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Ïðåäñòàâëåíî È.Á. Ãîðøêîâûì

Abstract: In the paper, we prove that if A is an elementary
Abelian TI-subgroup of order 4 in a group G such that G =
F ∗ (G) · A, and F ∗ (G) is a quasi-simple group which covers the
group Ln(q) where q is odd, then F ∗ (G) ∼= L2(5).

Keywords: �nite group, elementary Abelian TI-subgroup, centralizers
of involutions and semi-involutions.

1 Ââåäåíèå

Ìíîãèå çàäà÷è òåîðèè êîíå÷íûõ ãðóïï ñâÿçàíû ñ îïèñàíèåì êëàññîâ
ãðóïï, ñîäåðæàùèõ ïîäãðóïïû ñ ðÿäîì îïðåäåë¼ííûõ ñâîéñòâ. Â ÷àñòíî-
ñòè, áîëüøîé èíòåðåñ ïðåäñòàâëÿþò òàê íàçûâàåìûå ïëîòíî âëîæåííûå
ïîäãðóïïû è TI-ïîäãðóïïû.
Ïîäãðóïïà H êîíå÷íîé ãðóïïû G íàçûâàåòñÿ ïëîòíî âëîæåííîé â G,

åñëè |H| ÷¼òåí, à |H ∩Hg| íå÷¼òåí äëÿ ëþáîãî g ∈ G−NG (H).
Ïîäãðóïïà A ãðóïïû G íàçûâàåòñÿ TI-ïîäãðóïïîé, åñëè A ∩ Ag = 1

äëÿ ëþáîãî g ∈ G−NG (A).
Çàìåòèì, ÷òî ïëîòíî âëîæåííàÿ 2-ãðóïïà ÿâëÿåòñÿ TI-ïîäãðóïïîé.
Èññëåäîâàíèå ïëîòíî âëîæåííûõ ïîäãðóïï íà÷àëîñü ñ ðàáîòûÌ. Ñóäçó-

êè [10], ãäå áûëè îïèñàíû ãðóïïû, â êîòîðûõ ñèëîâñêàÿ 2-ïîäãðóïïà
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ÿâëÿåòñÿ TI-ïîäãðóïïîé. Ñëåäóþùèé âàæíûé ðåçóëüòàò â ýòîì íàïðàâ-
ëåíèè áûë ïîëó÷åí Õ. Áåíäåðîì, êîòîðûé â [3] îïèñàë ãðóïïû ñ ñèëüíî
âëîæåííîé ïîäãðóïïîé. Ì. Àøáàõåðîì â [2] èçó÷àëèñü ïëîòíî âëîæåí-
íûå ïîäãðóïïû êîðíåâîãî òèïà. Ïðè ýòîì îñòàëèñü íåèññëåäîâàííûìè
ñëó÷àè, êîãäà ñèëîâñêàÿ 2-ïîäãðóïïà ýòîé ãðóïïû ýëåìåíòàðíàÿ àáåëå-
âà èëè ñîäåðæèò åäèíñòâåííóþ èíâîëþöèþ. Ââèäó òîãî, ÷òî â èçâåñò-
íûõ ïðîñòûõ ãðóïïàõ, ñîäåðæàùèõ ïëîòíî âëîæåííóþ ïîäãðóïïó, ýòà
ïîäãðóïïà îêàçûâàåòñÿ â áîëüøèíñòâå ñëó÷àåâ 2-ãðóïïîé, îñîáûé èíòå-
ðåñ ïðåäñòàâëÿåò èçó÷åíèå ãðóïï, ñîäåðæàùèõ 2-ïîäãðóïïó, ÿâëÿþùó-
þñÿ TI-ïîäãðóïïîé. Îïèñàíèþ òàêèõ ãðóïï ïîñâÿùåíû ìíîãèå ðàáîòû
Ô.Òèììåñôåëüäà è åãî ñîàâòîðîâ [6], [11], [12].
À.À. Ìàõíåâûì â [8] áûë èçó÷åí ñëó÷àé ïëîòíî âëîæåííîé ïîäãðóïïû

êîðíåâîãî òèïà ñ íåýëåìåíòàðíîé öèêëè÷åñêîé ñèëîâñêîé 2-ïîäãðóïïîé
A ïðè óñëîâèè, ÷òî ñëàáîå çàìûêàíèå èíâîëþöèè èç A â ñèëîâñêîé 2-
ïîäãðóïïå ÿâëÿåòñÿ àáåëåâîé ãðóïïîé. Òàì æå ïîêàçàíî, ÷òî ïðè èçó÷å-
íèè ïëîòíî âëîæåííûõ ïîäãðóïï ñ íåýëåìåíòàðíîé öèêëè÷åñêîé ñèëîâ-
ñêîé 2-ïîäãðóïïîé ìîæíî îãðàíè÷èòüñÿ ñëó÷àåì, êîãäà ýòà ïîäãðóïïà
öèêëè÷åñêàÿ ïîðÿäêà 4. Èì æå â [9] áûë ïîëó÷åí ñëåäóþùèé ðåçóëüòàò
äëÿ TI-ïîäãðóïï:

Òåîðåìà 1. Ïóñòü 2-ãðóïïà A ÿâëÿåòñÿ TI-ïîäãðóïïîé êîíå÷íîé ãðóï-
ïû G è G0 =

〈
AG
〉
. Òîãäà âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

(1) A ÿâëÿåòñÿ öèêëè÷åñêîé èëè ýëåìåíòàðíîé àáåëåâîé ãðóïïîé.
(2) [A,Ag] = 1 äëÿ ëþáîãî g ∈ G−N(A).
(3)

〈
AG0

〉 ∼= L2 (2
n) , Sz (2n) , U3 (2

n) èëè SU3 (2
n), A ÿâëÿåòñÿ ñèëîâ-

ñêîé 2-ïîäãðóïïîé â
〈
AG0

〉
.

(4) A ñîäåðæèò ïîäãðóïïó A0 èíäåêñà 2, êîòîðàÿ èíâåðòèðóåòñÿ
ýëåìåíòîì x èç A−A0, V =

〈
AG

0

〉
ÿâëÿåòñÿ àáåëåâîé ãðóïïîé è

G0 = G0/V ïîðîæäàåòñÿ ìíîæåñòâîì íå÷¼òíûõ òðàíñïîçèöèé
x̄G.

(5) A ∼= Q8 × E2n èëè A àáåëåâà ãðóïïà ïîðÿäêà 4, ãðóïïà
〈
Ω (A)G

〉
ýëåìåíòàðíàÿ, è, äëÿ ìíîæåñòâà D ýëåìåíòîâ èç G ñîïðÿæ¼í-
íûõ ñ ýëåìåíòàìè èç A−V , D̄ ÿâëÿåòñÿ ìíîæåñòâîì êîðíåâûõ
èíâîëþöèé â G0 = G/V .

(6) A ∼= Z4 × Z4 è
〈
AG0

〉 ∼= L3(4) èëè SL3(4).

