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Abstract: The aim of this paper is to approximate the exponentially
bounded C−regularized cosine function by the Hermite series, recalling
the notions and the results used.
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1 Introduction and preliminaries

The series expansion of Hermite orthogonal polynomials have been an
important tool in quantum mechanics and statistical studies, both theoretical
and applied. The study of su�cient conditions for the convergence of Hermite
series has been the subject of numerous works ; for more details see [8].
In 2015, L. Abadias and P. Miana studied in their article [4], the Hermite
expansion of C0-groups and cosine functions, in this works we will be interested
in Hermite expansion of C-regularized cosine function, starting with reminding
the notations, concepts and results used.
Throughout this paperE denotes a non-trivial complex Banach space, F(E,F )
denotes the set of all applications from E to another Banach space F, B(E)
denotes the space of bounded linear operators from E into itself, and L1

loc(E)
the set of all f ∈ L(R, E) locally integrable. For a closed linear operator A
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HERMITE EXPANSIONS OF C−REGULARIZED COSINE FUNCTIONS 1427

on E, D(A), R(A) and ρ(A) denote its domain, range and resolvent set,
respectively. D(A) equipped with the graph norm ∥ x ∥D(A)=∥ x ∥E + ∥
Ax ∥E become Banach space . Throughout this paper, C ∈ B(E) will be an
injective operator. The C-resolvent set of A, denoted by ρC(A), is de�ned
by ρC(A) := {λ ∈ C | R(C) ⊆ R(λI −A) and λI −A is injective in B(E)}
and by RC(λ,A) = (λI −A)−1C (λ ∈ ρC(A)) the C-resolvent.

Hermite functions and Hermite Expansions on Banach spaces. For
all n ∈ N, the classical Hermite polynomial is de�ned by Rodrigues formula:

(∀x ∈ R) Hn(x) = ex
2
(−1)n

dn

dxn
e−x2

.

Hn is a polynomial with the of degree n, the same parity as n, whose highest
monomial degree is 2nXn and have real coe�cients. Furthermore, they verify
the following condition of orthogonality:∫

R
Hn(x)Hm(x)e−x2

dx = δn,mn!2n
√
π,

where δn,m is the Kronecker delta. We also have recurrence relations, di�erential
equations and the Muckenhoupt estimates:

(∃c > 0) (∀(n0, t) ∈ N×R : t2 ≤ 2(2n0+1)) (∀n ≥ n0) | Hn(t) |≤ c(
e

t2

2

√
2nn!

n
1
12

).

(1)
For more details on the classical theory of orthogonal polynomials see [21],
[13], [3], [4] and [2].
The Hermite functions on R are de�ned by:

ϕn(x) =
1√

2nn!
√
π
Hn(x)e

−x2

2 = (−1)n
1√

2nn!
√
π
e

x2

2
dn

dxn
e−x2

. (2)

(ϕn)n∈N is an orthonormal basis in the Hilbert space L2(R) and satis�ed
some recurrence relations, equality and inequality. For more details See
[21], [13], [3], [4] and [2].
For n ∈ N, we denote by φn, the function on R de�ned by:

(∀t ∈ R) φn(t) =
1√

2nn!
√
π
e

−t2

2 ϕn(t) =
1

2nn!
√
π
e−t2Hn(t) =

(−1)n

2nn!
√
π

dn

dtn
e−t2 .

(3)
φn has the same parity as n, satis�es recurrence relations and di�erential
equations, for example:(

∀ (n,m) ∈ N2
)
φ(m)
n = (−1)m2m(n+ 1)...(n+m)φn+m. (4)

And the following useful inequality given by Cauchy-Schwartz inequality:

∥ φn ∥1≤
1√
2nn!

. (5)

For more details see [4].
One of the most important properties of (φn)n∈N family is that if f : R → E
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be a di�erentiable function such that
∫ +∞
−∞ e−t2 ∥ f(t) ∥2 dt < +∞, then the

series
∑
n∈N

cn(f)Hn(t) converges pointwise to f(t) for each t ∈ R, where

cn(f) =
∫ +∞
−∞ φn(t)f(t)dt.

