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Abstract: In this work, an impulsive ¢g-Sturm—Liouville problem
is studied. The existence of a countably infinite set of eigenvalues
and eigenfunctions is proved and a uniformly convergent expansion
formula in the eigenfunctions is established.
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1 Introduction

The Fourier method is one of the important methods used in the solu-
tion of partial differential equations. While solving with this method, the
partial differential equation considered is reduced to Sturm-Liouville prob-
lems. The eigenvalues and eigenfunctions of these problems are investigated.
Meanwhile, the problem of uniform convergence of eigenfunction expansions
arises. For this reason, eigenvalues, eigenfunctions, and eigenfunction ex-
pansions of Sturm—Liouville problems have been extensively studied in the
theory of differential equations (see [1, 2, 3, 4, 6, 9, 10, 11, 12, 14, 15]).

Quantum calculus, which has a long history, has recently started to at-
tract the attention of many researchers ( see [5]). In 2005 Annaby and
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Mansour studied the g-analogue of the classical Sturm—Liouville equations
(see [1]). Classical results are obtained by considering the problem in the
regular case. Thereupon, the researchers began to study whether the results
obtained in the classical Sturm—Liouville theory were valid for the ¢g-Sturm-—
Liouville problems. In this context, the existence of countably infinite sets
of eigenvalues and eigenvectors of impulsive g-Sturm-Liouville problems and
uniform convergence of eigenfunction expansions will be investigated. The
Uniform convergence problem will be investigated using Steklov’s method
(see [2, 6, 13]).

2 Preliminaries

In this section, the basic concepts of g-calculus that will be used in the
article will be given. For more detailed information, the following sources
can be examined, [8, 1, 5].

Let ¢ € (0,1) and let A C R be a g-geometric set, i.e., if ¢ € A for all
¢ € A. We begin by defining the operator D, by

FaO)—£(Q)
Dof (C) = e e Y

where (,& € A. We define the Jackson g-integration by
C o0
/0f(v)dw:C(l—q)Zq"f(q”C),
n=0

where ¢ € A. From [7], we have
/0 Fdey= > ¢"f(q").

Through the remainder of the paper, we deal only with functions g-regular
at zero, i.e., functions satisfying

lim f(¢q") = f(0),

n—oo

for every ¢ € A.

3 Main Results

Consider the following problem

(ry) () = —;Dqquy (O +0() () = (), C€0.dU(da) (1)

with the boundary and impulsive conditions

y (0) — thq—ly (0) =0, (2)
y(a) + hoDy1y (a) = 0,
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y(d—) =mny (d+), (3)
1
Dq—ly (d_) = 5Dq_1y (d+) ) (4)
where hi,ho,n > 0, X is a complex eigenvalue parameter, v is a real-valued

continuous functions on [0,d) U (d, ¢ 'a] and has finite limits v(d4), v (¢) >
0, ¢ €[0,d)U(d,q 'al, a>0.

H = L(0,d) + L2 (d,a) is a Hilbert space endowed with the following
inner product

d o
wahe= [+ [y
0

where
y (), (€ (d,a)
e W), ¢e(0.d)

z Y b

10={ g, Eiaa)

Let

T:DCH—H, Ty=1y, ye D,
where

y and Dyy are g-regular at zero,
y(d+) and D1y (d+) exist,
y(0) = h1Dy-1y(0) = 0,

D=KyeH: y(a) + haDy1y(a) =0,
y(d=) =mny(d+),
D,y (d—) = %quy (d+), and
Tye H

Let y,z € D. Then we have
| [e0@3@ - s@ @] dya
0

= [y, 2] (a) = [y, 2] (d+) + [y, 2] (d—) — [y, 2] (0) , (5)

where
[y, 2] == y(Dg-12) = (Dg-1y)Z.
Theorem 1. T is a positive self-adjoint operator in H.