(7) A ∼= Q8 è
〈
AG0

〉 ∼= G2(2), G2(3),M10,M11,M12 èëè
〈
AG0

〉
ÿâëÿåò-

ñÿ ãîìîìîðôíûì îáðàçîì óíèâåðñàëüíîé ãðóïïû Øåâàëëå G∗ íàä
ïîëåì èç òð¼õ ýëåìåíòîâ, è A åñòü îáðàç O2′(K), ãäå K ÿâëÿåò-
ñÿ ôóíäàìåíòàëüíîé ïîäãðóïïîé G∗, ïðåäñòàâëåííîé äëèííûìè
êîðíÿìè;

〈
AG0

〉
= G∗, åñëè G∗ � îðòîãîíàëüíàÿ ãðóïïà ðàçìåð-

íîñòè íå ìåíüøåé, ÷åì 4.
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Èç ýòîé òåîðåìû ñëåäóåò, ÷òî íàèìåíåå èñññëåäîâàíû ñëó÷àè, êîãäà TI-
ïîäãðóïïà A ýëåìåíòàðíàÿ àáåëåâà èëè öèêëè÷åñêàÿ. Â äàëüíåéøåì öèê-
ëè÷åñêèé ñëó÷àé èññëåäîâàëñÿ À.À. Ìàõí¼âûì è Í.Ä. Çþëÿðêèíîé â ðà-
áîòàõ [13], [14], [15]. Â ÷àñòíîñòè, â [13] áûëî ïîêàçàíî, ÷òî öèêëè÷åñêàÿ
TI-ïîäãðóïïà íîðìàëèçóåò ëþáóþ êîìïîíåíòó (åñëè òàêîâûå èìåþòñÿ).
Â äàííîé ðàáîòå àâòîðû èññëåäóþò ëèíåéíûå ãðóïïû íà ïðåäìåò íà-

ëè÷èÿ â íèõ ýëåìåíòàðíûõ àáåëåâûõ TI-ïîäãðóïï ïîðÿäêà 4. Îñíîâíûå
îïðåäåëåíèÿ è îáîçíà÷åíèÿ, èñïîëüçóåìûå â ðàáîòå, âçÿòû èç [1]. Îñíîâ-
íîé ðåçóëüòàò:

Òåîðåìà 2. Ïóñòü G = F ∗ (G) · A, ãäå F ∗ (G) � êâàçèïðîñòàÿ ãðóï-
ïà, ÿâëÿþùàÿñÿ íàêðûâàþùåé ãðóïïîé äëÿ Ln(q), ãäå q íå÷¼òíî, A �
ýëåìåíòàðíàÿ àáåëåâà TI-ïîäãðóïïà ïîðÿäêà 4. Òîãäà F ∗ (G) ∼= L2(5).

Ñëåäñòâèå 1. Ëþáàÿ êîìïîíåíòà ãðóïïû G, ÿâëÿþùàÿñÿ íàêðûâàþ-
ùåé äëÿ Ln(q), ãäå q íå÷¼òíî è ñîäåðæàùàÿ ýëåìåíòàðíóþ àáåëåâó TI-
ïîäãðóïïó ïîðÿäêà 4, èçîìîðôíà L2(5).

Çàìåòèì, ÷òî èñêëþ÷èòåëüíûé ñëó÷àé F ∗ (G) ∼= L2(5) âîçíèêàåò èç ï.
3) òåîðåìû 1 â ñèëó èçîìîðôèçìà L2(4) ∼= L2(5).

2 Ïðåäâàðèòåëüíûå ðåçóëüòàòû

Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî A ∼= Z2 × Z2 = {e, a0, b0, a0b0} �
TI-ïîäãðóïïà êîíå÷íîé ãðóïïû G.

Ëåììà 1. Ïóñòü x � ýëåìåíò íå÷¼òíîãî ïîðÿäêà èç CG (a0). Òîãäà
x ∈ CG (A).

Äîêàçàòåëüñòâî.Ïóñòü |x| = 2n+1. Òàê êàêA ÿâëÿåòÿ TI-ïîäãðóïïîé
ãðóïïûG, òî x ∈ NG (A). Åñëè x /∈ CG (A), òî ax0 = a0, b

x
0 = a0b0, (a0b0)

x =
b0. Òîãäà

b0 = bx
2n+1

0 =
(
bx

2n

0

)x
= bx0 = a0b0.

Èç ïîëó÷åííîãî ïðîòèâîðå÷èÿ, ñëåäóåò, ÷òî x ∈ CG (A).
Ëåììà äîêàçàíà.

Ëåììà 2. Ïóñòü A � ýëåìåíòàðíàÿ àáåëåâà TI-ïîäãðóïïà ïîðÿäêà 4
êîíå÷íîé ãðóïïû G. Òîãäà A⊴CG (a) äëÿ ëþáîãî ýëåìåíòà a ∈ A, a ̸= e.

Äîêàçàòåëüñòâî. Ïóñòü x ∈ CG (a). Òîãäà äëÿ a ∈ A, a ̸= e, èìååì
a = ax ∈ Ax ∩A, ñëåäîâàòåëüíî, Ax = A è A⊴ CG (a).
Ëåììà äîêàçàíà.

Ñëåäñòâèå 2. Åñëè L � êîìïîíåíòà èç CG(a), òî A öåíòðàëèçóåò L.

Ñëåäóþùàÿ ëåììà ïîêàçûâàåò, ÷òî åñëè êîíå÷íàÿ ãðóïïà G ñîäåðæèò
ýëåìåíòàðíóþ àáåëåâó TI-ïîäãðóïïó A ïîðÿäêà 4, òî A íîðìàëèçóåò ëþ-
áóþ êîìïîíåíòó èç G, åñëè òàêîâûå èìåþòñÿ.

Ëåììà 3. Ïóñòü A � ýëåìåíòàðíàÿ àáåëåâà TI-ïîäãðóïïà ïîðÿäêà 4
êîíå÷íîé ãðóïïû G, L êîìïîíåíòà èç G. Òîãäà A ≤ NG (L).
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Äîêàçàòåëüñòâî.

Ïóñòü G � êîíòðïðèìåð ê ëåììå íàèìåíüøåãî ïîðÿäêà. Î÷åâèäíî, ÷òî
òîãäà

〈
LA
〉
= L · La0 · Lb0 · La0b0 ≤ G è G =

〈
LA
〉
·A.

Ñëó÷àé 1.
〈
LA
〉
= L·La0 ·Lb0 ·La0b0 � öåíòðàëüíîå ïðîèçâåäåíèå ÷åòûð¼õ

ðàçëè÷íûõ êîìïîíåíò. Ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ:

L = L1, La0 = L2, Lb0 = L3, La0b0 = L4,

H1,2 = {lla0 |l ∈ L1, l
a0 ∈ L2 } , H3,4 =

{
lb0 la0b0

∣∣∣lb0 ∈ L3, l
a0b0 ∈ L4

}
.