For more details see [13], [19], [4] and [8].

C−regularized semigroups and C−regularized cosine functions.

C-regularized semigroups. A map T : [0,+∞[→ B(E) is called C-
regularized semigroup or C-semigroup, if

(1) T (t+ s)C = T (t)T (s) for all t, s ∈ R+.
(2) T (0) = C.
(3) t 7→ T (t)x is continuous on R+ for every x ∈ E.

Its generator W is de�ned by

D(W ) =

{
x ∈ E : lim

s→0+

T (s)x− Cx

s
exists in R(C)

}
and

(∀x ∈ D(W )) Wx = C−1 lim
s→0

T (s)x− Cx

s
.

We say that (T (t))t≥0 is exponentially bounded C−regularized semigroup if
(∃M ≥ 0) (∃ω ≥ 0) :∥ T (t) ∥≤ Meωt, for all t ≥ 0.
(T (t))t≥0 is no degenerate if T (t)x = 0 for all t ≥ 0, then x = 0. see [6], [18]
and [17].
Since we have for all (t, x) �xed in R+ ×D(W ):

lim
s→0+

T (s)T (t)x− CT (t)x

s
= T (t) lim

s→0+

T (s)x− Cx

s
=

= T (t)CWx = CT (t)Wx ∈ R(C), this means that T (t)x ∈ D(W ) and
WT (t)x = T (t)Wx.
The following results can be found in [6] and [5].
Let (T (t))t∈R+ be a strongly continuous family such that ∥ T (t) ∥≤ Meωt

for all t ≥ 0 and W is closed linear operator, to conclude that (T (t))t∈R+ is
C-regularized semigroup generated by W, it is su�cient that :

W = C−1WC, (ω,+∞) ⊂ ρC(W ),

and RC(λ,W )x =

∫ +∞

0
e−λtT (t)xdt for λ > ω, x ∈ E.

We refer to [25], [5] and [18] for more details.
Let 0 < α ≤ π

2 , Σα = {λ ∈ C/λ ̸= 0 and | arg(λ) |< α} and let (T (t))t≥0

be a C-regularized semigroup. Then we say that (T (t))t≥0 is an analytic
C-regularized semigroup of angle α, if there exists an analytic function T :
Σα → B(E) which satis�es:

(1) T(t) = T (t) for all t > 0.
(2) lim

z→0, z∈Σγ

T(z)x = 0 for all γ ∈]0, α[ and x ∈ E.
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For more details see [25].

C−regularized cosine functions. A map T : R → B(E) is called C-
regularized cosine function or C−cosine function, if

(1) T (t+ s)C + T (t− s)C = 2T (t)T (s) for all t, s ∈ R.
(2) T (0) = C .
(3) t → T (t)x is continuous on R for every x ∈ E.

We say that (T (t))t∈R is exponentially bounded C−regularized cosine if

(∃M > 0) (∃ω ≥ 0) : ∥ T (t) ∥≤ Meω|t|, for all t ∈ R.

The associated sine operator function S(.) is de�ned by S(t) :=
∫ t
0 T (s)ds for all t ∈

R. The operator W de�ned by

D(W ) =

{
x ∈ E : lim

s→0

2(T (s)x− Cx)

s2
exists in R(C)

}
and

Wx = C−1 lim
s→0

2(T (s)x− Cx)

s2
for all x ∈ D(W )

is called the generator of (T (t))t∈R. See [12] and [17].
We notice thatW is closed linear operator in E, T is odd, T (t)x ∈ D(W ), S(t)x ∈
D(W ),

