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Abstract: The momentum ray transform IF integrates a rank
m symmetric tensor field f on R™ over lines with the weight ¢,
Ifnf(xvg) = ffooo tk<f(z + t§)7§m> dt. Let Nﬁz = (Iﬁz)*lﬁz be the
normal operator of I*. To what extent is a symmetric m-tensor
field f determined by the data (N2, f,..., N" f) for some 0 < r <
m? The Saint Venant operator W, is a linear differential operator
of order m —r with constant coefficients on the space of symmetric
m-tensor fields. We derive an explicit formula expressing W, f in
terms of (N2 f,..., N/ f). The tensor field W/ f represents the
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full local information on f that can be extracted from the data
(NS f,...,N" f).

Keywords: ray transform, inverse problems, Saint-Venant opera-
tor, tensor tomography, momentum ray transform.

1 Introduction

This article is a follow-up to our prior work [4]. To ensure a self-contained
presentation, we have chosen to provide only a condensed version in the
introduction and Section 2. We refer the reader to [4] for more details.

Let f be a Schwartz class symmetric m-tensor field on R™. The k*" momen-
tum ray transform IX f of f is defined by

I f(@,6) = /tkfz‘l--~z'm($ HHE)EN - g dt
R (1)
(zeR™, £€R™, |¢] =1, (z,§) =0).

As in (1), with repeating indices, the Einstein summation convention is used
throughout the article.

Momentum ray transforms are used as the main tool in the study of higher
order versions of the Calderén inverse problem, see [1, 5, 2.

Let (I¥)* be the L*adjoint of I¥ . Instead of working directly with the
momentum ray transforms, we work with the associated normal operators
NE = (IF)*I* . Being an averaging operator, NX represents a better measur-
ement model than the momentum ray transforms themselves. An inversion
formula was obtained in |4] which recovers a symmetric m-tensor f from the
data (N2 f,..., N™f); the formula is reproduced in Theorem 1 below.

In this work we investigate the problem of recovering a tensor field from
partial data. To what extent is a symmetric m-tensor field f determined by
the data (NO,f,..., NI f) for some 0 < r < m?

In the next section, we recall the definition of the Saint Venant operator

Wr . C®(R™ 8™) — C®(R™; S™ " @ S™) (0 < r <m). 2)

It is a linear differential operator of order m — r with constant coefficients.
This operator was briefly mentioned in [8, Theorem 2.17.2], but the operator
W = W2 was widely used throughout Chapter 2 of [8]. Tt is closely related
to the equation

dv = |, (3)
where d = oV is the inner derivative defined in Section 2.3 below. Namely,
the equation (3) is solvable in a simply connected domain U C R™ if and
only if the right-hand side satisfies W2 f = 0, see [8, Theorem 2.2.2]. Quite
similarly, W f = 0 is the consistency condition for the equation d"t'v = f,
see [8, Theorem 2.17.2]. In the case m = 2, the condition W2 f = 0 is popular
in linear elasticity and is called the deformation consistency condition; it was
obtained by Saint-Venant.
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For f € S(R™; S™), the tensor field W, f represents the full local informa-
tion on f that can be extracted from the data (IO, f, ..., I, f), see [8, Theorem
2.17.2]. In particular, W7 f is uniquely determined by (N9, f,..., N= f). The
paper [7] establishes that for f € S(S™) and 0 < r < m, the tensor field
Wr f can be explicitly recovered from (I2,f,..., I f). In [6, Theorem 3.1],
the kernel of the momentum ray transform is described using the Saint
Venant operator. It is shown that for f € S(S™), (IS f,..., I f) = 0 if
and only if W] f = 0. We will derive an explicit formula expressing W, f
through (N2 f,..., N" f); see Theorem 2 below.

2 Basic definitions and main result

2.1. Tensor algebra. Let TR" = @©°_(T™R" be the complex tensor
algebra over R™. Assuming n to be fixed, the notation T™R"™ will be often
abbreviated to T™. For a fixed orthonormal basis (eq,...,e,) of R™, by
Wiy..q,, = = (e, ..., e; ) we denote coordinates (= components) of
a tensor u € T™ with respect to the basis. There is no distinction between
covariant and contravariant tensors since we use orthonormal bases only. The
standard dot product on R" extends to T™ by

(u,v) = uil“'imvilmim.