Äëÿ äèàãîíàëè H1,2 = {lla0 |l ∈ L1, l
a0 ∈ L2 } âûïîëíÿåòñÿ ðàâåíñòâî

(lla0)a0 = la0 l = lla0 , ïîýòîìó H1,2 ≤ CG (a0) è, ñëåäîâàòåëüíî, H1,2 ≤
NG (A). Òàê êàê H1,2 ïîðîæäàåòñÿ ýëåìåíòàìè íå÷¼òíîãî ïîðÿäêà, òî,

ïî ëåììå 1, H1,2 ≤ CG (A). Íî, â òî æå âðåìÿ Hb0
1,2 = H3,4 è, ñëåäîâà-

òåëüíî, H1,2 = H3,4, ÷òî íåâîçìîæíî, òàê êàê H1,2 è H3,4 ðàçëè÷íû â
óêàçàííîì öåíòðàëüíîì ïðîèçâåäåíèè.
Ñëó÷àé 2.

〈
LA
〉
= L · La � öåíòðàëüíîå ïðîèçâåäåíèå äâóõ ðàçëè÷íûõ

êîìïîíåíò, a ∈ A, a ̸= e. Áåç îãðàíè÷åíèÿ îáùíîñòè, ìîæíî ñ÷èòàòü,
÷òî a = a0. Ââåä¼ì îáîçíà÷åíèÿ: L = L1, La0 = L2. Êàê áûëî ïîêàçàíî
âûøå, lla0 ∈ CG (A). Çàìåòèì, ÷òî â ýòîì ñëó÷àå îäíà èç èíâîëþöèé, ñî-
äåðæàùèõñÿ â A áóäåò íîðìàëèçîâàòü êîìïîíåíòó L1, à äâå äðóãèå áóäóò
ïåðåñòàâëÿòü L1 è L2. Îáîçíà÷èì ÷åðåç x èíâîëþöèþ èç A, íîðìàëèçóþ-
ùóþ L1. Åñëè x öåíòðàëèçóåò L1, òî, òàê êàê L1 ïîðîæäàåòñÿ ýëåìåíòà-
ìè íå÷¼òíîãî ïîðÿäêà, ïîëó÷àåì L1 ≤ CG (A), ÷òî íåâîçìîæíî, òàê êàê〈
LA
〉
= L · La. Ñëåäîâàòåëüíî, x íå öåíòðàëèçóåò L1. Ïóñòü p � ïðîñòîå

÷èñëî, äåëÿùåå ïîðÿäîê L1, äëÿ êîòîðîãî â L1 ñóùåñòâóþò p-ýëåìåíòû,
íå ëåæàùèå â öåíòðå L1. Ïîñêîëüêó L1 ÿâëÿåòñÿ êîìïîíåíòîé, ñîâîêóï-
íîñòü âñåõ òàêèõ p-ýëåìåíòîâ áóäåò ïîðîæäàòü L1. Òàê êàê x íå öåíòðà-
ëèçóåò L1, òî ñóùåñòâóåò p-ýëåìåíò h òàêîé, ÷òî h /∈ CG(x). Äëÿ íåãî, ñ
îäíîé ñòîðîíû, (hha0)x = hha0 , à ñ äðóãîé, (hha0)x = hx (ha0)x. Îòñþäà
hha0 = hx (ha0)x. Òàê êàê ïðîèçâåäåíèå L1L2 öåíòðàëüíîå, òî{

hx = hz
(ha0)x = z−1ha0 ,

, z ∈ Z (L1) ∩ Z (L2) .

Ñëåäîâàòåëüíî, z ÿâëÿåòñÿ íå åäèíè÷íûì p-ýëåìåíòîì èç öåíòðà L1. Â
ñèëó âûáîðà p, ïîðÿäîê öåíòðà L1 äåëèòñÿ íà âñå ïðîñòûå äåëèòåëè |L1|.
Öåíòðû êâàçèïðîñòûõ ãðóïï è èõ ïîðÿäêè ïîëíîñòüþ îïèñàíû â [4] è
òàêèõ ãðóïï íåò. Ñëåäîâàòåëüíî, ñëó÷àé 2 íåâîçìîæåí è ìû ïîëó÷àåì〈
LA
〉
= L, G = L ·A, è A ≤ NG (L).

Ëåììà äîêàçàíà.
Ëåììà 3 ïîêàçûâàåò, ÷òî ïðè èññëåäîâàíèè ãðóïï, ñîäåðæàùèõ êîì-

ïîíåíòû, âîïðîñ ñâîäèòñÿ ê èçó÷åíèþ ãðóïï âèäà G = F ∗(G) · A, ãäå
F ∗(G) ýòî îáîáù¼ííàÿ ïîäãðóïïâ Ôèòòèíãà ãðóïïû G, ÿâëÿþùàÿñÿ êâà-
çèïðîñòîé ãðóïïîé.

Ëåììà 4. Ïóñòü G � ãðóïïà èç ôîðìóëèðîâêè òåîðåìû 2. Òîãäà
A ∩ Z (G) = {e}.
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Äîêàçàòåëüñòâî. Ïóñòü A∩Z (G) = x è x ̸= e, òîãäà A ⊴ G è, ââèäó
ñòðîåíèÿ G, A ≤ Z (G). ×òî íåâîçìîæíî, òàê êàê Z (G) öèêëè÷åñêèé.
Ëåììà äîêàçàíà.

3 Ëèíåéíûå ãðóïïû

Ââèäó òîãî, ÷òî êëàññè÷åñêèå ãðóïïû Øåâàëëå ìîæíî ïðåäñòàâèòü
êàê ãðóïïû àâòîìîðôèçìîâ âåêòîðíûõ ïðîñòðàíñòâ, íàì ïîíàäîáÿòñÿ
ñâåäåíèÿ îá èíâîëþöèÿõ è ïîëóèíâîëþöèÿõ â òàêèõ ãðóïïàõ.
Ïóñòü V âåêòîðíîå ïðîñòðàíñòâî ðàçìåðíîñòè n íàä ïîëåì k = GF (q),

q íå÷åòíî, Ỹ = GLn (k) è Y ≤ Ỹ . Îáîçíà÷èì ÷åðåç IV òîæäåñòâåííûé
àâòîìîðôèçì ïðîñòðàíñòâà V , à ÷åðåç γIV (γ ∈ k∗) àâòîìîðôèçì, ïðè
êîòîðîì êàæäûé âåêòîð èç V óìíîæàåòñÿ íà γ. Íååäèíè÷íûé ýëåìåíò ω
èç Y íàçîâ¼ì ïîëóèíâîëþöèåé, åñëè ω2 = γIV . ßñíî, ÷òî èíâîëþöèè èç
Y � ýòî ïîëóèíâîëþöèè. Ïîëóèíâîëþöèè, íå ÿâëÿþùèåñÿ èíâîëþöèÿìè,
íàçûâàþòñÿ èñòèííûìè.
Êàê ïîêàçàíî â ðàçäåëå 3A èç [5], êàæäîé èíâîëþöèè ω ∈ Y ñîîòâåò-

ñòâóþò äâà ïîäïðîñòðàíñòâà V +
ω è V −

ω èç V :

V +
ω = CV (ω) = {v ∈ V | ω (v) = v} , V −

ω = [V, ω] = {v ∈ V |ω (v) = −v} .

