàãðàíæåâûõ êîîðäèíàòàõ
èìååò ñëåäóþùèé âèä:

N∑
i=1

d∫
0

ũ2i dy +

d∫
0

(
ρ̃lnρ̃− (lnd+ 1)ρ̃+ d

)
ρ̃

dy+

+
N∑
i=1

T∫
0

d∫
0

ρ̃

(
∂ũi
∂y

)2

dy dt ⩽ C32.

(71)

Çàìå÷àíèå 3. Èç îöåíêè (68) ñëåäóåò, ÷òî

N∑
i=1

T∫
0

(
sup
[0,1]

|ui|

)2

dt ⩽ C32. (72)

Ëåììà 4. Â ïðåäïîëîæåíèÿõ Òåîðåìû 1 ñóùåñòâóþò ïîëîæèòåëü-
íûå ïîñòîÿííûå C33, C34 òàêèå, ÷òî

1

C33
⩽ ρ̃(t, y) ⩽ C33,

1

C33
⩽ ρ(t, x) ⩽ C33, (73)

1∫
0

(
∂ρ

∂x

)2

dx+

T∫
0

1∫
0

(
∂ρ

∂x

)2

dx dt ⩽ C34 (74)

ãäå C33 = C33

(
àðã. C32, inf

[0,d]
ρ̃0, ∥ρ̃0∥W 1

2 (0,d)
,
{
∥ũ0i∥L2(0,d)

}
, Ñ, R̃

)
,

C34 = C34 (àðã. C33), Ñ = N−1, R̃ =
N∑

i,j=1

ν̃ijαiαj .
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Äîêàçàòåëüñòâî. Ïåðåïèøåì óðàâíåíèÿ (65) â âèäå

N∑
j=1

ν̃ij
∂ũj
∂t

+R

 N∑
j=1

ν̃ijαj

 ∂ρ̃

∂y
=

∂

∂y

(
ρ̃
∂ũi
∂y

)
, i = 1, . . . , N, (75)

ãäå ν̃ij , i, j = 1, . . . , N � ýëåìåíòû ìàòðèöû Ñ, à çàòåì óìíîæèì (75) íà
αi è ïðîñóììèðóåì ïî i = 1, . . . , N , ïîëó÷èì, ÷òî

N∑
i,j=1

ν̃ijαi
∂ũj
∂t

+ R̃
∂ρ̃

∂y
=

∂

∂y

(
ρ̃
∂ṽ

∂y

)
. (76)

Âûðàæàÿ èç óðàâíåíèÿ (64)

ρ̃
∂ṽ

∂y
= −∂lnρ̃

∂t
(77)

è ïîäñòàâëÿÿ â (76), ïðèõîäèì ê ðàâåíñòâó

∂2lnρ̃

∂t∂y
+ R̃

∂ρ̃

∂y
= −

N∑
i,j=1

ν̃ijαi
∂ũj
∂t

.

Óìíîæèì ýòî ðàâåíñòâî íà
∂lnρ̃

∂y
è ïðîèíòåãðèðóåì ïî y, ïîëó÷èì ñîîò-

íîøåíèå

1

2

d

dt

 d∫
0

(
∂lnρ̃

∂y

)2

dy

+ R̃

d∫
0

ρ̃

(
∂lnρ̃

∂y

)2

dy =

= −
N∑

i,j=1

ν̃ijαi

d∫
0

(
∂ũj
∂t

)(
∂lnρ̃

∂y

)
dy.

(78)

Ïðàâóþ ÷àñòü (78) ïðåîáðàçóåì, èíòåãðèðóÿ ïî ÷àñòÿì è èñïîëüçóÿ (77):

−
N∑

i,j=1

ν̃ijαi

d∫
0

(
∂ũj
∂t

)(
∂lnρ̃

∂y

)
dy = − d

dt

 N∑
i,j=1

ν̃ijαi

d∫
0

ũj
∂lnρ̃

∂y
dy

+

+
N∑

i,j=1

ν̃ijαi

d∫
0

ρ̃

(
∂ũj
∂y

)(
∂ṽ

∂y

)
dy. (79)

Òàêèì îáðàçîì, ïîñëå èíòåãðèðîâàíèÿ (78) ïî t, ó÷èòûâàÿ (79), íàõîäèì

1

2

d∫
0

(
∂lnρ̃

∂y

)2

dy + R̃

t∫
0

d∫
0

ρ̃

(
∂lnρ̃

∂y

)2

dy dτ =
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= −
N∑

i,j=1

ν̃ijαi

d∫
0

ũj
∂lnρ̃

∂y
dy +

N∑
i,j=1

ν̃ijαi

t∫
0

d∫
0

ρ̃

(
∂ũj
∂y

)(
∂ṽ

∂y

)
dydτ+

+
N∑

i,j=1

ν̃ijαi

d∫
0

ũ0j
dlnρ̃0
dy

dy +
1

2

d∫
0

(
dlnρ̃0
dy

)2

dy.