∫ t
0 S(s)xds ∈ D(W ) and W

∫ t
0 S(s)xds = T (t)x − Cx for all x ∈

E and t ∈ R, C−1WC = W and if (T (t))t∈R is exponentially bounded
C−regularized cosine then the function sine S := (S(t))t∈R is also exponentially
bounded, so for all k ∈ N and x ∈ D(W ),

lim
t→±∞

tke−t2T (t)x = lim
t→±∞

tke−t2S(t)x = lim
t→±∞

tke−t2WS(t)x = 0, (6)

because, if ∥ T (t) ∥≤ Meω|t| for all t ∈ R, then for all x ∈ D(W ) :

∥ tke−t2T (t)x ∥≤| t |k e−|t|2 ∥ T (t)x ∥≤| t |k e
ω2

4 e−(|t|−ω
2
)2 ∥ x ∥ . See [12,

proposition 1.1 and 1.2] for more properties and more details.
Consider in E the well-posed Cauchy problem

((ACP (W,u0, u1, 0)2)

 u′′(t) = Wu(t), t ∈ R
u(0) = u0
u′(0) = u1.

Where W generates a C-cosine operator function (T (t))t∈R then

u(t) = C−1T (t)u0 + C−1S(t)u1

is the unique solution of the above Cauchy problem for every pair (u0, u1)
of initial values in C(D(A)). For more details see [12].
A strongly continuous family (T (t))t∈R+ such that ∥ T (t) ∥≤ Meωt,∀t ≥ 0
is C−regularized cosine with generator the closed linear operator W if and
only if the following condition holds:

C−1WC = W,λ2 ∈ ρC(W ) and λRC(λ
2,W ) =

∫ +∞
0 e−λtT (t)dt on E for all

λ > ω.
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For more details see [11], [12] and [23] .
If W is the generator of exponentially bounded and C−regularized cosine
(T (t))t∈R, then W is the generator of analytic C−regularized semigroup of
angle π

2 de�ned by

(∀z ∈ Σπ
2
), T1(z)x =

∫ +∞

0

e
−s2

4z

√
πz

T (s)xds (for all z ∈ Σπ
2
, Re(z) > 0) (7)

whose proof is similar for C0−cosine operator-valued function. (See [9] and
[1]).

2 Main results

Lemma 1. Let (T (t))t∈R be an exponentially bounded C-cosine function on
a Banach space E with generator (W,D(W )). For all n ∈ N and x ∈ D(W ),
we have :

(1)
∫ +∞
−∞ φ2n+1(t)T (t)xdt = 0

(2)
∫ +∞
−∞ φ2n(t)T (t)xdt =

1
22n(2n)!

WnT1(
1
4)x.

(3) In the case where sup
t∈R

∥ T (t) ∥< +∞, we have :

• (i) ∥ WnT1(
1
4)x ∥≤ 2n

√
(2n)! sup

t∈R
∥ T (t) ∥ ∥ x ∥.

• (ii) ∥
∫ +∞
−∞ φ2n(t)T (t)xdt ∥≤

c1
√

(2(n−1))!

2n+1 (2n)!
∥ Wx ∥ with c1 a

positive constant.

Proof

(1) Let n ∈ N and x ∈ E. The function t 7→ φ2n+1(t)T (t)x is continuous
and odd, integrable in the sense of Bochner approach, then∫ +∞

−∞
φ2n+1(t)T (t)xdt = 0

.
(2) Let x ∈ D(W ). For all n ∈ N, let In (x) =

∫ +∞
−∞

d2n

dt2n
(e−t2)T (t)xdt,

then:

In (x) = [
d2n−1

dt2n−1
(e−t2)T (t)x]+∞

−∞ −
∫ +∞

−∞

d2n−1

dt2n−1
(e−t2)

d

dt
T (t)xdt

= 0− [
d2n−2

dt2n−2
(e−t2)WS(t)x]+∞

−∞ +

∫ +∞

−∞

d2n−2

dt2n−2
(e−t2)

d2

dt2
T (t)xdt

= 0− 0 +

∫ +∞

−∞

d2n−2

dt2n−2
(e−t2)WT (t)xdt

= W

∫ +∞

−∞

d2n−2

dt2n−2
(e−t2)T (t)xdt

= W In−1 (x) .
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A simple recurrence on n gives

In (x) = WnI0 (x) = Wn

∫ +∞

−∞
e−t2T (t)xdt.