Òîãäà èìååò ìåñòî ðàçëîæåíèå V = V +
ω

⊕
V −
ω , è òèï èíâîëþöèè ω îïðå-

äåëÿåòñÿ êàê dimV −
ω . Äëÿ èíâîëþöèè ω òèïà m áàçèñ â V íàçûâàåòñÿ

ñòàíäàðòíûì, åñëè â íåì ïåðâûå n −m âåêòîðîâ âûáðàíû èç V +
ω , à ïî-

ñëåäíèå m âåêòîðîâ èç V −
ω . Åñëè ω � èíâîëþöèÿ òèïà m, òî èç ðàçäåëà

3À [5] CGLn(q) (ω) ñîäåðæèò íîðìàëüíóþ ïîäãðóïïó èçîìîðôíóþ

SLn−m (q)︸ ︷︷ ︸
L1

×SLm (q)︸ ︷︷ ︸
L2

.

Ïóñòü ðàññìàòðèâàåòñÿ ãðóïïà H = GLn(q)/Z1, ãäå |Z1| ÷¼òåí è m = n
2 .

Îáîçíà÷èì ω = ωZ1. Òîãäà ïîëíûé ïðîîáðàç CH (ω) â GLn(q) ñîäåðæèò
ïîäãðóïïó èçîìîðôíóþ

(SLm (q)︸ ︷︷ ︸
L1

×SLm (q)︸ ︷︷ ︸
L2

) · ⟨τ⟩ ,

ãäå τ äåéñòâóåò íà ñòàíäàðòíîì áàçèñå ñëåäóþùèì îáðàçîì: τ (ei) =
em+i, τ (em+i) = ei ïðè 1 ≤ i ≤ m.
Ïóñòü òåïåðü ω ∈ Y èñòèííàÿ ïîëóèíâîëþöèÿ è ω2 = γIV . Åñëè γ = β2

äëÿ íåêîòîðîãî ýëåìåíòà β èç k, òî ω = βIV ω1, ãäå ω1 èíâîëþöèÿ èç Ỹ .
Îïðåäåëèì â ýòîì ñëó÷àå òèï ω êàê ìèíèìóì èç òèïîâ äâóõ èíâîëþöèé
ω1 è −IV ω1. Ñòàíäàðòíûé áàçèñ äëÿ ω îïðåäåëÿåòñÿ êàê ñòàíäàðòíûé
áàçèñ òîé èç èíâîëþöèé ω1 èëè −IV ω1, òèï êîòîðîé ìèíèìàëåí. Åñëè
γ /∈ (k∗)2, òî òèï äëÿ ω ñ÷èòàåòñÿ ðàâíûì 0. Òîãäà äëÿ öåíòðàëèçàòîðà
ñìåæíîãî êëàññà, ñîäåðæàùåãî ω, â íåêîòîðîì ÷àñòíîì ãðóïïû GLn(q),
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åãî ïîëíûé ïðîîáðàç â GLn(q) ñîñòîèò èç áëî÷íûõ ìàòðèö âèäà:(
A γB
B A

)
,

(
0 E
E 0

)
,

(
γB A
A B

)
,

ãäå A è B êâàäðàòíûå ìàòðèöû ðàçìåðíîñòè m, E � åäèíè÷íàÿ ìàòðèöà
òîé æå ðàçìåðíîñòè.
Â äàëüíåéøåì áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ: X � ÷àñò-

íîå ãðóïïû SLn(q) ïî íåêîòîðîé öåíòðàëüíîé ïîäãðóïïå; ÷åðåç X∗ îáî-
çíà÷èì ìíîæåñòâî òàêèõ ðàñøèðåíèé ãðóïïû X, ÷òî äëÿ ëþáîé ãðóïïû
X̃ èç X∗ ëþáîé ýëåìåíò èç X̃−X èíäóöèðóåò íà X âíåøíèé âíóòðåííå-
äèàãîíàëüíûé àâòîìîðôèçì. Ïóñòü g ∈ GLn(q). Åñëè g ∈ Z (GLn(q)) ·
SLn(q), òî ÷åðåç g áóäåì îáîçíà÷àòü ñìåæíûé êëàññ â ýòîì ÷àñòíîì,
êîòîðûé ñîäåðæèò ýëåìåíò gz ∈ SLn(q), z ∈ Z (GLn(q)). Åñëè g /∈
Z (GLn(q)) ·SLn(q), òî ÷åðåç g áóäåì îáîçíà÷àòü âíåøíèé àâòîìîðôèçì,
èíäóöèðóåìûé ýëåìåíòîì g íà X.
Ðàçîáü¼ì äîêàçàòåëüñòâî òåîðåìû 2 íà ÷åòûðå ëåììû.
Ïóñòü G = XA, X = F ∗ (G) � ÷àñòíîå SLn(q), n ≥ 2, q íå÷¼òíî.

Ëåììà 5. Ñëó÷àé G ∈ X∗ ïðè n ≥ 3 íåâîçìîæåí.

Äîêàçàòåëüñòâî.

Äîïóñòèì, ÷òî ñóùåñòâóåò ýëåìåíòàðíàÿ àáåëåâà TI-ïîäãðóïïà A èç
G. Êëàññû ñîïðÿæ¼ííûõ èíâîëþöèé â ÷àñòíîì SLn (q) îïèñàíû â [5].
Âîçìîæíû äâà ñëó÷àÿ:

(1) a0 ñîîòâåòñòâóåò èíâîëþöèè u òèïà m,
(2) a0 ñîîòâåòñòâóåò ïîëóèíâîëþöèè u òèïà 0.

