CNBNPCKWE 2JIEKTPOHHBIE
S@MR MATEMATUHECKWNE N3BECTUA

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru
ISSN 1813-3304

Tom 22, N 1, cmp. 692-700 (2025) YAK 519.151
https://doi.org/10.33048 /semi.2025.22.046 MSC 05B35

XAPAKTEPU3AIINA HACJIEACTBEHHBIX CMCTEM
1N KOMATPONAJ0OB B TEPMUNHAX ®YHKIINN
PAHTA 1 OBXBATA

B.II. NapeEB"Y, A.B. MOPIIUHUH

IIpedcmasaeno A.B. IIATKUHBIM

Abstract: In this paper, hereditary systems, matroids and coma-
troids are studied. We propose two new equivalent definitions:
a defenition of a hereditary system in terms of the upper rank
function and a definition of a comatroid in terms of the girth
function.
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1 Bseaenue

IIycts U — memycroe xomeunoe muoxectso, A C 2V — memycroe ce-
MeHCTBO €ro TMOIMHOXKECTB, YAOBJIETBOPSIONINX CISAYIONEN akcuome nacaed-
CMBERHOCTI:

(Al) Je A, ICJ=1€ A

Muoxkecrsa cemeiicrsa A Ha3bIBAIOTCH HE3ABUCUMBIMU, & CAMO CEMERCTBO
A B smTepaType 06LIYHO HA3BLIBAIOT CUCMEMOT HE3A6UCUMOCTIU I HACAEO-
cmeennvm cemeticmeom |2]. Hepes B o6o3HaUNM ceMeiCTBO Beex 6a3, T. e.
MaKCHMAaJILHBIX 10 BK/IIOUEHUIO MHOXKECTB ceMeiicTBa A.
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Ouenb MHOrHE 331291 KOMOMHATOPHOM ONTUMU3AIUU MOTYT OBITH ¢HOP-
MYJIMPOBAHBI CJIEAYIONUM 00pa30M:

max{f(X): X € B} wm min{f(X):X € B}, (1)

rae f:2Y — R, — MOHOTOHHAs HeOTpUIATETbHAs (PYHKIMS MHOYKECTB, a
B — cemeiicTBO 623 HEKOTOPOU CUCTEMBI HE3aBUCUMOCTH Ha MHO)ecTBe U.

Bagaun (1) sBasitorcst 0600OIIEHUSIME TAKUX W3BECTHBIX 3a/a9 KOMOMHA-
TOPHOI OITHMHK3AINN, KaK, HaIpPUMep, 3a1ada 00 OCTOBHOM JIepeBe MaKCH-
MAaJILHOIO MJIM MHHHMAJIBLHOTO BECA, MAKCHMUBAITMOHHAS M MUHUMUBAITMOH-
Has 33Ja9d 0 p-MeauaHe, 33Ja9a 0 MaKCHMAJILHOM HE3aBUCHMOM MHOXKECTBE
BEpIINH B Ipade U MHOTHE IPYTHUE.

B 10 ke Bpema nmeercs 60IbIIOE IUCTO 3389 KOMOMHATOPHON OIITHMU-
3aIuu, KOTOPbIE MOYKHO PACCMATPHBAThL KAaK YaCTHBIE CJIYIad CJIETYIONINX
OITUMU3AIMOHHBIX 3a/a4:

max{f(X): X € C} mwm min{f(X):X €C}, (2)

rae f : U R, — wmownoronHas HeorpuiaTeabHas (DYyHKINS MHOKECTB,
a C — ceMeficTBO yuk.406 (T. €. MUHUMAJIbHBIX M0 BKJIOUEHUI0 MHOXKECTB)
menycroro cemeiicrsa D C 2V mogmmoxkects U, 00/1aa101Iero CBORCTBOM
nacaedecmeennocmuy “esepx’”:

(D1) IeD, I1CJ=JeD.

