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Abstract: We compute %—derivations on the extended Schriédin-
ger-Virasoro ! algebras and the original deformative Schrédinger-
Virasoro algebras. The extended Schrédinger-Virasoro algebras
have neither nontrivial %—derivations nor nontrivial transposed
Poisson algebra structures. We demonstrate that the original defor-
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tions, indicating that they possess nontrivial transposed Poisson
structures.
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1'We refer the notion of “Witt” algebra to the simple Witt algebra and the notion of
“Virasoro” algebra to the central extension of the simple Witt algebra.
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1 Introduction

Poisson algebras appear in a variety of geometric and algebraic contexts,
including Poisson manifolds, algebraic geometry, noncommutative geometry,
operads, quantization theory, quantum groups, etc. The study of Poisson
algebras also led to other algebraic structures, such as generic Poisson algeb-
ras, algebras of Jordan brackets and generalized Poisson algebras, Gersten-
haber algebras, Novikov-Poisson algebras, Quiver Poisson algebras, etc. In
the recent paper [2], the authors initiated a study of a notion of a transposed
Poisson algebra by reversing the roles of the two operations in the Leibniz rule
that defines a Poisson algebra. A transposed Poisson algebra defined in this
manner not only retains some characteristics of a Poisson algebra, such as
closure under tensor products and Koszul self-duality as an operad, but also
encompasses a diverse range of identities [24, 5, 21, 22]. It is noteworthy that
the authors provided several constructions of transposed Poisson algebras
from Novikov-Poisson algebras, commutative associative algebras and pre-
Lie algebras [2]. Moreover, transposed Poisson algebras are related to weak
Leibniz algebras [4].

Let R, (resp., L,) denote the operator of the right (resp., left) multiplica-
tion by an element z € L. We see from definition of transposed Poisson
algebra that both R, and L, are %—derivations on Lie algebra. Actually,
R, = L, for all z € L. This motivated to define all transposed Poisson
structures on Witt and Virasoro algebras in [6]; on twisted Heisenberg-
Virasoro, Schrodinger-Witt and extended Schrodinger-Witt algebras in [29];
on Schrodinger algebra in (n+ 1)-dimensional space-time in [28]; on the n-th
Schrodinger algebra in [26]; on solvable Lie algebra with filiform nilradical
in [1]; on oscillator Lie algebras in [17]; on Witt type Lie algebras in |15]; on
generalized Witt algebras in [16], [18]; on Virasoro-type algebras in [19]; on
loop Heisenberg-Virasoro algebras [27]; Block Lie algebras in [14, 16] and on
Lie incidence algebras (for all references, see the survey [13]).

The characterization of transposed Poisson structures derived on the Witt
algebra [6] raises the question of identifying algebras related to the Witt
algebra that possess nontrivial transposed Poisson structures. Consequently,
several algebras associated with the Witt algebra are examined in prior
works [15, 14, 16]. This paper extends that line of research. Specifically, we
detail transposed Poisson structures on central extensions of the extended
Schrodinger-Witt algebras and the original deformative Schrodinger-Witt
algebras.

The Schrodinger-Witt algebra so, originally introduced by Henkel [9]
during his study on the invariance of the free Schrodinger equation, is a
vector space over the complex field C with a basis {L,,, M, Yn+% | n € Z}

satisfying the following non-vanishing relations

[Lm, Ln] = (’n — m)Lm+n, [Ym—&-%’ Yn—i—%} = (m — n)Mm+n+1

(Lo, My] = My in, Loy Y1) = (n+152) Y,
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It is easy to see that so is a semi-direct product of the Witt algebra
and the two-step nilpotent infinite-dimensional Lie algebra. The structure
and representation theory of so have been extensively studied by Roger
and Unterberger [23]|. In order to investigate vertex representations of so,
Unterberger [25] introduced a class of new infinite-dimensional Lie algebras
s0 called the extended Schrodinger-Witt algebra, which can be viewed as an
extension of so by conformal current with conformal weight 1. In [8], authors
studied the derivations, the central extensions and the automorphism group
of the extended Schrodinger-Witt algebra. In [30], Lie bialgebra structure
on the extended Schrodinger-Witt algebra was obtained. The notion of n-
derivation of the extended Schrodinger-Witt algebra was investigated in [31],
and the main result when n = 2 was applied to characterize the linear
commuting maps and the commutative post-Lie algebra structures on so.