By de�nition of φn; from where we obtain:

∫ +∞

−∞
φ2n (t)T (t)xdt =

∫ +∞

−∞

(−1)2n

22n(2n)!
√
π

d2n

dt2n
e−t2T (t)xdt

=
1

22n(2n)!
√
π
In(x)

=
Wn

22n(2n)!
√
π

∫ +∞

−∞
e−t2T (t)xdt

=
Wn

22n(2n)!
√
π
2

∫ +∞

0
e−t2T (t)xdt

=
Wn

22n(2n)!
T1(

1

4
)x.

(3) In the case where sup
t∈R

∥ T (t) ∥< +∞, we obtain:

• (i) For all x ∈ D(W ):

∥ WnT1(
1

4
)x ∥ ≤ 22n(2n)!

∫ +∞

−∞
∥ φ2n(t)T (t)x ∥ dt

≤ 22n(2n)!

(
sup
t∈R

∥ T (t) ∥
)(

∥ x ∥)(∥ φ2n(t) ∥1
)

≤ 22n(2n)! sup
t∈R

∥ T (t) ∥ × ∥ x ∥ × 1√
22n(2n)!

(by 5)

≤ 2n
√
(2n)! ∥ x ∥ sup

t∈R
∥ T (t) ∥ .

• (ii) Let x ∈ D(W ) and n ≥ 1, if we posedB =∥
∫ +∞
−∞ φ2n(t)T (t)xdt ∥

; then using (i) and integration by parts we get
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B = ∥ 1

4(2n− 1)(2n)

∫ +∞

−∞
φ′′
2n−2(t)T (t)xdt ∥ (by 4)

= ∥ − 1

4(2n− 1)(2n)

∫ +∞

−∞
φ′
2n−2(t)T

′(t)xdt ∥

= ∥ 1

4(2n− 1)(2n)

∫ +∞

−∞
φ2n−2(t)T

′′(t)xdt ∥

= ∥ 1

4(2n− 1)(2n)

∫ +∞

−∞
φ2n−2(t)WT (t)xdt ∥ (like 1)

≤ 1

4(2n− 1)(2n)

(∫ +∞
−∞ | φ2n−2(t) | dt

)(
sup
t∈R

∥ T (t) ∥
)(

∥ Wx ∥
)

≤
(
sup
t∈R

∥ T (t) ∥
)

1

4(2n− 1)(2n)
∥ φ2n−2 ∥1 ∥ Wx ∥

≤ c1
22(2n− 1)(2n)

1

2n−1
√
2(n− 1)!

∥ Wx ∥ (by 5) (c1 = sup
t∈R

∥ T (t) ∥)

≤
c1
√

2(n− 1)!

(2n− 1)(2n)

1

2n+1(2(n− 1))!
∥ Wx ∥

≤
c1
√

2(n− 1)!

2n+1(2n)!
∥ Wx ∥ .

Theorem 1. Let (T (t))t∈R be an exponentially bounded C−cosine function

on a Banach space E (T (t) ≤ Meω|t|,M > 0 and ω ≥ 0) with a generator
(W,D(W )).

(1) For any x ∈ D(W ),

T (t)x =

+∞∑
n=0

1

22n(2n)!
WnT1(

1

4
)xH2n(t), for all t ∈ R.

(2) In the case where sup
t∈R

∥ T (t) ∥< +∞, we have for any x ∈ D(W ) :

• (i)

T1(z)x =
+∞∑
n=0

1

22nn!
WnT1(

1

4
)x(4z − 1)n, for all z ∈ C, | z − 1

4
|< 1

4
.