Proof. Let y,z € D. It follows from conditions (2)-(4) and (5) that
(Ty,2) =y, Tz). (6)
Since D is a dense subset in H, we see that T is a self-adjoint operator.

Let
(1)

’ D.
(dya), Y€
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Then we get

d
T = | [—;Dqquym (©) +0(Q)yY <<>] Y (gt

I

+ /d ’ [_;Dqlpqy@) Q) +v(Qy? (C)] y® (Q)d,
:/Odcll (D1 D™ () ¥ () qC+/d () [y (C)(quC
[ L (0D @) P g + [ 0O (O dug
Y T
_ /da D, [qu@) (q_lC)} y(T(g)qu +/ ‘y(Q) ‘ dqC

— [P (a71a) s ] + - [P ©) D O)

2 [P (4710 s (@)] + £ [Py (a)y® (@)

+;/Od\pqy<l> (g)quu/odv(o v () CdyC

A
_ ;hl Dy (0)(2 + ;hz Dy (47a) )2
+§/Od\pqy<l> (oquu/odv(o\y(” ©) de¢

v [ oa® o ac+ [o@ @ @f o,

due to hy,hy > 0 and v (¢) > 0 for ¢ € [0,q ta.
Let

D ©Of dic-+ [ 0@ |y @ dug
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and

q
y(d=) =ny(d+),
Dy (d=) = 1Dy (d4).
satisfying
u (0) = by, Dy-1uV (0) =1,

X (a) = —ha, Dy-1x? (a) = 1.
Lemma 1. Zero is not an eigenvalue of the operator T.

Proof. Let y € H and Ty = 0. Then we have
1
—qu—quy () +v(Qy(C) =0,

and
v = { iy QrenDO, celod
c3u® (¢) +eax® (©), ¢ € (d,a),
where ¢, ¢2,c3 and ¢4 are constants. From conditions (2)-(4), we infer that
y=0. U

Definition 1. The q-Wronskian of y and z is defined as
Wy (y, 2) == yDyz — zDgy.
Theorem 2. Let

_ 1 fu(QOx(), 0<¢<t<a, (#d, t#d,
Gl6) = Wq(u,x){u(t)x(o, 0<t<(<a ctd ttd 7

Then G (C,t) is a q-Hilbert-Schmidt kernel, i.e.,

d d a a
2 2
/O /0 G (1) 2 dyCdyt < oo, /d /d GG 1) PdyCdyt < oo.

Proof. By (7), we see that

d d
/ qu/ |G (¢, 1) dyt < oo,
0 0
/d qu/d G (¢, 1) dyt < o0

due to u(.) x (.) € H x H. Then, we obtain

d d a a
2 2
/0 /0 G (¢, )2 dyCdyt < o, /d /d IG(C, 1) ]PdyCdyt < 00 (B)

O
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Theorem 3 ([11]). Let A be an operator defined as

A{G} = {ui},
where i € N:={1,2,3,...} and

oo
Yi = Z aik(k'
k=1
If

o
Z ]aikIQ < 00,

ik=1

then A is compact in [°.

Theorem 4. Let K : H — H be an operator defined as

oG O, Celo
(Kf) () = {fZ @ (y)dgy, ¢ € (d,al,
where
(¢, 0,d
f(C)Z{ %)87 fee([d,a]), fed

Then K is a compact operator.

Proof. Let

24 @, cela
sz—ﬁbz(C)_{ ¢§2)(C)7 CE(d,a] (GN)

be a complete, orthonormal basis of H. Let i,k € N. If we set

d -
G= ) = /0 FD () ¢ (Q)dge

+ /d £ ()6 (Q)dyC,

n / "4 ()6 (O,

am—//Gc, oM (oM (dyCdt
//Gu 6@ ()62 (1)dyCd,t.

805

(11)

Then, H is mapped isometrically {2. Then, K transforms into A defined as
(9) in [? and (8) is translated into (10). From Theorem 3, A is compact.

Thus, K is compact.