Ñëó÷àé 1.
Ïóñòü a0 ñîîòâåòñòâóåò èíâîëþöèè u òèïà m, êîòîðàÿ äåéñòâóåò íà

ñòàíäàðòíîì áàçèñå ñëåäóþùèì îáðàçîì: u (ei) = ei ïðè 1 ≤ i ≤ n −m,
u (ei) = −ei ïðè n−m+ 1 ≤ i ≤ n. Åñëè m ̸= n

2 èëè ÷àñòíîå áåð¼òñÿ ïî
öåíòðàëüíîé ïîäãðóïïå íå÷¼òíîãî ïîðÿäêà, òî

SLn−m (q)︸ ︷︷ ︸
L1

×SLm (q)︸ ︷︷ ︸
L2

≤ CGLn(q) (u) ,

L1 è L2 íîðìàëüíûå ïîäãðóïïû â öåíòðàëèçàòîðå èíâîëþöèè u. Äîïó-
ñòèì, m ≥ 2 è n−m ≥ 2. Åñëè q ̸= 3, òî L1 è L2 ÿâëÿþòñÿ êîìïîíåíòàìè,
ïîýòîìó A öåíòðàëèçóåò L1 è L2. Åñëè m = 2 (n−m = 2) è q = 3, òî
ñîîòâåòñòâóþùàÿ ïîäãðóïïà Li

∼= SL2 (3), êîòîðàÿ ïîðîæäàåòñÿ ýëåìåí-
òàìè íå÷¼òíîãî ïîðÿäêà. Òîãäà ïî ëåììå 1, A öåíòðàëèçóåò Li.
Îáîçíà÷èì ÷åðåç v ýëåìåíò èç GLn (q), ñîîòâåòñòâóþùèé èíâîëþöèè

b0 ∈ A. Òîãäà, àíàëîãè÷íî, v ∈ CGLn(q) (L1), v ∈ CGLn(q) (L2) è v äåéñòâó-
åò íà ñòàíäàðòíîì áàçèñå: v (ei) = γei ïðè 1 ≤ i ≤ n−m, v (ei) = −γei ïðè
n−m+1 ≤ i ≤ n. Òîãäà uv ∈ Z (GLn (q)) è, ñëåäîâàòåëüíî, a0b0 ∈ Z (G),
÷òî íåâîçìîæíî â ñèëó ëåììû 4.
Ïóñòü òåïåðü m = n

2 , X = SLn(q)/Z1, ïîðÿäîê Z1 ÷¼òåí.
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Ïî ðàçäåëó 3À èç [5] ïîëíûé ïðîîáðàç CGLn(q)/Z1
(a0) â GLn(q) ïðè åñòå-

ñòâåííîì ãîìîìîðôèçìå ñîäåðæèò ïîäãðóïïó:

(SLm (q)︸ ︷︷ ︸
L1

×SLm (q)︸ ︷︷ ︸
L2

) · ⟨τ⟩ .

Èíâîëþöèÿ τ , êîòîðàÿ äåéñòâóåò íà ñòàíäàðòíîì áàçèñå ñëåäóþùèì îá-
ðàçîì: τ (ei) = em+i, τ (em+i) = ei ïðè 1 ≤ i ≤ m, ïåðåñòàâëÿåò L1 è
L2. Åñëè m ≥ 2, òî L1 è L2 ëèáî ÿâëÿþòñÿ êîìïîíåíòàìè, ëèáî ïîðîæäà-
þòñÿ ýëåìåíòàìè íå÷¼òíîãî ïîðÿäêà, ïîýòîìó îíè öåíòðàëèçóþòñÿ ïîä-
ãðóïïîé A. Ïîâòîðÿÿ ðàññóæäåíèÿ, àíàëîãè÷íûå ñëó÷àþ m ̸= n

2 , òàêæå
ïîëó÷èì, ÷òî A ïîäãðóïïà öåíòðà G, ÷òî íåâîçìîæíî.
Åñëè m = 1 èëè n − m = 1, òî äàííàÿ ñèòóàöèÿ ðàçáèðàåòñÿ àíàëî-

ãè÷íî.
Ñëó÷àé 2. Ïóñòü a0 ñîîòâåòñòâóåò ïîëóèíâîëþöèè u òèïà 0 èç GLn(q).

Òîãäà u2 = γIV äëÿ íåêîòîðîãî γ ∈ k∗ − (k∗)2, n = 2m. Â äàííîì ñëó-
÷àå U = ⟨Z, u⟩ � öèêëè÷åñêàÿ è CGLn(q) (U) = CGLn(q)(u)

∼= GLm

(
q2
)
.

Òîãäà èç ðàçäåëà 3À [5] ñëåäóåò, ÷òî ñóùåñòâóåò ýëåìåíò x ∈ GLn(q),
äåéñòâóþùèé íà ñòàíäàðòíîì áàçèñå ñëåäóþùèì îáðàçîì: x (ei) = em+i,
x (em+i) = −ei ïðè 1 ≤ i ≤ m, det (x) = (−1)m , |x| = 2, ux = −u,
òàêîé, ÷òî

CGLn(q)/Z (u) =
(
GLm

(
q2
)
/Z
)
· ⟨x⟩ ,

ãäå x èíäóöèðóåò ïîëåâîé àâòîìîðôèçì ïîðÿäêà 2 íà GLm

(
q2
)
/Z. Òî-

ãäà â öåíòðàëèçàòîðå èíâîëþöèè a0 åñòü êîìïîíåíòà L ∼= SLm

(
q2
)
. Ïîä-

ãðóïïàA öåíòðàëèçóåò L, ÷òî íåâîçìîæíî ââèäó òîãî, ÷òî Z
(
CGLn(q)/Z (u)

)
� öèêëè÷åñêèé.
Ëåììà äîêàçàíà.

Ëåììà 6. Ïóñòü G ∈ X∗ è n = 2, òîãäà q = 5.

Äîêàçàòåëüñòâî.

(1) Ïóñòü A = {e, a0, b0, a0b0} ÿâëÿåòñÿ TI-ïîäãðóïïîé ãðóïïû G è
G ∈ X∗, X � ÷àñòíîå SL2(q) ïî ïîäãðóïïå Z1 è âñå èíâîëþöèè èç
A ñîîòâåòñòâóþò èíâîëþöèÿì òèïà 1. Çàôèêñèðóåì èíâîëþöèþ

a0 =

(
1 0
0 −1

)
. Åñëè |Z1| íå÷¼òåí (òî åñòü X = SL2(q)), òî èç [5]

CG (a0) =

{
e;

(
α 0
0 β

)}
. Òàê êàê èíâîëþöèÿ b0 ∈ A äîëæíà öåí-

òðàëèçîâàòü a0, òî b0 =

(
−1 0
0 1

)
, è a0b0 =

(
−1 0
0 −1

)
∈ Z (G),

÷òî íåâîçìîæíî â ñèëó ëåììû 4.
Ïóñòü |Z1| ÷¼òåí (òî åñòü X = L2(q)). Òîãäà

CG (a0) =

{
e;

(
α 0
0 β

)
;

(
0 γ
γ 0

)
;

(
0 αγ
βγ 0

)∣∣∣∣∣α, β ∈ F ∗
5

}
.
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Èç ñòðîåíèÿ CG (a0) ñëåäóåò, ÷òî â êà÷åñòâå èíâîëþöèè b0 ìîæíî

âçÿòü èíâîëþöèþ òèïà 1 âèäà b0 =

(
0 λ
1
λ 0

)
, òàê êàê èç

(
0 u
v 0

)2

=(
1 0
0 1

)
ñëåäóåò uv = 1 è v = 1

u . Òîãäà a0b0 =

(
0 λ
− 1

λ 0

)
, (a0b0)

2 =

−E. Åñëè (−1) /∈
(
F ∗
q

)2
, òî a0b0 � ïîëóèíâîëþöèÿ òèïà 0, ÷òî â

ýòîì ñëó÷àå íåâîçìîæíî. Ïóñòü (−1) ∈
(
F ∗
q

)2
, òîãäà a0b0 � èíâî-

ëþöèÿ òèïà 1, q ≡ 1(4) è

A =

{
e;

(
1 0
0 −1

)
;

(
0 λ
1
λ 0

)
;

(
0 λ
− 1

λ 0

)}
.