Let S™ = S™R"™ be the subspace of T consisting of symmetric tensors.
The partial symmetrization o(iy...iy) @ T™F — T™FF in the indices
(i1,...,4mm) is defined by

1
(i1 ) Wiy i i = oo Z Wi (1) e () J1 o2
w€lly,

where the summation is performed over the group IL,, of all permutations
of the set {1,...,m}. In particular, o : T™ — S™ is the symmetrization in
all indices. Given u € S™ and v € S*, the symmetric product uv € S™F
is defined by uwv = o(u ® v). Being equipped with the symmetric product,
S*R" = @, _; S™R™ becomes a commutative graded algebra that is called
the algebra of symmetric tensors over R™.

Given u € 8™ let i, : S¥ — S™T* be the operator of symmetric multiplic-
ation by u and let j, : S™* — S* be the adjoint of 4,. These operators are
written in coordinates as

(Zuv)il--~im+k =0 (Zl ... 7fm+k) Wiy iy Vi 4 1o
(j“v)i1...ik = Vg WL
For the Kronecker tensor §, the notations i5 and js will be abbreviated to ¢

and j respectively.

2.2. Tensor fields. Recall that the Schwartz space S (R") is the topolo-
gical vector space consisting of C'*°-smooth complex-valued functions on R"
that decay rapidly at infinity together with all derivatives, equipped with
the standard topology. Let S (R";S™) = S(R") ® S™ be the topological
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vector space of smooth fast decaying symmetric m-tensor fields, defined on
R™. In Cartesian coordinates, such a tensor field is written as f = (fi, i,.)
with coordinates (= components) f;,. ;. = fi~'m € S(R") symmetric in
all indices. R

We use the Fourier transform F : S(R") — S(R"), f — f in the form
(hereafter i is the imaginary unit)

1 .
FI0) = oy [, ¢ ) e

The Fourier transform F : S (R™; S™) — S(R™;S™), f — f of symmetric
tensor fields is defined component-wise:
ﬁl...im = fir.im-
The L?-product on C§° (R"; T™) is defined by
(F9) ey = [ (Fa)sg(o) o 0

n

2.3. Inner derivative and divergence. The first-order differential
operator

d: C®(R™; §™) — C®(R™; S™H)
defined by

Ofir..im _ 1 (afig...im_H P 3fi1...z'm)
Jxim+t  m 41 Oz Oxim+1
is called the inner derivative.

The divergence

(df)i1...im+1 = O'(il - im—f—l)

div : C®(R™; ™) — C®(R™; 5™)
is defined by
(div )iy iy = 07" alT’fj

The operators d and —div are formally adjoint to each other with respect to
the L2-product (4).

2.4. The space S(TS"!). The Schwartz space S(E) is well-defined for a
smooth vector bundle £ — M over a compact manifold with the help of a
finite atlas and partition of unity subordinate to the atlas.

In particular, the Schwartz space S(TS"~!) is well defined for the tangent
bundle

TS" 1 = {(2,8) € R" xS 1 (2,6) =0} = S"71, (2,8) = ¢

of the unit sphere S"~! = {z € R" : |z| = 1}.
The Fourier transform F : S (TS"™!) — S (T'S"™!) ,¢ + @ is defined by

1

Foly, &)= — / D (2, €) da,
72 Jou
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where dz is the (n — 1)-dimensional Lebesgue measure on the hyperplane
¢r={zeR": ({,z) =0}
The L?-product on S(T'S™ 1) is defined by

(0, ) Lazgnr) = / / (. €0, €) da de, (5)

Sn—1 é’J_

where d¢ is the (n—1)-dimensional Euclidean volume form on the unit sphere
sn—1

2.5. Momentum ray transform. It is convenient to parameterize the
family of oriented lines in R™ by points of the manifold 7S"~!. Namely, a
point (z,£) € TS™ ! determines the line {x + t£ : t € R} through  in the
direction &.