Both original and twisted Schrodinger-Witt algebras, and also their
deformations were introduced by Henkel |9], Unterberger [10] and Roger
[23], in the context of non-equilibrium statistical physics, closely related to
both Schrédinger Lie algebras and the Virasoro algebras, which are known
to be important in many areas of mathematics and physics. Unterberger
[25] constructed the explicit non-trivial vertex algebra representations of the
original sector. In [11] the derivation algebra and the automorphism group
of the original deformative Schrédinger-Witt algebras L) ,, were described.
Moreover, the second cohomology group of Ly , were determined in [20].

In this paper, we first point out if a Lie algebra L is Z-graded, then the
space consisting of all %—derivations of L is naturally Z-graded. With this
simple but key observation, we calculate %—derivations on central extensions
of the extended Schrodinger-Witt algebras so and the original deformative
Schrodinger-Witt algebras Ly, by directly calculating any homogeneous
subspace of %—derivations on them. In addition, we prove that central exten-
sion of Ly, admits nontrivial transposed Poisson structures only for A =
1; the extended Schrédinger-Virasoro algebras do not admit nontrivial %—
derivations, also have no nontrivial transposed Poisson structures.

2 Preliminaries

In this section, we recall some definitions and known results for studying
transposed Poisson structures. Although all algebras and vector spaces are
considered over the complex field, many results can be proven over other
fields without modifications of proofs.

Definition 1. Let £ be a vector space equipped with two nonzero bilinear
operations - and [-,-]. The triple (£,-,]-,-]) is called a transposed Poisson
algebra if (£,-) is a commulative associative algebra and (£,]-,-]) is a Lie
algebra that satisfies the following compatibility condition

2z - [ZL’,y] = [z-x,y]—i—[x,z-y].
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Definition 2. Let (£,[-,]) be a Lie algebra. A transposed Poisson structure
on (£,[]) is a commutative associative multiplication - in £ which makes
(£, []) a transposed Poisson algebra.

Definition 3. Let (£,[-,]) be a Lie algebra, ¢ : £ — £ be a linear map.
Then ¢ is a %—derivation if it satisfies

o(z,y]) = 3 ([e(x), y] + [z, 0(1)]).

Observe that %—derivations are a particular case of §-derivations introduced
by Filippov in 1998 [7] and recently the notion of %—derivations of algebras
was generalized to %—derivations from an algebra to a module [32]. The main
example of %—derivations is the multiplication by an element from the ground
field. Let us call such %—derivations as trivial %—derivations. It is easy to see

that [£, £] and Ann(£) are invariant under any 3-derivation of £.

Let G be an abelian group, £ = @ £4 be a G-graded Lie algebra. We say
geG

that a 1-derivation ¢ has degree g (deg(p) = g) if ¢(£) C £44p. Let A(L)
denote the space of 3-derivations and write Ay(€) = {p € A(L) | deg(p) =
g}. The following trivial lemmas are useful in our work.

Lemma 1. Let £ = @ £, be a G-graded Lie algebra. Then
geG

AL) =P ag(L).
geG

Lemma 2. (see [6]) Let (£,-,[-,-]) be a transposed Poisson algebra and z an
arbitrary element from £. Then the left multiplication L, in the commutative
associative algebra (L,-) gives a L-derivation of the Lie algebra (L, [-,]).

Lemma 3. (sce [6]) Let £ be a Lie algebra without non-trivial §-derivations.

Then every transposed Poisson structure defined on £ is trivial.