Îáîçíà÷èì s1 =

(
α 0
0 β

)
∈ CG (a0). Òàê êàê A ⊴ CG (a0), òî

bs10 =

(
0 λβ

α
α
λβ 0

)
∈ A, îòñþäà α

β = β
α èëè α

β = −β
α . Ýòè ðàâåíñòâà

ýêâèâàëåíòíû ñèñòåìå óðàâíåíèé α2 = ±β2. Ðàññìîòðèì êîëè-
÷åñòâî ðåøåíèé óðàâíåíèé α2 = ±β2. Èç òåîðåìû 6.26 [7], äëÿ
íåâûðîæäåííîé êâàäðàòè÷íîé ôîðìû f îò ÷¼òíîãî ÷èñëà ïåðå-
ìåííûõ íàä ïîëåì Fq, ãäå q íå÷¼òíî, ÷èñëî ðåøåíèé óðàâíåíèÿ
f (x1, . . . , xn) = b, äëÿ ëþáîãî b ∈ Fq, â Fn

q ðàâíî

qn−1 + v(b) · q
n−2
2 · η

(
(−1)

n
2 ·∆

)
,

ãäå ∆ = det(f),

v(b) =

{ −1 ïðè b ∈ F ∗
q

q − 1 ïðè b = 0,
η(c) =

{
−1 ïðè c /∈

(
F ∗
q

)2
1 ïðè c ∈

(
F ∗
q

)2
.

Òîãäà óðàâíåíèå α2 = β2 èìååò N = q + q − 1 = 2q − 1 ðåøåíèé,
ñðåäè êîòîðûõ íåíóëåâûõ è ñ óñëîâèåì α ̸= β: N = 2q − 1 − 1 −
(q − 1) = q − 1. Óðàâíåíèå α2 = −β2 èìååò òàêæå N = 2q −
1 ðåøåíèé, ñðåäè íèõ N = 2q − 2 íåíóëåâûõ. Òàêèì îáðàçîì,
êîëè÷åñòâî ðàçëè÷íûõ íåíóëåâûõ ðåøåíèé óðàâíåíèé α2 = ±β2

ñ óñëîâèåì α ̸= β ðàâíî 3q − 3. Òàê êàê â F ∗
q êîëè÷åñòâî ïàð

(α, β) ðàâíî A2
q−1 =

(q−1)!
(q−3)! = q2 − 3q+2, òî èç q2 − 3q+2 ≤ 3q− 3

ñëåäóåò, ÷òî q ≤ 5. Òî åñòü, ïðè q > 5 â F ∗
q âñåãäà ñóùåñòâóåò

ïàðà (α, β) êîòîðàÿ íå ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèé α2 = ±β2

è A íå ÿâëÿåòñÿ íîðìàëüíîé ïîäãðóïïîé â CG (a0).

Åñëè q = 5, òî a0 =

(
2 0
0 3

)
, b0 =

(
0 2
2 0

)
, a0b0 =

(
0 4
1 0

)
.

Íî, òàê êàê L2(5) ∼= A5 ìîæíî ñ÷èòàòü, ÷òî

A = V4 = {e; (1 2)(3 4); (1 3)(2 4); (1 4)(3 2)} .
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Ïóñòü x ∈ G − NG (A), A ∩ Ax = u0, u0 ∈ V4, u0 ̸= e. Òàê êàê
|CA5 (u0)| = 60

15 = 4, òî A = Ax è, ñëåäîâàòåëüíî, A ÿâëÿåòñÿ
TI-ïîäãðóïïîé â ãðóïïå G.

(2) Â A åñòü ýëåìåíò, ñîîòâåòñòâóþùèé ïîëóèíâîëþöèè òèïà 0. Ðàñ-
ñìîòðèì GL2(q)/Z1, ãäå |Z1| ÷¼òåí.

Ïóñòü a0 =

(
0 1
γ 0

)
, γ /∈ k2, q ≥ 5, òîãäà b0 ∈ CG (a0), ãäå

CG (a0) =

{
e,

(
α β
γβ α

)
,

(
1 0
0 −1

)
,

(
α −β
γβ −α

)∣∣∣∣∣α, β ∈ Fq, α
2 − γβ2 ̸= 0

}
.

Íåïîñðåäñòâåííûé ïîäñ÷¼ò ïîêàçûâàåò, ÷òî b0 =

(
1 0
0 −1

)
,

a0b0 =

(
0 −1
γ 0

)
(èëè íàîáîðîò).

Ïóñòü s1 =

(
α β
γβ α

)
∈ CGL2(q)/Z1

(a0), òîãäà

bs10 =
1

α2 − γβ2

(
α2 + γβ2 2αβ
−2αβγ −α2 − γβ2

)
.

Íàïðèìåð, ïðè α = 1, β = 2 bs10 /∈ A. Òî åñòü A ⋬ CG (a0) è,
ñëåäîâàòåëüíî, A íå ÿâëÿåòñÿ TI-ïîäãðóïïîé â ãðóïïå G.

Ëåììà äîêàçàíà.

Ëåììà 7. Ñëó÷àé G /∈ X∗ ïðè n ≥ 3 íåâîçìîæåí.

Äîêàçàòåëüñòâî.

Îáîçíà÷èì ÷åðåç φ ïîëåâîé àâòîìîðôèçì ïîðÿäêà 2, τ � èíâåðñíî-
òðàíñïîíèðóþùèé àâòîìîðôèçì. Êàê ïîêàçàíî â ëåììå 4.27 [5], âñå àâòî-
ìîðôèçìû ïîðÿäêà 2 âèäà gφ, ãäå g èíäóöèðóåò âíóòðåííå-äèàãîíàëüíûé
àâòîìîðôèçì, ñîïðÿæåíû â G ñ ïîëåâûì àâòîìîðôèçìîì φ ïîðÿäêà 2,
à âñå àâòîìîðôèçìû ïîðÿäêà 2 âèäà gφτ ñîïðÿæåíû ñ φτ , äîñòàòî÷íî
ðàññìîòðåòü ñëåäóþùèå âàðèàíòû:

(1) a0 = φ ïîëåâîé àâòîìîðôèçì ïîðÿäêà 2;
(2) a0 = φτ ãðàôîâî-ïîëåâîé àâòîìîðôèçì ïîðÿäêà 2;
(3) ïîäãðóïïà A èìååò âèä A = {e; g; g1τ, gg1τ}, g è g1 ñîîòâåòñòâóþò

ýëåìåíòàì èç GLn(q).