K HUM OTHOCATCHA, B YaCTHOCTH, 3aJa4vYa O ITOKPBITUM MHOXKECTBa W €€
YaCTHBIN CJIydail — 331298 0 MUHUMAJJIbLHOM BEPITMHHOM TOKPHITHE B rpade,
3aj1ata 00 OCTOBHOM Kk-CBSABHOM moArpade MUHUMAIBLHOTO BECa W JPYTHE.
Hekoropsble 3ajja4u, Takne KaK yzKe ylOMAHYTbIe 33/[a41 00 OCTOBHOM JIEpeBe
T O p-MeJMaHe, MOTYT OBITH CBEJEHBI Kak K Mojenn (1), tak u K Mojesn (2).

MmuozkecTBa cemeiictBa D 0OBIYMHO HA3BIBAIOT 3G6UCUMbBLMIU, TTOITOMY Ce-
MeticTBo D 6BLIO ObI €CTECTBEHHO HAZBIBATH cucmemot 3asucumocmu ua U.
3aMeTuM OJHAKO, UTO KazKIas CHCTEMa HE3aBUCUMOCTH A 0THO3HAYHO orpe-
nenser cucremy 3asucumoct D = 2V \ A, m mao6opot. [losToMy mX MOXKHO
paccMaTpPUBATh KaK PA3JIMIHBIE CTOPOHBI OJTHOTO M TOTO YK€ YHUBEPCATHHOTO
06beKTa, KOTOPLIH MBI OyIeM Ha3bIBATL HACIEICTBEHHON CHCTEMOM.

B pabore npejiaraercst HoBoe 3KBUBAJIEHTHOE OIpeJieIeHIe HACIeCTBEH-
HOJ CHCTEMBI B TEDMUHAX BEPXHEI'O PAHIa, a TAKKe OlpeJieeHre KOMAaTPOU-
J1a, — HACJIEJICTBEHHON CUCTEMBI, JTOMOJTHUTETbHON K MATPOUIY — B TEPMHUHAX
GyHKIIT 00XBaTA.

2 HacaeacTBeHHBIE CUCTEMBI, MATPOUABI 1 KOMATPOUIbI

Omnpenenum nacaedemeennyro cucmemy S Ha Muoxkectse U Kak pazbuenme
cemeiicrra 2V Beex mogMmuOKecTB U Ha 1Ba HEIEpeCceKAIOIINXCST ceMeficTBa,
AuD,rge A — cucrema resapucuvoctn, a D = 2V \ A. Cemeiicrsa Beex 6a3
U BCEX IUKJIOB cucTeMbl S 6ynem obo3nauatsk depe3 B u C, COOTBETCTBEHHO.
OuesnaHo, 9TO Kaxkgoe n3 cemelicts A, B, C u D 0IHO3HAIHO ONPEIEIseT
HACJIEICTBEHHYI0 cucTeMy S, mostomy Oyzaem samuceBate S = (U, A), S =
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(U,B), S = (U,C) wmu S = (U,D) B 3aBUCUMOCTH OT TOTO, KaKasi CTOPOHA,
HACJIEJCTBEHHOM CUCTeMbl OyIeT HAC MHTEPECOBATD.

C kaxoit HacaeacrsenHoit cucremoit S = (U, A) recHo cBs3ana donoa-
HUMEADHAA cucmema WIn Kocucmema S', ceMeicTBO 3aBUCUMBIX MHOKECTB
koropoit onpexensierca kak D' = {U\ A : A € A}. Herpyano nposepursb,
9TO CeMefiCTBa HE3aBMCHMBLIX MHOXKECTB, 0a3 M IUK/IOB cUCTeMBbl S’ MOryT
6oirh 3agansl kak A’ = {U\ D : D e D}, B ={U\C : C € C},
C'={U\ B : B e B}. dcuo, uro (S’) = 8, tak 4ro Hac/IeJCTBEHHBIE CH-
creMbl S u S’ B3aMMHO TONMOTHUTEBHBI. 3aMETUM, YTO KOCHCTEMA U CHCTEMA,
BABUCHMOCTH B OBITIEM CIydae sIBASIOTCA PA3HBIMUA 00bEKTAMI.