Èñïîëüçóÿ îöåíêó (71), îòñþäà âûâîäèì íåðàâåíñòâî

d∫
0

(
∂lnρ̃

∂y

)2

dy +

T∫
0

d∫
0

ρ̃

(
∂lnρ̃

∂y

)2

dydt ⩽ C35, (80)

ãäå C35 = C35

(
C32, inf

[0,d]
ρ̃0, ∥ρ̃0∥W 1

2 (0,d)
,
{
∥ũ0i∥L2(0,d)

}
, Ñ, R̃,N

)
. Èç (64),

(66) è (67) ñëåäóåò, ÷òî ïðè êàæäîì t ∈ [0, T ] õîòÿ áû â îäíîé òî÷êå
ỹ(t) ∈ [0, d]

ρ̃(t, ỹ(t)) = d. (81)

Ñëåäîâàòåëüíî, ìîæíî âîñïîëüçîâàòüñÿ ïðåäñòàâëåíèåì

lnρ̃(t, y) = lnρ̃(t, ỹ) +

y∫
ỹ

∂lnρ̃

∂s
ds,

èç êîòîðîãî ïî íåðàâåíñòâó Ãåëüäåðà, ñ ó÷åòîì (80) è (81), èìååì

|ln ρ̃(t, y)| ⩽ |ln d|+
√
d

√√√√√ d∫
0

(
∂lnρ̃

∂y

)2

dy ⩽ C36(C35, d).

Îòñþäà è èç (80) íåïîñðåäñòâåííî ñëåäóþò îöåíêè (73) è (74). Ëåììà 4
äîêàçàíà.

Ëåììà 5. Â ïðåäïîëîæåíèÿõ Òåîðåìû 1 ñóùåñòâóåò ïîëîæèòåëü-
íàÿ ïîñòîÿííàÿ C37 òàêàÿ, ÷òî

1∫
0

(
∂ρ

∂t

)2

dx+
N∑
i=1

( 1∫
0

(
∂ui
∂x

)2

dx+

T∫
0

1∫
0

(
∂ui
∂t

)2

dxdt+

+

T∫
0

1∫
0

(
∂2ui
∂x2

)2

dxdt

)
⩽ C37,

(82)

ãäå C37 = C37

(
àðã. C33,

{
∥u′0i∥L2(0,1)

}
,N, R,N, T

)
.
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Äîêàçàòåëüñòâî. Âîçâåäåì â êâàäðàò óðàâíåíèÿ (2), ïîäåëèì íà ρ,
ïðîñóììèðóåì ïî i = 1, . . . , N è ïðîèíòåãðèðóåì ïî x, ïîëó÷èì

N∑
i=1

1∫
0

ρ

(
∂ui
∂t

)2

dx− 2

N∑
i=1

1∫
0

(
∂ui
∂t

) N∑
j=1

νij
∂2uj
∂x2

 dx+

+

N∑
i=1

1∫
0

1

ρ

 N∑
j=1

νij
∂2uj
∂x2

2

dx =

N∑
i=1

1∫
0

ρ

(
v
∂ui
∂x

+
αiR

ρ

∂ρ

∂x

)2

dx.

(83)

Ââåäåì ñëåäóþùåå îáîçíà÷åíèå:

γ(t) =

N∑
i,j=1

νij

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dx+

+

N∑
i=1

1∫
0

t∫
0

(
ρ

(
∂ui
∂τ

)2

+
1

ρ

( N∑
j=1

νij
∂2uj
∂x2

)2)
dx dτ.

Òîãäà èç (83) è íåðàâåíñòâ (69), (73) è (74) ñëåäóåò, ÷òî

γ′(t) ⩽ C38 + C39

 N∑
j=1

∥uj∥2L∞(0,1)

 N∑
i,j=1

νij

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dx

 ⩽

⩽ C38 + C39

 N∑
j=1

∥uj∥2L∞(0,1)

 γ(t),

ãäå C38 = C38(C33, C34, R,N), C39 = C39(C1, C33, N), îòêóäà è èç íåðà-
âåíñòâà Ãðîíóîëëà (ñì. òàêæå (72)) ïîëó÷àåì, ÷òî

γ(t) ⩽ C40

(
C32, C38, C39, {∥u′0i∥L2(0,1)}

N
i=1,N, N, T

)
. (84)

Èç (84) íåïîñðåäñòâåííî ñëåäóåò îöåíêà

N∑
i=1

( 1∫
0

(
∂ui
∂x

)2

dx+

T∫
0

1∫
0

(
∂ui
∂t

)2

dxdt+

+

T∫
0

1∫
0

(
∂2ui
∂x2

)2

dxdt

)
⩽ C41(C1, C33, C40, N).