• (ii) For all t ∈ R, there is mt ∈ N and ct > 0 such that:

(∀m ≥ mt) ∥ T (t)x−
m∑

n=0

1

22n(2n)!
WnT1(

1

4
)xH2n(t) ∥≤

Ct

m
1
12

∥

Wx ∥ .
Moreover, the convergence is uniform on any compact of R.

Proof
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(1) Let x ∈ D(W ), which implies that Cx ∈ D(W ) because WCx =
CWx. Let's remember that T (.)x : R → E is in C2(R, E) and like∫ +∞

−∞
e−t2 ∥ T (t)x ∥2 dt ≤

∫ +∞

−∞
e−t2 ∥ T (t) ∥2∥ x ∥2 dt

≤ M2

∫ +∞

−∞
e−t2e2ω|t| ∥ x ∥2 dt

≤ M2 ∥ x ∥2
∫ +∞

−∞
e−|t|2+2ω|t|dt

≤ M2 ∥ x ∥2 eω2

∫ +∞

−∞
e−(|t|−ω)2dt

≤ M2 ∥ x ∥2 eω2

∫ +∞

−∞
e−u2

du

< +∞,

then, the series
∑
n∈N

cn(T (.)x)Hn with

cn(T (.)x) =
∫ +∞
−∞ φn(t)T (t)xdt =

1
2nn!W

nT1(
1
4)x

converges pointwise to T (t)x for t ∈ R, it is T (t)x =

+∞∑
n=0

1

2nn!
WnT1(

1

4
)xHn(t).

(2) • (i)
According to 3.(i) of Lemma 1, for all x ∈ D(W ) and z ∈ C, we
have

+∞∑
n=0

∥ WnT1(
1
4)x ∥

22nn!
| 4z − 1 |n ≤

+∞∑
n=0

2n
√

(2n)!

22nn!
| 4z − 1 |n∥ x ∥

(
sup
t∈R

∥ T (t) ∥
)

≤ c1

+∞∑
n=0

√
(2n)!

2nn!
| 4z − 1 |n,

where c1 =

(
sup
t∈R

∥ T (t) ∥
)

∥ x ∥ .

Stirling's formula

√
(2n)!

n! ∼+∞ 2nn
−1
4 (2π)

−1
4 2

1
4 implies that:

c1

+∞∑
n=0

√
(2n)!

2nn!
| 4z−1 |n≤ c

+∞∑
n=0

| 4z − 1 |n

n
1
4

< ∞, for | z− 1
4 |< 1

4 .

Finally let a analytic family of operators :
V : D(14 ,

1
4) = {z ∈ C/ | z − 1

4 |< 1
4} → B(D(W )), z 7→ V (z) :

D(W ) → D(W ), x 7→ V (z)x =

+∞∑
n=0

WnT1(
1
4)x

22nn!
(4z − 1)n.
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So for x ∈ D(W ) :

V ′(z)x =
+∞∑
n=1

WnT1(
1
4)x

22nn!
4n(4z − 1)n−1

=
+∞∑
n=0

WnT1(
1
4)Wx

22nn!
(4z − 1)n

= V (z)Wx

= WV (z)x.

LikeW a generator of analytic C−semigroups (T1(t))t≥0 of angle
π
2 and V (14)x = T1(

1
4)x ∈ D(W ) then V (t)x = T1(t)x for t ∈

]0, 12 [ because the �rst-order abstract Cauchy problem

{
u′(t) = Wu(t), t ∈]0, 12 [
u(14) = T1(

1
4)x

has unique solution de�ned in ]0, 12 [. On the other hand the two
functions z 7→ T1(z)x and z 7→ V (z)x are holomorphic on the
connected open setD(14 ,

1
4), likewise ]0,

1
2 [⊂ {u ∈ D(14 ,

1
4), V (u)x =

T1(u)x}, by the principle of analytical continuation we get: V (z)x =
T1(z)x for | z − 1

4 |< 1
4 .