Åñëè a0 = φ ïîëåâîé àâòîìîðôèçì ïîðÿäêà 2, òîãäà èç ðàçäåëà 3À [5]
CX(a0) ñîäåðæèò êîìïîíåíòó L, èçîìîðôíóþ ÷àñòíîìó SLn(q0), ãäå q =
q20. Ñîãëàñíî ñëåäñòâèþ 1, ïîäãðóïïà A öåíòðàëèçóåò L, ÷òî íåâîçìîæíî,
òàê êàê CG (L) öèêëè÷åñêèé.
Åñëè a0 = φτ ãðàôîâî-ïîëåâîé àâòîìîðôèçì ïîðÿäêà 2, òîãäà ïî ëåì-

ìå 4.27 èç [5] CX(a0) ñîäåðæèò êîìïîíåíòó L, èçîìîðôíóþ SUn(q0), ãäå
q = q20, ÷òî íåâîçìîæíî, àíàëîãè÷íî ñëó÷àþ 1.
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Åñëè ïîäãðóïïà A èìååò âèä A = {e; g; g1τ, gg1τ}, g è g1 ñîîòâåòñòâóþò
ýëåìåíòàì èç GLn(q). Âîçìîæíû äâà ñëó÷àÿ.
Ñëó÷àé 1. Ýëåìåíò g ñîîòâåòñòâóåò èíâîëþöèè òèïà m èç GLn(q) è

q ≥ 5. Ìîæíî ñ÷èòàòü, ÷òîm ≥ 2. Òîãäà SLn−m(q)×SLm(q) ≤ CGLn(q)(g).
Ýëåìåíò g1τ öåíòðàëèçóåò êîìïîíåíòó SLm(q), τ öåíòðàëèçóåò ýëåìåíò

g è, ñëåäîâàòåëüíî, g1 òàêæå öåíòðàëèçóåò g. Ïðè ýòîì g1 =

(
C 0
0 B

)
,

ãäå C ∈ GLn−m (q) , B ∈ GLm (q). Ýëåìåíò Bτ öåíòðàëèçóåò êîìïîíåíòó
SLm(q), ÷òî íåâîçìîæíî, òàê êàê B èíäóöèðóåò íà SLm(q) âíóòðåííå-
äèàãîíàëüíûé àâòîìîðôèçì, à τ � ãðàôîâûé àâòîìîðôèçì.
Ñëó÷àé 2. Ýëåìåíò g ñîîòâåòñòâóåò ïîëóèíâîëþöèè òèïà 0 èç GLn(q) è

q ≥ 5, n = 2m. Òîãäà g äåéñòâóåò íà ñòàíäàðòíîì áàçèñå ñëåäóþùèì îá-
ðàçîì: g (ei) = em+i, g (em+i) = γei, 1 ≤ i ≤ m, γ � íå êâàäðàò â GF (q),
X = SLn(q)/Z

′, öåíòðàëüíàÿ ïîäãðóïïà Z ′ ñîäåðæèò ýëåìåíò γI. Â ýòîì
ñëó÷àå CG(g) ñîäåðæèò êîìïîíåíòó, èçîìîðôíóþ SLm

(
q2
)
, êîòîðàÿ öåí-

òðàëèçóåòñÿ ïîäãðóïïîé A. Íî öåíòðàëèçàòîð ýòîé êîìïîíåíòû öèêëè-
÷åñêèé è, ñëåäîâàòåëüíî, ýòîò ñëó÷àé íåâîçìîæåí.
Åñëè q = 3, òî ðàññóæäåíèÿ, àíàëîãè÷íûå ñëó÷àþ 1, ìîæíî ïðèìåíèòü

ïðè n ≥ 6. Ìîæíî ñ÷èòàòü, ÷òî m ≥ 3, òîãäà SLm(3) êîìïîíåíòà â
öåíòðàëèçàòîðå èíâîëþöèè g. Îñòàþòñÿ ñëó÷àè n = 3; 4.

Ïðè n = 3,m = 2 ýëåìåíò g =

1 0 0
0 −1 0
0 0 −1

.
CGL3(3)(g) =

{(
α 0
0 A

)∣∣∣∣A ∈ GL2(3)

}
.

Òàê êàê ýëåìåíòû g1τ è τ öåíòðàëèçóþò g, òî g1 ∈ CGL3(3)(g).

Â CGL3(3)(g) åñòü ïîäãðóïïà H =

{(
1 0
0 B

)∣∣∣∣B ∈ SL2(3)

}
, êîòîðàÿ ïî-

ðîæäàåòñÿ ýëåìåíòàìè íå÷¼òíîãî ïîðÿäêà è, ñëåäîâàòåëüíî, ëåæèò â öåí-
òðàëèçàòîðå ýëåìåíòà g1τ . Òàê êàê Aτ öåíòðàëèçóåò ãðóïïó SL2(3), ñ

ïîìîùüþ íåïîñðåäñòâåííûõ âû÷èñëåíèé ïîëó÷àåì, ÷òî A =

(
0 −1
1 0

)
èëè A =

(
0 1
−1 0

)
. Òîãäà g1τ =

α 0 0
0 0 −1
0 1 0

 τ , (g1τ)
2 èíâîëþöèÿ è,

ñëåäîâàòåëüíî, g1τ /∈ A, òàê êàê èìååò ïîðÿäîê 4.
Â ñëó÷àå n = 4 ýëåìåíò g ñîîòâåòñòâóåò èíâîëþöèè òèïà m, ãäå m = 3

èëè m = 2. Ïðè m = 3 ñèòóàöèÿ àíàëîãè÷íà ñëó÷àþ 1. Åñëè m = 2,
òîãäà

A =

e;


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

;


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

τ ;


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

τ

 .
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Âîçüì¼ì ýëåìåíò y =


0 1 1 1
1 −1 0 −1
1 0 −1 0
1 −1 0 1

 ∈ CSL4(3)(g1τ). Òîãäà

gy =


0 0 1 0
0 0 1 1
1 0 0 0
−1 1 0 0

 /∈ A è, ñëåäîâàòåëüíî, A íå TI-ïîäãðóïïà.

Ëåììà äîêàçàíà.

Ëåììà 8. Ñëó÷àé G /∈ X∗ ïðè n = 2 íåâîçìîæåí.

Äîêàçàòåëüñòâî.

Ïóñòü X � ÷àñòíîå SL2(q), a0 = φ ïîëåâîé àâòîìîðôèçì ïîðÿäêà
2, òîãäà q = q20, CGL2(q20)

(a0) ∼= GL2 (q0). Åñëè q0 ≥ 5, òî SL2 (q0)

êîìïîíåíòà èç öåíòðàëèçàòîðà a0. Ïîäãðóïïà A å¼ öåíòðàëèçóåò, ÷òî, ïî
ëåììå 4, íåâîçìîæíî. Ñëåäîâàòåëüíî, â ýòîì ñëó÷àå ãðóïïà íå ìîæåò
ñîäåðæàòü ýëåìåíòàðíûõ àáåëåâûõ TI-ïîäãðóïï ïîðÿäêà 4. Äàëåå áóäåì
ñ÷èòàòü q0 = 3.