(85)

Íàêîíåö, èç óðàâíåíèÿ (1) è îöåíîê (73), (74) è (85) ïîëó÷àåì, ÷òî

1∫
0

(
∂ρ

∂t

)2

dx ⩽ C42(C33, C34, C41, N).

Ëåììà 5 äîêàçàíà.



ÐÀÇÐÅØÈÌÎÑÒÜ ÓÐÀÂÍÅÍÈÉ ÄÈÍÀÌÈÊÈ ÑÌÅÑÈ 955

Òàêèì îáðàçîì, â Ëåììàõ 3-5 ïîëó÷åíû âñå îöåíêè, íåîáõîäèìûå äëÿ
ïðîäîëæåíèÿ ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1)�(4) ñ èíòåðâàëà (0, t0)
íà èíòåðâàë (0, T ).

6 Åäèíñòâåííîñòü ðåøåíèÿ

Â äàííîì ðàçäåëå îáîñíóåì åäèíñòâåííîñòü ðåøåíèÿ íà÷àëüíî-êðàåâîé
çàäà÷è (1)�(4) è çàâåðøèì äîêàçàòåëüñòâî Òåîðåìû 1.

Ïðåäïîëîæèì, ÷òî
(
ρ(1), u

(1)
1 , . . . , u

(1)
N

)
è
(
ρ(2), u

(2)
1 , . . . , u

(2)
N

)
� äâà ðå-

øåíèÿ çàäà÷è (1)�(4). Ïîëîæèì ρ = ρ(1) − ρ(2), ui = u
(1)
i − u

(2)
i ,

i = 1, . . . , N , v(1,2) =

N∑
j=1

αju
(1,2)
j , v = v(1) − v(2). Èç (1), (3) ñëåäóþò

ðàâåíñòâà

∂ρ

∂t
+

∂
(
ρv(1)

)
∂x

+
∂
(
ρ(2)v

)
∂x

= 0, ρ|t=0 = 0. (86)

Óìíîæàÿ (86) íà 2ρ è èíòåãðèðóÿ ïî x, ïîëó÷àåì

y′1(t) = −
1∫

0

(
ρ2

∂v(1)

∂x
+ 2ρ(2)ρ

∂v

∂x
+ 2ρv

∂ρ(2)

∂x

)
dx, (87)

ãäå

y1(t) =

1∫
0

ρ2 dx. (88)

Ñëàãàåìûå â ïðàâîé ÷àñòè (87) ìîæíî îöåíèòü ñëåäóþùèì îáðàçîì:

−
1∫

0

ρ2
∂v(1)

∂x
dx ⩽

 N∑
i=1

∥∥∥∥∥∂u(1)i

∂x

∥∥∥∥∥
L∞(0,1)

 y1(t),

−2

1∫
0

ρ(2)ρ
∂v

∂x
dx ⩽ ∥ρ(2)∥2L∞(QT )y1(t) +N

N∑
i=1

1∫
0

(
∂ui
∂x

)2

dx,

−2

1∫
0

ρv
∂ρ(2)

∂x
dx ⩽ y1(t) + ∥v2∥L∞(0,1)

∥∥∥∥∥∂ρ(2)∂x

∥∥∥∥∥
L∞
(
0,T ;L2(0,1)

) ⩽
⩽ y1(t) +N

∥∥∥∥∥∂ρ(2)∂x

∥∥∥∥∥
L∞
(
0,T ;L2(0,1)

)
 N∑

i=1

1∫
0

(
∂ui
∂x

)2

dx

 .