O



806 BILENDER P. ALLAHVERDIEV, HUSEYIN TUNA, AND HAMLET A. ISAYEV

Since K = T!, the completeness of the system of all eigenvectors of T~
is equivalent to the completeness of the system of all eigenvectors of K. By
the Hilbert—Schmidt theorem, we obtain the following theorem.

Theorem 5. For the boundary-value problem (1)-(4), there exists an or-
thonormal basis {1y }c in H. For f € H, we have

=S e (), (12)
k=1
where
cr = (f,¢n), k€N
Thus, we get

2
lim Jo s - Eihiav (C)’ da — 0, (13)

N 2
A c)—Zkzlcwk Q)] doc

Moreover, it follows from (13) that
Lo o "l of "l 2
Ll ©f ac+ [ ©Of die = Sl (14)
k=1

Now let’s prove the main result of the article

Theorem 6. Let f,D,f : [0,q 1a] — R be continuous functions on [0,d) U
(d,q 'a], has finite limits f(d+), D 1S (dE) and satisfying conditions (2)-
(4). Then the series

=> ot (¢ (15)

k=1
where

Cp = <f7wk’>a ke N,
converges uniformly to f on the set [0,d) U (d, a].

Proof. Let
1 2 1 2
S )= o [Dy® ) + h2 | D (a7a)|

+;/Od]qu<1) <<)]2dq<+/0dv<<>\y<” ©) de¢
|
5,

Dy O dic+ [ @ @@ dg o)
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and S(y) > 0. If we take

in (16), we conclude that

N
S<ﬂo—§)wmo)

1
= i [Dys® (0) -

qu( ) (q 1“)

1
+=ha
q

—h1Dyf W (0) Dy (0)

—heD, @ (q_la) qwl(f) (a) |
N [mD 1 (0) D) (0)

807
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- JEDFD () Do) (€) dyg ]
" ; +f5 Dyf® (¢) Dyt (€) dyC
f (cw,i” (Q)dyC ]
kz +fd 2 (¢) w,(f) (€) dgC
i fo qwk qw(” (©)duc ]
o fd qwk Dyt (¢) dy¢
N
(<> wk <<> zz)m (©di¢
r +fd Qv (Q)dy¢ ]

km=1
Applications of (2)-(4) and ¢- 1ntegrat10n by parts give
)

d
/ DyotY (€) Dt ™ (¢) dy¢ + /O v (Q) FD Q) M (€) dy¢

.- / Dy (€) Dof® (¢) dyt + / 0 (Q) 12 (O () dyt
q.Jd d

= ul? (@7d) 1 @) - LD 010 O

+2Dq¢ff’ (¢ "a) /) (a) - 2%22) (d+) F@ (d+)

= "D, (qu,i” () de¢
1 / 7@ Q) D1 (D2 (€)) dog

a

d
T / () FD () (¢) dyt + / 0 (Q) £ (O (¢) doC
0 d

1
=~ hDg F® (a) Dy (a)

~ 1Dy £ ) Dl (0

+ [ 100 [-2ps (P ©) + 0@ 0 ©)] et

[0 [-in,s (D ©) + 000 ©)] g
— _h2; Dy f® (a) D1y (a)

1
—hlfqulf“) (0) Dgtp” (0) + Arer,
and

/ D (¢) Daith) (¢) dyt
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1 a
o /d D () D2 (¢) dg¢
d a
+ / v (Q) M (€ (€) dyC + / v (Q) B ()P () dyC
0 d

1 _ 1 _
= &qunl) (¢ 'd-) 1(61) (d=) + qudJ,(g) (¢ "a) wl(f) (a)

—;qu,%’ ©0) o (0) - ;qupﬁ? (d+) v (d+)

d
[0 [0 (Dt ©) 400 v (0] dat
+ [0 |00 (D ) + 010982 0] dut

- ;w,i” () D19 (a) - ;w,i” (0) D1 (0)

d a
T [ [ o ©ud@de+ [0 <c>dqc]
0 d
_ _;hlpqlw}f) (a) Dy-19@ (a)