(1) A = {e, g, φ, gφ}, ãäå g èíâîëþöèÿ èç PGL2(9). Ñ ó÷¼òîì òîãî,

÷òî ýëåìåíò g â CPGL2(q) (φ) ñîïðÿæ¼í ëèáî ñ

(
1 0
0 −1

)
, ëèáî ñ(

0 −1
1 0

)
äëÿ ýëåìåíòà b =

(
1 1
0 1

)
èç CG(φ) èìååì

(
1 0
0 −1

)b

=(
1 2
0 −1

)
/∈ A è

(
0 −1
1 0

)b

=

(
−1 −2
1 1

)
/∈ A. Ñëåäîâàòåëüíî, A

íå TI-ïîäãðóïïà.
(2) A = {e, gτ, φ, gφτ}, τ ∈ CG̃ (φ) ãäå G̃ = Aut GL2

(
q20
)
. Íåïîñðåä-

ñòâåííûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî ýëåìåíòó g ñîîòâåòñòâóåò
10 ñìåæíûõ êëàññîâ â PGL2(9), êîòîðûå, ñ ó÷¼òîì ñîïðÿæåíèÿ,
ðàçáèâàþòñÿ íà 5 êëàññîâ. Â êà÷åñòâå ïðåäñòàâèòåëåé ýòèõ êëàñ-
ñîâ ìîæíî âûáðàòü:

g1 =

(
1 0
0 1

)
; g2 =

(
1 0
0 −1

)
; g3 =

(
0 1
1 1

)
;

g4 =

(
0 1
1 −1

)
; g5 =

(
0 1
−1 0

)
.

Âîçüì¼ì ýëåìåíò b =

(
1 1
0 1

)
èç CG(φ). Äëÿ íåãî ïîëó÷àåì:

(g1τ)
b ∼ g5τ /∈ A; (g2τ)

b = g4τ /∈ A;

(g3τ)
b = −g2τ /∈ A; (g4τ)

b = −g3τ /∈ A.
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Åñëè â êà÷åñòâå ýëåìåíòà g âûáðàí g5, òî ðàññìîòðèì ýëåìåíò

y ∈ CGL2(9)(g5τ), èìåþùèé âèä, y =

(
0 1
−1 p

)
, ãäå p êîðåíü

íåïðèâîäèìîãî íàä F3 ìíîãî÷ëåíà f (x) = x2 + 1. Òîãäà φy =(
1 2p
0 1

)
φ /∈ A. Òàêèì îáðàçîì, âî âñåõ ñëó÷àÿõ, A íå ÿâëÿåòñÿ

TI-ïîäãðóïïîé.

Äîêàçàòåëüñòâî ëåììû 8 çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 2. Ñëåä-
ñòâèå èç òåîðåìû 2 ïîëó÷àåòñÿ ñ èñïîëüçîâàíèåì ëåììû 3.

References

[1] M. Aschbacher, Finite group theory, Cambridge University Press, Cambridge, 2000.
Zbl 0997.20001

[2] M. Aschbacher, On �nite groups of component type, Ill. J. Math., 19:1 (1975), 87�
115. Zbl 0299.20013

[3] H. Bender, Transitive Gruppen gerader Ordung in denen jede Involution genau einen

Punkt festlasst, J. Algebra, 17, 527�554. Zbl 0237.20014
[4] D. Gorenstein, Finite simple groups. An introduction to their classi�cation, The

University Series in Mathematics. New York-London: Plenum Press. x, 1982.
Zbl 0483.20008

[5] M.E. Harris, Finite groups containing an intrinsic 2-component of Chevalley type

over �eld of odd order, Trans. Am. Math. Soc., 272:1 (1982), 1�65. Zbl 0493.20014
[6] Y. Hochheim, F. Timmesfeld, A note on TI-subgroups, Arch.Math., 51:2 (1988),

97�103. Zbl 0666.20009
[7] R. Lidl, H. Niederreiter, Finite �elds, Cambridge University Press, Cambridge, 1984.

Zbl 0554.12010
[8] A.A. Makhnev, On densely nested subgroups with cyclic Sylow 2-subgroups,

International Conference on Algebra, dedicated to in memory of A.I. Maltsev,
Novosibirsk, 1989, p. 76 (in Russian).

[9] A.A. Makhnev, A reduction theorem for TI-subgroups, Izv. Akad. Nauk SSSR, Ser.
Mat., 55:2 (1991), 303�317. Zbl 0737.20005

[10] M. Suzuki, Finite groups of even order in which Sylow 2-groups are independent,
Ann. Of Math., 80:1 (1964), 58�77. Zbl 0122.03202

[11] R. Solomon, F. Timmesfeld, A note on tightly embedded subgroups, Arch.Math.,
31 (1979), 217�223. Zbl 0403.20006

[12] F. Timmesfeld, On the structure of 2-local subgroups in �nite groups, Math. Z., 161
(1978), 119�136. Zbl 0363.20016

[13] N.D. Zyulyarkina, Cyclic TI-subgroups of order 4 in classical Chevalley groups of

odd characteristic, Trudy Inst. Mat. SO RAN, 30 (1996), 89�110. Zbl 0912.20012
[14] N.D. Zyulyarkina, A.A. Makhnev, Cyclic TI-subgroups of order 4 in exceptional

Chevalley groups, Trudy Inst. Mat. i Mekh. UrO RAN 1994, 3 (1995), 41�49
[15] N.D. Zyulyarkina, A.A. Makhnev, Cyclic TI-subgroups of order 4 in known groups,

The Third International Conference on Algebra in memory of M.I.Kargapolov.
Abstracts, (1993), p. 130 (in Russian)

https://doi.org/10.1215/ijm/1256050927
https://doi.org/10.1016/0021-8693(71)90008-1
https://doi.org/10.1016/0021-8693(71)90008-1
https://doi.org/10.2307/1998950
https://doi.org/10.2307/1998950
https://doi.org/10.1007/BF01206465
https://doi.org/10.1070/IM1992v038n02ABEH002200
https://doi.org/10.2307/1970491
https://doi.org/10.1007/BF01226440
https://doi.org/10.1007/BF01214924
http://mi.mathnet.ru/mt392
http://mi.mathnet.ru/mt392
http://mi.mathnet.ru/timm361
http://mi.mathnet.ru/timm361


682 Í.Ä. ÇÞËßÐÊÈÍÀ, Ò.Ã. ÍÎÆÊÈÍÀ

Natalya Dmitrievna Zyulyarkina

South Ural State University,

Lenin prospekt, 76,

454080, Chelyabinsk, Russia

Email address: toddeath@yandex.ru

Tatyana Gennadyevna Nozhkina

South Ural State University,

Lenin prospekt, 76,

454080, Chelyabinsk, Russia

Email address: nozhkinatg@susu.ru


	Введение
	Предварительные результаты
	Линейные группы