For an integer k > 0, the momentum ray transform

Ik S(R™ 8™) — S (TS™ )
is the linear continuous operator defined by (1).

2.6. Normal operators. The formal adjoint of the momentum ray trans-
form I* with respect to L2-products (4) and (5)

(1,’;)* LS (TS™) = 0 (R™; S™)
is expressed by

(13" 0)s,..,

@= [ 004 ple = .6€) e

We emphasize that, for ¢ € S(T'S"™1), the tensor field (I¥)*¢ does not need
to fast decay at infinity.
Let
NE = (I5) 1), - S (R 8™) — C (R™; S™)
be the normal operator for the momentum ray transform IF. For f €
S (R™; S™), the Fourier transform N}, f € &’ (R"; S™) is well defined at least

—

in the distribution sense and the restriction of N f to R™ \ {0} belongs to
C> (R™\ {0}; ™).
2.7. The inversion formula. Let I' be Euler’s Gamma function and let

the operator (—A)'/2 be defined with the help of the Fourier transform by
ly|F = F(—A)Y2. We use the definition

20+ =1-3---(20+1), ()N =1.

Let us reproduce [4, Theorem 3.1].
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Theorem 1. Given integers m > 0 and n > 2, a tensor field f € S (R™; S™)
is recovered from the data (NO,f, N} f,...,N™f) by the inversion formula

@)= (=8)"2Y " Dl (N f)(2), (6)
k=0

where the linear differential operator of order m + k
Dy, : CC(R";8™) — C=(R™; S™)
1s defined by

m

D,]f,w = cﬁlvn (n+2m—2p—3)!!

k
min(p,m—p,p—k) (—1)2 (7)
X dP444 9 jp=k=4 givk
2 21¢{(m—p—q)l(p—k—q)!
with the coefficient

G A N
(k)2 r(nD/2 (4 2m — 3)1

and the operators i, j, and j, are defined in Section 2.1.

(8)

C

2.8. The Saint Venant operator. For integers m and r satisfying 0 <
r < m, let S™" ® S™ be the space of (2m — r)-tensors on R™ which are
symmetric in first m — r and last m indices. The Saint Venant operator (2)
is defined by

— m-—r

(W:nf)il‘..im_rjl...jm =0 (i1 .- lm—r)o(J1 - Jm) Z(—l)l< I )
=0 €
8m_7.fi1---im—r—ljl---jr+l

X .
8:Uim_r_l+1 NN 83:%%895%““ ‘e axjm

In particular W] is the identity operator.
2.9. The main result.

Theorem 2. Let 0 < r <m and n > 2 be integers. For f € S(R™;S™), the
tensor field W f is recovered from the data (NO, f, ..., NI f) by the inversion
formula

Wi f = (=8) W5 Y DN ),
k=0
where the linear differential operator D,Ijm is defined by (7).

Theorem 2 is a generalization of Theorem 1 since W' is the identity
operator. In the case of 7 = 0 Theorem 2 actually coincides with [8, Theorem
2.12.3].
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The first step in the proof of Theorem 2 is as follows. Since W/, is a
differential operator with constant coefficients, it commutes with (—A)Y/2.
Applying the operator W, to the equality (6), we write the result in the
form

Wi f = (=A)PWr N Dr, (N ) + (=) 2Wy, Y DE,L(NE£).
k=0 k=r+1

Thus, to prove Theorem 2, it suffices to demonstrate that

WrDE =0 for 0<r<k<m. (10)

m~mmn

The proof of (10) is presented in the next section.

3 Proof of Theorem 2
Applying the Fourier transform to (9), we obtain

—

Wit =" Wy f,

where i is the imaginary unit and the purely algebraic operator
W =Wr(y): S = ™" ®S5™ (ycR"
is defined by

m—-r

=5 . . . . m-—r
T2 = ot --) 3 (0"
=0
x h

il---im—r—ljl---jv~+l yim—r—l+1 tt yimfryjr-kl-kl T y]m

This can be written in the coordinate-free form

Trhueoy = S O™ Vb, Gl )
l

=0

(11)
forue S™ " and v e S™.