B xauecTBe mpuMepa JTOTOTHATETHHBIX CACTEM PACCMOTPUM HACIEICTBEH-
HyI0 cucreMy rpada u gomnosHuTeabHy0 K Heil. Ecan G = (V, E) — o6bIk-
HOBEHHBIN Tpad, TO Hacaedcmeennots cucmemot epaga G OymeM HA3BIBATD
nacneacreennyio cucremy Sg = (V, Ag), tie Ag — cemeiicTBO Beex He3aBu-
CUMBIX MHOXKECTE Bepmmua rpada G (MHOKECTBO BepiiH rpada HA3BIBAETCS
HE3ABUCUMDIM, €CITU JTIOOBIE JIBE BEPIMHBI B HEM HECMEXKHBI). [IUKIbI 370
CUCTEMBI B3aWMHO OJHO3HAYHO COOTBETCTBYIOT pebpam rpada G. Xoportro
M3BECTHO, YTO JOIIOJTHCHUAMN HE3aBUCUMBIX MHOXKECTB B Fpacbe ABJIAKOTCH
Bepruuunble HoKpbiTus. ITosromy cemeiicrso Dy, = {V \ A : A € Ag} Beex
BEPITUHHBIX TOKPHITHH B Tpade G OyaeT ceMeficTBOM 3aBUCHMBIX MHOYKECTB
JOLOIHUTEILHON HacencTBennoil cucremsl Sy = (V, D).

Ba}KHbIM YaCTHBIM CJIyYa€M ITOHATUA HaCJ’[e,ZLCTBeHHOﬁ CUCTEMBI ABJILACTCHA
HOHsITHE Mampouda, BBejenHoe B 1935 1. Yurau [7].

Mampoud na muoxkecrse U MOxKeT ObITh OLIPEUEIEH KAK HAC/IEACTBEHHAs
cuctema M = (U, A), B xotopoit Bce 6a3wl yoboro muoxecrsa W C U
UMEIOT OJIMHAKOBYI) MOIIHOCTE (6a30l mmoocecmea W HazbiBaeTcs J1i0boe
€ro MaKCHMAJIbHOE TI0 BKJIIOUEHUIO HE3ABUCHMOE TTOIMHOYKECTRO ).

Ilpumepom sBisiercst p-odnopodnuit Marpoun M, = (U, Ay), roe A, =
{A CU:|A| <p}, p— marypaiasnoe uucio, p < |U|.

Panzom r(X) muoxkecrsa X C U B marpoune M = (U, .A) nasbiBaercs
MOIIIHOCTD J1I060i#1 6a3er MHOXKecTBa X . pyrumu ciaoBamu

r(X)=max{|A|: AC X, A e A} (3)

XopolIo U3BeCTHO 3KBUBAJIEHTHOE OIpeejeHUe MaTPOUJa B TepMUHAX
panra. Ero sKBUBAJIEHTHOCTH MPUBEJCHHOMY DaHee ONpPENeIeHn0 MATPOW-
Jla BBITEKAET U3 CIeyIoleil n3BecTHON Teopemsl [7].

Teopema 1. 1) IIycmo M = (U, A) — mampoud. Tozda dynxyus panea (3)
ydosaemeopaem ycaosuam: oaa ecex X, Y C U

(r1) 0 < r(X) < |X],

(r2) XCY =rX)<rY),

(r3) r(XUY)+r(XNnY)<r(X)+rY),
NPUYEM UMEET, MECTNO PABEHCTNEO

A={ACU:r(A) = |A]}. (4)
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2) U naobopom, nycms U — nenycmoe konewnoe mmoscecmeso, v : 2V —
Ly — pynryus muootcecms, ydosaemeoparowas ycaosuam (rl)-(r3). Toeda
M = (U, A) — mampoud, 2de cemeticmeo A C 2V onpedeaero no npasuny
(4) u dna scex X C U umeem mecmo paserncmeso (3).