1
—ghQqulzp,(j) (0) Dy-19 (0) + AgSgam,

where
P 1, ifk=m
fm '_{ 0, if k# m.
Hence
N 1 X 9
S £© =Y ewn (@) | = o [Dof )
k=1
1 2 1 [d
+gh2 [qu@) (q_la)} +q/0 (qu(l) (C))2qu
d 1 a
" /0 V(O SV QdC+ /d (Do (¢))2dyC
a 1 N
@2 d¢ — =Y Apeh.
+/d 2O IO = 3 ek
Then we get

i et < hy [qu@) (0)} " by [qu<2> (q_la)} ’
k=1
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d d
1) 2 v (1)2
T /0 (Dyf ™ ()2t +q /0 (©) FV? () dy¢

+f "(Daf® (02t + g / "0(0) 22 () dyt. )

due to S is nonnegative for all N. Thus, the convergence of the series

(o ¢]
2
PPRYL:
k=1

follows.
Now, we shall prove that the series

> Jewtor () (18)
k=1

is uniformly convergent on [0,d) U (d, a]. Since T, = A\gtg, k € N, we have

P () = Me(T1n) (€) = MG (¢, 1), ¢n), k€N

If we rewrite the series (18), we conclude that

D lentn (O =D e lerr ()] (19)
k=1 =1

where
Ty (¢) = (G (¢ ), ¥x), k€N,

This can be regarded as the Fourier coefficients of G ((,t) as a function of t.
From (17), we find

S MTEQ) < [D,GD (0)] 4 he [0, (¢q7a)]
k=1

d d
+ / (D,GWY (¢, 1))2dyt + ¢ / v (t) GV2 (¢ t) dyt
0 0

a

+ /d "Dy (¢, 1) 2t + g /0 o (£) G2 (¢, 1) dt.

Since all the functions appearing under the integral sign are bounded, we
deduce that

D MY <G,
k=1
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where C'is a constant. Applying the Cauchy—Schwartz inequality to the
series (19), we see that

n+m n+m n+m

Z A lex Yk (Q)] < Z AkCi Z AT (€)
k=n k=n k=n

n-+m

<VCL | D (20)
k=n

From (17) and (20), the series (18) is uniformly convergent on [0, d) U (d, al.
Since

Yo et (O <D lewtn (O
k=1 k=1

the series (15) is also uniformly convergent on [0,d) U (d, al.
Let

o)

hi(Q) =2 et (€)- (21)
k=1
Since the series (21) is uniformly convergent on [0,d) U (d, a], we get

d a
/0 £ 8P (€) dyt + /d £ 82 () dy¢ = cx (k € N).

Consequently, the Fourier coefficients of f and f; are the same. Applying
the Parseval equality (14) to the function f — fi, we find f — f1 = 0, due
to the Fourier coefficients of the function f — f; are zero. This finishes the
proof. [l

References

[1] M.H. Annaby, Z.S. Mansour, Basic Sturm—Liouville problems, J. Phys. A, Math Gen.,
38:17 (2005), 3775-3797. Zbl 1073.33012

[2] B.P. Allahverdiev, H. Tuna, Uniform convergence of generalized Fourier series of
Hahn—Sturm—Liouville problem, Konuralp J. Math., 9:2 (2021), 250-259.

[3] K. Aydemir, O.Sh. Mukhtarov, Class of Sturm—Liouville problems with eigenparam-
eter dependent transmission conditions, Numer. Funct. Anal. Optim. 38:10 (2017),
1260-1275. Zbl 1385.34021

[4] Ju. M. Berezanskii, Ezpansions in Eigenfunctions of Selfadjoint Operators, Amer.
Math. Soc., Providence, 1968. Zbl 0157.16601

[5] T. Ernst, The History of q-Calculus and a New Method, Department of Mathematics,
Uppsala University, 2000.