3 Transposed Poisson structures on the extended
Schrédinger-Virasoro algebras

Unterberger [25] introduced a class of new infinite-dimensional Lie algebras
s0 called the extended Schrédinger-Witt algebra.

Definition 4. The estended Schrédinger-Witt Lie algebra so0 is a vector
space spanned by a basis {Lp, My, Ny, Y, 1 | n € Z} with the following
2

brackels:
[Lim, Ln) = (n — m) Ly 4n, [Lim, My] = nMyyin,
[Lim, Np] = nNptn, [N, My] = 2M i,
L, Yop1] = (n+ PTm)YmM%, [N, V1] = Yoy 1,
Yoni 1 Vo1l = (m = n) My,
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for all m,n € Z.

Here, half-integer indices were chosen for the basis elements Y. This is
because Y has a conformal weight of % under the action of the Virasoro field
L (see, e.g., [3] or [12]). Note, in particular, that although its weight is a half-
integer, Y is a bosonic field. This would contradict the spin-statistics theorem
if it were not for the fact that Y is not intended to represent a relativistic
field. These half-integer indices are very useful for describing derivations or
%—derivation spaces using the grading of the algebras [29].

Theorem 1. (see [29]) Every -derivation on so is trivial.

In this section we consider a central extension of the extended Schrédinger-
Witt algebra so. In [8] it is referred that so has only three independent classes
of central extensions. Let s0 = 50 CC & CCry ® CCy be the vector space

over the complex field C with a basis {L,, M,,, N, Yn+ 1,Cr,Crn,Cn|n €

7} satistying the following relations

b‘

me n] (n - m)Lm+n + 5m+n 0~ 19 CL7 ms Mn] = an—i—nu
pﬁn7AIN]_’2ALn+na

Y

L, n]—nNm+n+5m+n0<m —m)CLN,

[ [
[ [
[L } (n + 1_Tm)ym-i-n-i-%’ [
¥, [

pﬁnay%+ ]:: 7n+n+l’
m+ y n—l— ] (m - n)Mm+n+1a Nma Nn] = n(strn OCN7

for all m,n € Z. The infinite-dimensional Lie algebra so considered in this
paper called the extended Schridinger- Virasoro algebra. Denote

H=CN,&CCy, Vir=EPCL,®CC, HY=H® Vir®CCpy,

nez nez
S = @O,y Hs=H oS
neL nez

They are subalgebras of so, where H is an infinite-dimensional Heisenberg
algebra, Vir is the classical Virasoro algebra, HV is the twisted Heisenberg-
Virasoro algebra, S is a two-step nilpotent Lie algebra and Hg is the semi-
direct product of H and S. Then so is the semi-direct product of the twisted
Heisenberg-Virasoro algebra HY and S, and S is an ideal of so.

The description of %—derivations on Lie algebra HV is given in the following
theorem.

Theorem 2. (sce [29]) Every i-derivation on HY is trivial.
There is a 3Z-grading on so by
509 = (Lo, Mo, No, Cr,Crn, Cn)

50, = (Lp, My, Ny), n#0, 5A0n+% = (Y,

3
+
[N
~

then
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50 = (®nEZ 5AU”) @ (eanEZ 5A0n+%) .
Hence A(s0) has a natural 3Z-grading, i.e.,
A(50) = (Brez An(50)) B (Brez As1(50))
Now we will compute %—derivations of the algebra so.
Lemma 4. Ag(s0) = (Id) and Az, (03 (50) = 0.