HacnencrBennyto cucremy, JOMOTHUTEIbHYIO K MaTpouiy, OyieM Ha3bi-
BaTh Komampoudom. KoMarpousasl 10 MMEHEM BEPXHUX MaTPOUIOB pac-
cMarpuBaanck Kosasesbim [4].

ITpuMepoM KOMATPOUJA MOMKET CIAYKHUTL P-00H0pOOHbIi KOMATPOU/T
K,=U,Dy), tne D, = {D C U : |[D| > p}, p — HarypaibHOe
qucao, p < |U|. OdeBugHO, UYTO STOT KOMATPOUJ JIOMOJHUTETEH K
(n—p)-onnopoanomy marpouny M, _,, rae n = |U|. Ipyroit npumep — KoMa-
tpous K = (E, D), rne D — ceMeiCTBO BCEX CBSI3HBIX OCTOBHBIX MOATrpadoB
csazroro rpada G = (V) E), paccMaTpuBaeMbIX Kak MHOXKecTBa pebep. Lluk-
JIAMHU 9TOT0 KOMATPOU/JIA SBJISIIOTCS OCTOBHBIE jiepeBbs rpada G, a Hazamu
JIOTIOTHATETHHOTO MATPOHIa — MAKCHMAJIbHBIE TI0 BKIOYEHUIO MHOMKECTBA
pebep, moce yradeHnsi KOTOPBIX OCTABIIANCS Tpad CBsI3eH.

Kax # MaTpowmbl, KOMAaTPOUILI TPEACTABISIIOT CODON YHUBEPCAIbHBIE
KOMOWHATOPHBIE 00 HEKTEI, 00/TaJAT0TIe MHOTUMY IePTAMHE, CXOTHBIMHI C MAT-
pounamu. [lomobHO MaTpouwmam, OHM JOMYCKAIOT JOBOJBHO MHOTO pPa3/nd-
HBIX aKCUOMATUIECKUX OTPeIeTeHIH.

Ha,CJIe,HCTBeHHBIe CUCTEMBI 1 UX YaCTHBIC CJAyYan — MaTPOUABI U KOMa-
TPOUAbI — €CTEeCTBECHHBIM 06pa30M BOSHUKAIOT B PA3JIMYHBIX O6J'[aCTSIX Ma-
TeMaTUKN, TAKUX KaK JWHeHHas anrebpa, Teopust rpadoB, TEOPHUsT TPAHCBED-
cagsieii (cum. [5, 6]) m gpyrux pazgenax KOMOMHATOPHOIO AHAJIN3A, HALIPUMED,
[PU U3y4YeHUH CBOMCTB KOMOMHATOPHBIX reomerpuil [1].

3 Panrosbie pYHKIIUU HACJIEIACTBEHHOMN CHCTEMBI

ITo amasorum ¢ paHrOM MaTPOUJIA, OINPEJIeNuM 2 PAHrOBbIe (DYHKIMA Ha-
caencrBennoit cucremel S = (U, A) msa Becex X C U:

r(X) = min{|A| : A — 6a3a mHoxkecra X },
ru(X) = max{|A| : A — 6a3a mHoxkecrsa X }.

Hucso ri(X) HA3BIBACTCS HUIMCHUM pateom MHOKeCTBA X, a TuCTI0 7y (X))
HA3BIBACTCS 6EPTHUM parzom MHOXKecTBa X . Jlerko BuaeTh, 91O

ru(X) =max{|A| : AC X, A € A}. (5)

Bamernm, uro B Marpouje 1(X) = ry(X) = r(X) g moboro X C U, a B
HACJIEICTBEHHOM CHCTEMe, OTIIMYHON OT MATPOUIA — HET.