• (ii) Let t ∈ R be �xed. We are looking to increase the quantity

∥
+∞∑
n=0

1

22n(2n)!
WnT1(

1

4
)xH2n(t)−

m∑
n=0

1

22n(2n)!
WnT1(

1

4
)xH2n(t) ∥ . (8)

There exists mt ∈ N∗ such that 0 ≤ t2 ≤ 2(2mt + 1), according
to inequality (1)

(∀n ≥ mt) | H2n(t) |≤ c

(
e
t2

2
√

22n(2n)!

(2n)
1
12

)
(the c is independent

of t and it is the inequality constant (1) ),
let x ∈ D(W ), according to the inequality 3 − (ii) of lemma 1,
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there is a constant c1 > 0 such as for all m ≥ mt from where:

(8) ≤
+∞∑

n=m+1

∥ 1

22n(2n)!
WnT1(

1

4
)xH2n(t) ∥

≤
+∞∑

n=m+1

∥
∫ +∞

−∞
φ2n(s)T (s)xds ∥ | H2n(t) |

≤
+∞∑

n=m+1

c1
√
(2n− 2)!

2n+1(2n)!
∥ Wx ∥ c

e
t2

2

√
22n(2n)!

(2n)
1
12

(3.ii of lemma 1)

≤
+∞∑

n=m+1

cc1e
2mt+1

√
(2n− 2)!(2n)!2n

2n+1(2n)!2
1
12n

1
12

∥ Wx ∥

≤
+∞∑

n=m+1

c
′
t

√
(2n− 2)!

(2n)!

1

n
1
12

∥ Wx ∥ (c
′
t = cc1e

2mt+1)

≤
+∞∑

n=m+1

c
′
t√

2n(2n− 1)n
1
12

∥ Wx ∥

≤
+∞∑

n=m+1

c
′
t

n
13
12

∥ Wx ∥ (because
1√

2n(2n− 1)
≤ 1

n
).

The Riemann serie
∑
n≥1

1

n
13
12

is convergent, so

+∞∑
n=m+1

1

n
13
12

∼m→+∞
1

13
12 − 1

1

m
13
12

−1
=

1
1
12

1

m
1
12

from where

∥ T (t)x−
m∑

n=0

1

22n(2n)!
WnT1(

1

4
)xH2n(t) ∥ ≤ c

′
tc2

12

m
1
12

∥ Wx ∥

≤ ct

m
1
12

∥ Wx ∥ .

• If K ⊂ R is a compact set then there is m0 ∈ N for all t ∈ K,
0 ≤ t2 ≤ 2(2m0 + 1), so the constant c

′
t (from where ct) is

independent of t therefore, the reminder tends uniformly on K
towards 0.

Example 1. Let m : R → R− be an even measurable function. In the Banach
space L1(R), we consider the family T := (T (t))t∈R ⊂ F(L1(R)) de�ned by
T : R → B

(
L1(R)

)
, t 7→ T (t) : L1(R) → L1(R), f 7→ T (t)(f) : R → R, s 7→

T (t)(f)(s) = cos
(
t
√

−m(s)
)
f(−s).

Clearly, (T (t))t∈R ⊂ B(L1(R)). If we put T (0) = C, then for all s, t ∈
R T (t)(f)(s) = cos

(
t
√

−m(s)
)
C(f)(s). We also have:

• (i) C is an injective element of B
(
L1(R)

)
.
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• (ii) For all t, s, z ∈ R:

D(z) = (T (t+ s) + T (t− s)) (C(f)) (z)

= T (t+ s) (C(f)) (z) + T (t− s) (C(f)) (z)

= cos
(
(t+ s)

√
−m(z)

)
C(f)(−z) + cos

(
(t− s)

√
−m(z)

)
C(f)(−z)

= cos
(
(t+ s)

√
−m(z)

)
f(z) + cos

(
(t− s)

√
−m(z)

)
f(z)

=
(
cos
(
t
√
−m(z) + s

√
−m(z)