[6] G.Sh. Guseinov, FEigenfunction expansions for a Sturm-—Liouville problem on time
scales, Int. J. Difference Equ. 2:1 (2007), 93-104. Zbl 1145.39005

[7] W. Hahn, On orthogonal polynomials satisfying q-difference equations, Math. Nachr.,
2 (1949), 4-34. Zbl 0031.39001

[8] V. Kac, P. Cheung, Quantum Calculus, Springer, New York, 2002. Zbl 0986.05001

[9] N. Levinson, A simplified proof of the ezpansion theorem for singular second order
linear differential equations, Duke Math. J., 18 (1951), 57-71. Zbl 0044.31302


https://doi.org/10.1088/0305-4470/38/17/005
https://dergipark.org.tr/en/pub/konuralpjournalmath/issue/31497/823776
https://dergipark.org.tr/en/pub/konuralpjournalmath/issue/31497/823776
https://doi.org/10.1080/01630563.2017.1316995
https://doi.org/10.1080/01630563.2017.1316995
https://api.semanticscholar.org/CorpusID:117391972
https://doi.org/10.1002/mana.19490020103
https://doi.org/10.1215/S0012-7094-51-01806-6
https://doi.org/10.1215/S0012-7094-51-01806-6

812 BILENDER P. ALLAHVERDIEV, HUSEYIN TUNA, AND HAMLET A. ISAYEV

[10] B.M. Levitan, LS. Sargsjan, Sturm—Liouville and Dirac Operators, Mathematics and
its Applications (Soviet Series), Kluwer Academic Publishers Group, Dordrecht, 1991
(translated from the Russian).

[11] M. A. Naimark, Linear Differential Operators, Nauka, Moscow, 1969. Zbl 0193.04101

[12] H. Olgar, O.Sh. Mukhtarov, K. Aydemir, Some properties of eigenvalues and gen-
eralized eigenvectors of one boundary value problem, Filomat 32:3 (2018), 911-920.
7Zbl 1499.34204

[13] V.A. Steklov, Osnovnye Zadachi Matematicheskoi Fiziki (Basic problems of Mathe-
matical Physics), 1, Petrograd, 1922. Zbl 48.1270.01

[14] M.H. Stone, A comparison of the series of Fourier and Birkhoff, Transactions A.M.S.,
28 (1926), 695-761. Zbl 52.0456.02

[15] E.C. Titchmarsh, Eigenfunction Ezpansions Associated with Second-Order Differen-
tial Equations, Part 1. Second Edition, Clarendon Press, Oxford, 1962. Zbl 0099.05201

BILENDER P. ALLAHVERDIEV

DEPARTMENT OF MATHEMATICS, KHAZAR UNIVERSITY,
AZ1096 BAKU, AZERBAIJAN, AND

REsSEARCH CENTER OF ECONOPHYSICS,
UNEC-AZERBAIJAN STATE UNIVERSITY OF ECONOMICS,
BAKU, AZERBAIJAN

Email address: bilenderpasaoglu@gmail.com

Huseyin TuNa

DEPARTMENT OF MATHEMATICS, MEHMET AKIF ERSOY UNIVERSITY,
15030 BURDUR, TURKEY AND,

RESEARCH CENTER OF ECONOPHYSICS,

UNEC-AZERBAIJIAN STATE UNIVERSITY OF EcoNowMmics,

BAKU, AZERBAIJAN

Email address: hustuna@gmail.com

HAMLET A. ISAYEV

DEPARTMENT OF MATHEMATICS, KHAZAR UNIVERSITY,
AZ1096 BAKU, AZERBAIJAN

Email address: hamlet@khazar.org


https://doi.org/10.2298/FIL1803911O
https://doi.org/10.2298/FIL1803911O
https://doi.org/10.2307/1989072

	Introduction
	Preliminaries
	Main Results