Bameuanue 1. Pynxyuu muoocecms 1,1y : 2V — Zo ydosaiemsoparom
yeaosuam: oas ecex X, Y C U

(r'1) 0 < mi(X) <ro(X) < |X],

(r'2) X CY = r(X) <r(Y), ry(X) <ru(Y).
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Sameuanne 2. Ecau S = (U, A) - nacaedcmeennasn cucmema, mo
Ae Asr(A) =r,(A) =]A|.
Ioamomy
A= {ACU:ry(A) = |Al}. (6)

Mgl peisTaraeM HOBOE 9KBUBAJIEHTHOE OTpejieieHre HACIeICTBeHHOM C-
CTeMBbI B TepMUHAX (DYHKIUU 7. K10 SKBUBAJIEHTHOCTD ONPEIEIEHUIO B TEP-
MUWHaX HE3ABUCUMBIX MHOXKECTB YCTAaHABJINBAETCS CJIEJYIONIEll TeopeMOoii.

Teopema 2. 1) Ilyemv S = (U, A) — nacaedcmsennasn cucmema. Tozda
Pynryus seprrezo panea (5) ydosaemeopaem ycaosuam: oan ecex X, Y C U
(rul) 0 < ry(X) < [X],
(ry2) X CY = ry(X) <7 (Y),
(ry3) T (X UY) < ry(X) + 7 (Y),
(ryd) ry(X) =max{|A| : A C X,r,(A) = |A]},
npuvem umeem mecmo pasencmeo (6).

2) U naobopom, nycmo U — HENycmoe KoHeunoe MHoncecmeo, Ty : 2V —
Ly — Pynkyus muoocecms, Yyoosaemeopaousas ycaosuam (ry,1)—(ry4). To-
20a 8 = (U, A) — nacaedcmeennas cucmema, 2de cemeticmso A C 2V onpe-
desero no npasuny (6) u das ecex X C U umeem mecmo pasencmso (5).

Aoxasamenvcmeo. 1) Yenosus (ryl) n (ry,2) BEpHBI IO OLPEIETEHNAI0 BEPX-
Hell paHroBoil (PYHKITHMN.

Hoxaxem yciaosue (r,3). Pacemorpum mpoussosibabie X Y — NOJAMHO-
xectea U. Iycts J — mambosbimasa 6aza muoxectBa X U Y rTakast, 9T0
ro(X UY) = |J|. pencrasum J B Buge J = Jx U JJxny Uy, roe Jx C X,
Jy CY, Jxny € X NY, npugem Bce 3 MHOXKecTBa He nepecekarorcs. [To-
ckosbky JxUJxny C X uJy CY, 10 T’U(X) = ’J)(UJme’ n Tu(Y) > ‘Jy‘
Torma TU(X) + TU(Y> > ’JX U Jme‘ + ’Jy| = ‘J‘ = TU(X U Y)

Hoxkaxem ycmosue (r,4). B cuny pasencrsa (5) n 3amevanus 2

ru(X) =max{|A]: AC X, A € A} =max{|A| : A C X,r,(A4) = |A|}.

Pagencrso (6) sro 3ameuanue 2.

2) Mycrs dynkmus muokecTB 7y : 2V — 7, yIoBIETBOPSIET YCIOBHSIM
(ry1)—(ry4). Paccmorpum cemeiictBo A, onpenenenroe 1o npasuiy (6). 3a-
merum, aro u3 (r,1) caemgyer, aro r,(0) = 0, a 3HaYWT 3TO CeMeNCTBO He
nycro. Jlokaxewm, aro A obnanaer csoitcrBom (Al).