)
+ cos

(
t
√
−m(z)− s

√
−m(z)

))
f(z)

= 2 cos
(
t
√
−m(z)

)
cos
(
s
√
−m(z)

)
f(z)

= 2 cos
(
t
√
−m(z)

)
cos
(
s
√
−m(z)

)
(C(f)) (−z)

= 2 cos
(
t
√
−m(z)

)
T (s) (C(f)) (z)

= 2 cos
(
t
√
−m(z)

)
C (T (s)(f)) (z) (m is an even function)

= 2T (t) (T (s)(f)) (z)

= 2T (t)T (s)(f)(z).

• (iii) For each f �xed in L1(R). The function R → L1(R), t 7→
T (t)(f) is continuous on R.

• (iv) For all f, g ∈ L1(R) such that C−1 lim
t→0

2(T (t)f − C(f))

t2
= g,

we have :

0 = lim
t→0

∥
2
(
T (t)(f)− C(f)

)
t2

− C(g) ∥L1(R)

= lim
t→0

∫
R
|
2
(
cos
(
t
√
−m(s)

)
C(f)(s)− C(f)(s)

)
t2

− C(g)(s) | ds

= lim
t→0

∫
R
|
2
(
cos
(
t
√

−m(s)
)
− 1
)

t2
C(f)(s)− C(g)(s) | ds

=

∫
R
lim
t→0

|
2
(
cos
(
t
√

−m(s)
)
− 1
)

t2
C(f)(s)− C(g)(s) | ds (Fatou′s lemma)

=

∫
R
| m(s).C(f)(s)− C(g)(s) | ds

=

∫
R
| C
(
C(m).f − g

)
(s) | ds ( because ∀ h ∈ F(R,R) C ◦ C(h) = h )

= ∥ C
(
m.f − g

)
∥L1(R), (C(m) = m because m is an even function).

• (v) Let t ∈ R �xed, we have for all f ∈ L1(R) :
∥ T (t)(f) ∥L1(R)=

∫
R | cos

(
t
√
−m(s)

)
f(−s) | ds ≤∥ f ∥L1(R) .

Ultimately, (T (t))t∈R is uniformly bounded C−regularized cosine function
with generator (W,D(W )) de�ned by W :
D(W ) = {f ∈ L1(R)/ m.f ∈ L1(R)} → L1(R), f 7→ W (f) = m.f . On the
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other hand, for all s ∈ R and f ∈ L1(R),

2√
π

∫ +∞

0
e−t2T (t)(f)(s)dt =

2√
π

∫ +∞

0
e−t2 cos

(
t
√
−m(s)

)
f(−s)dt

=
2√
π

∫ +∞

0
e−t2Re

(
e
i
(
t
√

−m(s)
))

f(−s)dt

= Re
(

2√
π

∫ +∞
0 e−t2+it

√
−m(s)f(−s)dt

)
= Re

(
2√
π

∫ +∞
0 e

m(s)
4 e

−
(
t−i

√
−m(s)

2

)2

f(−s)dt

)
= e

m(s)
4

(
2√
π

∫ +∞
0 e−u2

du
)
.f(−s)

= e
m(s)

4 f(−s),

then for all s ∈ R and f ∈ L1(R)

T1(
1

4
)(f)(s) =

(
2√
π

∫ +∞
0 e−t2 cos(t

√
−m(s))dt

)
.f(−s) = e

m(s)
4 f(−s),

Theorem 1 gives for f ∈ D(W ) and s, t ∈ R :

T (t)(f)(s) =
+∞∑
n=0

1

22n(2n)!
WnT1(

1

4
)(f)(s)H2n(t)

=
+∞∑
n=0

(m(s))n

22n(2n)!
e

m(s)
4 f(−s)H2n(t).

So T (t)(f) =
+∞∑
n=0

(m(.))n

22n(2n)!
e

m(.)
4 H2n(t)C(f).
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