On the other hand, applying the Fourier transform to (10), we see that (10)
is equivalent to the statement

WrDE =0 for 0<r<k<m, (12)

m~m,mn

where the operator ﬁ’,ﬁln is defined by

m
Dfn,n = Cﬁl,n Z(_l)p(n+2m—2p—3)”
p=k
min(p,m—p,p—k) )
P—4;959 JiyP—k—q ik
X Z 24 g!(m—p—q)!(p—k—q)! Ty 17T A1V Jy»

q=0

(13)
see [4, formula (8.7)].
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We will use only one property of the operator ﬁﬁln as is seen from (13),

Nk o r+1 k
Dm,n Bm ns

for 0 <r <k, (14)

with some linear operator Bmm. Therefore, to prove (12), it suffices to
demonstrate that

Writtt =0 for 0<r<m—1. (15)
By (11),

Wiy nwen) = 3 1 (") 6 GGy

[=0
— m=ry\ . m—r—
= (S (M) ).
=0
This means that (15) holds for any A € S™~! if and only if

— Y m—r) 41 m—r—l -0
;( ) ( )3y GGy ) (16)
forany u € S, 0 e 8™ 0<r<m.

The left-hand side of (16) is homogeneous of degree m + 1 in y. It suffices
to prove (16) for a unit vector y. In what follows, y € R™ is a fixed vector
satisfying |y| = 1.

The complex vector space S™ = S™R" is generated by powers 2™ (z €
R™). Therefore (16) is equivalent to the statement

m—r
m— r m—ry\(m—r—l_m
S (") e ) =0
1=0
forany z,z e R", 0<r <m. (17)

Since jl = (x,y)lz™ ! and gy Ly = (z,y)m "L+ the latter
statement can be written as

Z_(_l)l<ml_r> <x’y>l<27y>m r— l];-‘rl( m— r—lzr-‘rl) -0 (18)

1=0
for any z,z € R™ and 0 < r < m. The equality (18) holds in the case
(x,y) = < > = 0 since all summands on the left-hand side are equal to
Z€ro.

Next, we prove (18) in the case (x,y) = 0 but (z,y) # 0. In this case (18)
looks as follows:
gy @M TET) =0, (19)
Let us write (19) in coordinates

i1 Tt 1 . . . . —
yo.y Z xzﬂ'(l) e xlw(7,L77,) ZZW('rrLf'r‘#»l) e Z'L?'r(‘m) = 0.
TI'GHm
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After pulling the factor ¢’ ...y +! inside the sum, every summand contain
at least one factor of the form y*z; = 0. This proves (19).

Quite similarly (18) is proved in the case (z,y) # 0 but (z,y) = 0.

Now, we prove (18) in the general case when a = (z,y) # 0 and 8 =
(z,y) # 0. We represent vectors x,z € R™ in the form

r=ay+a, (@,y)=0; z=py+27, (Z,y)=0.
From this

:L,m—’r—lzr—&—l _ (ay + x/)m—r—l(ﬁy + Z/)T+l

m

—r—l r+l I l
p

p=0 ¢=0 e

Substituting this expression into (18), we obtain (up to a factor a™~" ™)

m—r m—r—I r+l
(_Ul(ml—r) (m—r—l) <7“+l> aPp
— 0 p q

p=0 g¢=
. ]Z+1 (ym—p—qx/pzlq) — 0,
Denoting & = o~ '’ and 2 = 712/, this can be written in the form
m—r m—r—l r+l
SOSTS (M (T g eraanzn — o
l p q /)"
=0 p=0 ¢=0

To simplify notations, we denote T and Z again by x and z respectively. Thus,
we have to prove the statement

epmorchedd m—r\ (m—r—1\ (r+I]
S () () e -a o
=0 p=0 ¢=0

for ,z € y* and 0 < 7 < m.