IMycrs J € A, 1e. my(J) = |J|. ycrs I C J. Hokaxem, uro r,(I) = |1].
B cuny (ry3): ro(I) +ro(J\I) Z ry(IU(J\ 1)) = ry(J) = |J|. C upyroit
croponsl, ecau r,,(I) < |I], To mo yemosuto (ry,1): 7y (1) + 7 (J\ I) < |I| +
|J\ I| = |J|. HonyuerHoe mpotmBopetune JOKa3bIBaeT, uTo cemeiicTBo A
obramaer coiictom (Al).

Ocranoce nokasars paBeHcTBO (5). U3 cpoiictsa (r,4) caeayer, 910 7, (X)
paBHsieTcst MorHOCTH Hanbosbiero A C X rakoro, uro 1,(A) = A. Hpyru-
Mu coBaMu, 1, (X ) paBHsiercsa morHOocTH Hanbosabmero A C X takoro, 9To
A € A. Do u ectb paBeHcTso (5).
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Teopema 2 gokaszaHa. [l

Sameuanue 3. Csoticmeo (ryd) ne asasemca usbvimounvim. Hecaoocro
nocmpoums npumep Gyrryuu, Komopai obaadaem ceoticmeamu (ry,1)—(r,3),
HO npu amom He ewnoansemca (5). Jpyeumu caosamu, sma Gynryua me
onpedessaem nacaedcmeennyro cucmemy. Taxum nPUMEPOM OAL MHONCECTEG
U ={1,2,3} moorcem cayorcumo caedyrowan Gynkyua:

Tu(@) - 0,
ro({1}) = ru({2}) = ru({3}) = 1,
ru({172}) = Tu({173}) = Tu({2v3}) =1,
ru({1,2,3}) = 2.

Jlezko sudemn, umo ceoticmea (ryl)—(ry3) svinoanens, odnaro r,(U) = 2,
6 MO BPEMA KAK MOUWHOCTNL 4100020 HEZABUCUMOZ0 NOOMHONCECTNEA MHONHCE-
ecmea U ne npesocxodum 1.

4 @ysknug obxBaTa KoOMaTpomaa

IMomuwmo onpeienernst KOMATPOUIA KAK JOTMOTHUTEIHHON K MATPOULY Ha-
CJI€JICTBEHHON CHCTEMBI, MBI MOYKEM OMPEJETUTh €r0 KAaK HACIEICTBEHHYTO
cucremy K = (U,D), B koropoil Bce kbl joboro muoxkecrsa W C U
MMEIOT OJIMHAKOBYIO MOIIHOCTH (yukaom mmuoocecmsea W Ha3BIBAETCS JIHO-
60€e ero MUHMMAJIBHOE 0 BK/IIOUEHHI) 3aBUCUMOE HAJIMHOXKECTBO).

Tax>ke uzsectHo (3], uro Hacaencrsennas cucrema K = (U, D) saasierca
KOMAaTPOMJIOM TOTJa M TOJLKO TOTJA, KOTJa CeMeNHCTBO ee 3aBUCHMBIX MHO-
xkecTB nomuMo cBoiicTea (D1) obnagaer Tak:ke CaeIyIOMUM CBOACTBOM:

(D2) I,J €D,|J|=|I|l+1=3de J\I:J\{d} €D.
Obzsamom g(X) muoxectsa X C U B komarpouse K = (U, D) nasnisa-
eTCsT MOIITHOCTD J1I000T0 1mK,1a MHOXKecTBa X . JIpyrumu ciooBamu

g(X)=min{|D|: X C D,D € D}. (7)

Ponp dysxim g(X ) anamorunana posn dbyukinun r(X ) B Mmarpounge. Tepmun
obxBar B3AT U3 Teopuu rpadoB, rie 0b6rsamom zpaga HAZLIBAETCA JIJIMHA
KpaTYafilIero mpocToro MuKJIa.

Hanee 6ymem camrarh, 9T0 D HemycTO, MHAYE HACIEACTBEHHAS CHCTEMA
K = (U,D) - s10o marpoun. Ecim D menycro, o U € D u g(U) = |U].