Â ñèëó âêëþ÷åíèé

ρ(2) ∈ L∞(QT ),
∂ρ(2)

∂x
∈ L∞

(
0, T ;L2(0, 1)

)
,
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∂u
(1)
i

∂x
∈ L2

(
0, T ;L∞(0, 1)

)
, i = 1, . . . , N,

âûâîäèì îöåíêó

y′1(t) ⩽ C43(t)y1(t) + C44

N∑
i=1

1∫
0

(
∂ui
∂x

)2

dx, (89)

ãäå C43 = C43


∥∥∥∥∥∂u(1)i

∂x

∥∥∥∥∥
L∞(0,1)

 , ∥ρ(2)∥L∞(QT )

, C43 ∈ L2(0, T ),

C44 = C44

∥∥∥∥∥∂ρ(2)∂x

∥∥∥∥∥
L∞
(
0,T ;L2(0,1)

) , N
. Ïîýòîìó, ïðèìåíÿÿ íåðàâåíñòâî

Ãðîíóîëëà, ïðèõîäèì ê íåðàâåíñòâó

y1(t) ⩽ C45

(
C44, ∥C43∥L1(0,1)

) N∑
i=1

t∫
0

1∫
0

(
∂ui
∂x

)2

dxdτ. (90)

Äàëåå, èç óðàâíåíèé (2) è êðàåâûõ óñëîâèé (4) ñëåäóåò ðàâåíñòâî

1

2

d

dt

 N∑
i=1

1∫
0

ρ(1)u2i dx

+
N∑

i,j=1

νij

1∫
0

(
∂ui
∂x

)(
∂uj
∂x

)
dx =

= R
N∑
i=1

αi

1∫
0

(
ρ(1) − ρ(2)

)(∂ui
∂x

)
dx−

N∑
i=1

1∫
0

ρui

(
∂u

(2)
i

∂t

)
dx− (91)

−
N∑
i=1

1∫
0

ρ(1)vui

(
∂u

(2)
i

∂x

)
dx−

N∑
i=1

1∫
0

ρv(2)ui

(
∂u

(2)
i

∂x

)
dx,

èç êîòîðîãî âûòåêàåò ñîîòíîøåíèå

y′2(t) + y′3(t) ⩽ R

1∫
0

ρ

(
∂v

∂x

)
dx−

N∑
i=1

1∫
0

ρui

(
∂u

(2)
i

∂t

)
dx−

−
N∑
i=1

1∫
0

ρ(1)vui

(
∂u

(2)
i

∂x

)
dx−

N∑
i=1

1∫
0

ρv(2)ui

(
∂u

(2)
i

∂x

)
dx, (92)
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ãäå

y2(t) =
1

2

N∑
i=1

1∫
0

ρ(1)u2i dx,

y3(t) = C1

N∑
i=1

t∫
0

1∫
0

(
∂ui
∂x

)2

dxdτ.

(93)

Îöåíèì ñëàãàåìûå â ïðàâîé ÷àñòè (92) ñëåäóþùèì îáðàçîì:

R

1∫
0

ρ

(
∂v

∂x

)
dx ⩽

C1

4

N∑
i=1

∥∥∥∥∂ui∂x

∥∥∥∥2
L2(0,1)

+ C46 (C1, R,N) y1(t),

−
N∑
i=1

1∫
0

ρui

(
∂u

(2)
i

∂t

)
dx ⩽

C1

4

N∑
i=1

∥∥∥∥∂ui∂x

∥∥∥∥2
L2(0,1)

+

+C47

C1,


∥∥∥∥∥∂u(2)i

∂t

∥∥∥∥∥
L2(0,1)


 y1(t),

−
N∑
i=1

1∫
0

ρ(1)vui

(
∂u

(2)
i

∂x

)
dx ⩽ C48


∥∥∥∥∥∂u(2)i

∂x

∥∥∥∥∥
L∞(0,1)

 , N

 y2(t),

−
N∑
i=1

1∫
0

ρv(2)ui

(
∂u

(2)
i

∂x

)
dx ⩽ C49

({
∥u(2)i ∥L∞(QT ), N

})
y1(t)+

+C50


∥∥∥∥∥∂u(2)i

∂x

∥∥∥∥∥
L∞(0,1)

 ,

∥∥∥∥ 1

ρ(1)

∥∥∥∥
L∞(QT )

 y2(t),

ãäå C47, C50 ∈ L1(0, T ), C48 ∈ L2(0, T ). Òàêèì îáðàçîì, èç (92), ñ ó÷åòîì
óæå äîêàçàííîãî ñîîòíîøåíèÿ (ñì. (90))

y1(t) ⩽ C51(C1, C45)y3(t),

ñëåäóåò íåðàâåíñòâî

y′2(t) +
1

2
y′3(t) ⩽ C52(C46, . . . , C51)

(
y2(t) +

1

2
y3(t)

)
, (94)

ãäå C52 ∈ L1(0, 1), èç êîòîðîãî, ñ ó÷åòîì òîãî, ÷òî y2(0) = y3(0) = 0,
ïîëó÷àåì òîæäåñòâà

y1 ≡ y2 ≡ y3 ≡ 0, (95)

çàâåðøàþùèå äîêàçàòåëüñòâî Òåîðåìû 1.
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