Since the last factor jyt!(y™ P~ %Pz9) on the left-hand side of (20) is
independent of [, it makes sense to change the order of summations. We first
change the order of summations over [ and p

m—r m—r—p r+l L (m—r m—r—1 T—I—l 1 mepa b
>N (-1 l gy (Y aPz9) =0
p=0 =0 ¢=0 p q
and then change the order of summations over [ and ¢
m—r m—p m—r—p
Z (_1)l<ml T‘) (m r l> <T+l)
=0 ¢=01 p q

=max(0,g—r)
% j;‘+1 (ym*p*quZtI) =0.
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This can be written in the form
m—r m-—p
Z Z C(m,r,p,q TH(ym_p_q:vpzq) =0 (z,zeyt,0<r<m), (21)
p=0 ¢=0

where

C(m,r,p,q) = mfp < . >< _T_>(r+l>’ (22)
0<gq

I=max(0,q—r)
0<p<m-—r, <m
From (21) and (22), for z, 2 € y, we have
];H(ym_p_qmpzq) =0 if p>0,g>0,p+qg<m,r+1>m—p—gq. (23)
Indeed, writing in coordinates

(ym—P—qpoQ) i

m| D Yinty  Vintmpe Fintmpeatt) * Vin(mm) Fintmgit) *+ Din(my
7I'€Hm
we have
r+1¢, m—p—q,.p.q E ' Zr+1 s
(]y (y rz ))z’m,r..‘z’m m! y Yinq) Yir(m—p-a)
T eI,
X xiw(m—p—q+l) U xiw(m—q) Ziw(m—q-}—l) e zi'/r(m)'

In the case of 7 +1 > m — p — ¢, every summand of the sum contains either
a factor of the form y/x; = 0 or a factor of the form y/z; = 0.
In virtue of (23), the summation in (21) can be restricted to (p, ¢) satisfying

In particular, » < m and p < m — r — 1. In other words, (21) is equivalent
to the statement

m—r—1m—r—p—1

Z Z (m,r,p,q) 35Ty =0 (2,2 €0 < < m).

(25)

Lemma 1. For integers m,r,p,q satisfying (24) and 0 < r < m, the
following equality holds:

= e e

l=max(0,g—r)
With the help of Lemma 1, we immediately complete the proof of Theorem
2. Indeed, by comparing (22) and (26), we observe that all coefficients
C’(m7 T? p7 q)
participating in (25) are equal to zero. This proves (21). As shown earlier,
(21) implies the statement of Theorem 2.
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Proof of Lemma 1. We assume binomial coefficients (]’j) to be defined for all
integers k and p under the agreement

k
<>:0 if either k <0 or p <0 or k < p.
p

C(m,r,p,q) = mi":—p (_1)l(ml_r) (m—pr—l> <TZZ)

l=max(0,q—r) (27)

ST

l=—o00

Then

From |3, p. 10|, we have for 0 < e < 1,

n)y 1 (1+2)"
(k)_Qwi / R =

|z|=¢
In particular,
1 1 r+l
r+1 - / %dz,
q 2mi zat+1
|z|=€
—r—] 1 1 m—r—I
m—r—1y_ 1 / Atw)y™
P 2mi wpPtl
|w|=€

With the help of these formulas, we transform (27) as follows:

C(m,r,p,q

(14 w)™ " & (m—r\ /14 2\!
zq+1wp+1 l_z: (_1)< l )(1+w) dw dz

"(1+w)™ " 1+ z\m—r
Zq+1wp+1 (1 - w) dw dz

z|—e |w|—6

\Zl €|w|=e

Z)mfr
Zq+1wp+1 dw dz

z|—e |w|=e

m—r S
Zq+1wp+1 (—1)l< l >zlw Ldw dz.

Zl € |lw|=e

We perform the integration with respect to w. By the Cauchy integral
formula, the only summand that survives corresponds to [ = m —r — p.
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Thus,
_1YmTP [y —
C(m,r,p,q) = ()7 <m T) / (14 2) 2z P01 gy,

2mi p

|z|=¢

The integrand is a holomorphic function if p + ¢ < m — r — 1. Therefore
Cim,r,p,q) =0ifp+qg<m—r—1. O
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