Sameuanue 4. Fcau K = (U, D) - Komampoud, mo cemeticmeo ezo 3a6u-
CUMDLT MHOHCECTNBO ONPEJENALTNCA NO CACOYOUEMY NPABUALY:

D={DCU:g(D)=|Dl}. (8)

Amnajoruymnoe cBOHCTBO BepHO U 14 110601 KocucteMbl. Crieyrolas Teo-

pPeMa JaeT 3KBUBAJIECHTHOE OIIpeAeJIeHNEe KOMaTPpONnIa B TEpMHUHaAX obxBara.

Teopema 3. 1) llyemv K = (U, D) — xomampoud. Tozda dynryus obreama
(7) ydosaemesopaem ycaosuam: oas ecex X, Y C U
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(91) g(X) > |X] >0,

(92) X CY = g(X) <g(Y),

(93) (X UY) +g(XNY) = g(X)+9(Y),

NPUUEM UMEEM, MECTNO Pasencmeo (8).

2) U naobopom, nycmn g : 2V — 7, — dynxyus mmuoocecms, ydosaemeo-
parowan yeaosuam (gl)—(g3). Toeda K = (U, D) — xomampoud, 2de cemeii-
emeo D C 2V onpedeseno no npasuny (8) u daa ecex X C U umeem mecmo
pasencmeso (7).

Aokazameavcmeo. 1) Yenosus (gl) u (¢2) BepHBI 10 oOpeie/ieHUI0 QYHKINN
obxpara.

Hoxaxem cpoiictso (g3). Pacemorpum npoussosbabie X U Y — MOMHOKE-
crea U. Ilycrs J = {j1,...,Jk} € D — HekoTopblii nuka muokecrea X UY.
VriasienneMm 371eMEeHTOB u3 J MoJiydaeM CHAdaJIa MUK/ MHOXKecTBa X: J; =
{j1,- -, Jjr—t}, asarem nuka maoxkecrsa X NY: Jo = {j1,..., jk—t—m} (37€CH
MBI BOCIIOJIB30BaNCh coiictBoM (D2)). Umeem k = g(X UY), k—t = g(X),
E—t—m=g(XNY). Tockorbky {Ji1,- -, Jk—t—ms Jk—t+1s---+Jk} — 3aBU-
CMMOe MHOXKECTBO, cojep:kaiee Y u cocrosiiiee m3 k—t—m+t=k—m
snemenToB, 10 k —m > g(Y). Caenoarenbho,

g XUY)+g9g(XNY)=k+(k—t—m)=
(k=) + (k—m) > g(X) + g(Y).

Pasencrso (8) 910 3ameuanue 4.

2) Iycrs dyuxmms g : 2V — Z, ynosnersopser yciaosusam (g1)—(g3).
Pacemorpum cemeiicrBo D, omnpenenentuoe mo npasuiy (8). Jlokaxem, 9ro
9T0 cemeiicTBo obmamaer ceoiicTBamu (D1) u (D2).

IIposepum cpoiicreo (D1). llycrs I € D, J O I. Ilpeamnosoxum mpoTHB-
noe, t.e. g(J) > |J|. Torga mo ceoitcty (¢3): g(U\ (J\I))+g(J) < g(U)+
g(I) = |I|+|U|. C mpyroii croposnst, no ceoiicty (g1): g(U\(J\I))+g(J) >
U\ (J\D)|+|J| =|U\J|+ || +|J| = |U| + |I]. Buaunr g(J) = |J|, re.
J eD.

ITpezxk e wem mepeiiTn K J0Ka3aTeIbCTBY CBOHCTRBA (D2), MOKAXKEM BCIO-
MOTATEJILHOE YTBEPIK ICHHE.

IMycte I C JCU, g(J)=|J|u J\I={p1,...,pt}. Ecrm g(J \ {ps}) =
g(J) mns Beex s =1,...,t, 10 g(I) = |J|.

Mpeanonoxkum, aro g(J \ {p1,...,ps}) = |J| ans wexkoroporo s € {1,...,
t —1}. Bamernwm, uro (J\ {p1,...,ps}) V(I \{ps+1}) = I\ {p1,...,pss1}, 2
rakxke (J\{p1,...,ps}) U(J\{ps+1}) = J. Torma no ceoiicream (¢2) u (¢3)

[l =9(J) = g(J\{p1, .., ps41}) =
9(I\Ap1, - ps}) + 9(J \A{psta}) —g(J) = [T+ [J| = || = |J].
Caenosarensno, g(J \ {p1,...,ps+1}) = |J|. 13 noxkazamuoro, odueBuiHO,
BeITeKaeT paBeHcTBO (1) = |J|.
IIposepum coiictso (D2). Ilycts I, J € D, |I| = k, |J| = k+1. llpeamoso-
®uM, 910 J \{ps} ¢ D nnascex s € {1,...,t}. C yueroMm BCIIOMOTATETHHOTO
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yreepxgenus g(J NI) = g(J\ (J\I)) =|J| =k + 1. C apyroii cropossbr,
B cuiy (¢2): g(JNI) < g(I) = k. IMosnyuenHoe nporuBopedne JOKa3bIBaeT,
gT0 cemeiictBo D obmamaer cpoiictBom (D2).

Ocranock nokasars pasercTso (7). Ecan X C U - 3aBucnmMoe MHOKECTBO,
r.e. X € D, To paBeHcTBO (7) 04eBUIHO. JJOKazKeM 3TO PABEHCTBO IS BCEX
He3aBuCHMBIX MHOXKecTB X C U, Te. masa Becex X ¢ D.

[Iycrs X C U unpoussosibHOe HesasucuMoe MuHOKecTBO, g(X) > |X|.
Ilycte D C U — nanMeHblllee 3aBUCAMOE MHOXKeCTBO Takoe, uto X C D.
Iokaxkewm, aro g(X) = |D|. Bamerum, aro g(D) = |D].

IIycte D\ X = {p1,...,pt}. B cuny munnmanbaoctn D st Bcex s €
{1,...,t} maoxkectBO D \ {ps} — HE3aBuCcHMOE, T.e. g(D \ {ps}) > |D\ {ps}|
Torna

[D| = g(D) = g(D\{ps}) > [D\{ps}| = [D] - 1,

r.e. (D \ {ps}) = |D| nns Bcex s € {1,...,t}. B cuny mokazamuoro yrsep-
waenus g(X) = |D|.
Teopema 3 mokazaHa.
]

5 3akaoueHne

e Harero uccieioBanmst COCTONT B M3yUEHNN aaredpanvyecknx CBOHCTR
YHUBEPCAJIBHBIX KOMOMHATOPHBIX 0OHEKTOB — HACJIEJCTBEHHBIX CUCTEM W UX
YaCTHBIX CIYyYaeB KOMATPOW/OB — HACAEJCTBEHHBIX CHCTEM, JOMOJHUTE -
HBIX K MarpongaM. Kak OBIIO OTMEYeHO BO BBEIEHWN, CEMENCTBa HE3aBU-
CHUMBIX U 3aBUCUMbBIX MHOXKECTB HACJIE/ICTBEHHBIX CUCTEM SIBJISIIOTCS MHOXKe-
CTBaMH JIOIYCTUMBIX PeIiennii G0JIbIIOro KOJNYecTBa 3a,/1a4 KOMOMHATOPHOIT
OTITUMM3AINN, 3HAYUTEIbHASA 9acTh KOTOPbIX NP-Tpynnbl. M3yuentusie cBoii-
CTBa HACJ/IEICTBEHHBIX CHCTEM MOTYT OKa3aThCs I0JIE3HBIMH [IPU pa3paboTke
AJICOPUTMOB TIPUBJINIKEHHOTO PEIeHNs TaKMX 3a/1a4.
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