Proof. Suppose that ¢; € Aj(s0) be a homogeneous %—derivation. In this
case, we have

©;j(50n) € S0n4j, QOj(sAUnJr%) < 5A0n+j+%' (1)

By Theorem 2 and the relation (1) we can get

@j(Ln) = 0j,0ALn + ajn My, ©j(Nn) = 0;,0ANn + bjin My,
©i(Mp) = ¢} Lty + ¢ Myyj+ ¢ Noyj+  Onijo(cnCr+ciCon + 3 Cn),
©;i(CL) = 0;,0ACL, @i (CLn) = 6,0ACL,

i (Yny1) =djnY i1, 0i(CN) = 8;,0ACN,

for all n € Z, and for some X\ € C.
(1) If j # 0, then applying ¢; to both side of

3 _
[Lm; Ln] - (n - m)Lm—i-n + 5m+n,O%CL;
we obtain
2(n —m)ajmin = (N +j)ajn — (M + j)ajm. (2)

Setting n = 0 in (2), we get (j —m)a;m = ja;o. Then taking m = j
in this equation, we derive a;o = 0. Consequently, we have a;,, = 0
for m # j. Letting m = j and n = —j in (2), we obtain a;; = 0,
this shows a;,, = 0 for all m € Z. Now applying ¢; to both side of
[Lin, No] = nNpgn + Omino(m? — m)CrLy, we obtain

2nbjmin = (N + 7)bjn. (3)
Setting n = 0 in (3), we get bjo = 0. Then taking m = —n in this
equation, we derive bj,, = 0 for n # —j. Letting m = —2j and n = j

in (3), this implies b; _; = 0, this shows b;,, = 0 for all n € Z. Next
applying ¢; to both side of [Ny,, M| = 2My, 4y, it gives

1 _ 2 2 3 _ 1
Cimtn = 0y 2Cjman = Ciny 4C5 iy = —MCj 4, (4)

5m+n+j,0(4071n+nCL + (4cgn+n +((n+ ])2 —(n+ j))cjl’n)CLN+ )
(4cfin — (n+ )€}, )Cn) =0
Taking m = 0 in (4), we obtain ¢}, = c? = C?,n =0 for all n € Z.

]7” ]7n

Setting m = 0, n = —j in (5) it gives cij = C%j = cij = 0. Then
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Y

applying ¢; to both side of the multiplication [Y n+%] =(m—

m+%?

1) My 4n+1, we have

(m—n+j7)djm+ (m—n—7j)dj, =0.
Putting n = m—j in this equation, we deduce d; , = 0 for all m € Z.
It proves ¢; =0 for j € Z\ {0}.

(2) If j = 0, then applying ¢g to both side of [Ly,, L,] = (n—m) Ly +
5m+n,0m317§mCL, we obtain (2) for j = 0. Taking m = 0 in (2), it gives
agn, = 0 for n # 0. Setting m = —n # 0in (2), we have apo = 0. Now
applying g to both side of [Ly, Np] = NN n+0m4no0(m?—m)Cry,
we obtain (3) for j = 0. Setting m = 0 in (3), we get by, = 0 for
n # 0. Then taking m = —n # 0 in this equation, we derive by = 0.
Next applying ¢ to both side of [Ny, M| = 2M 4, it gives

1 _ 2 _ 2 3 _ 1
CO,m+n - 07 260,m+n = C,n + )‘7 4CO,m+n - _mc(],ru (6)

and the relation (5) for j = 0. Taking m = 0 in (6), this implies
b = €, = 0and ¢, = X for all n € Z. Setting m = —n in (5)
it gives c(l) = cg = c% = 0. Similarly, applying (o to both side of the
multiplication [Ym+%, Yn+%] = (m — n)Mp4n+1, we have

(m —n)(dom + don) = 2(m —n)A.
Putting m = 0 in this equation, we deduce do, = 2\ — doo for all
n € Z. So we can get do, = doo = A for n € Z. Hence g = X Id.

O

Lemma 5. A, 1(s0) = 0.
2
Proof. Let Pir1 € Aﬂ_;(sb) be a homogeneous %—derivation. Then we have
2 2

80j+%(5hn) < 5A0n+j+%7 ‘Pj+%(5bn+%) C S0n4j41- (7)
By (7) we can assume that
(Pj+%(Ln) = Oéj,nYn_Hq_%a (Pj_;_%(Nn) = Bj,nYn_;,_j_i_%a
Pirs(Mn) = im0t
P11 (V1) = djnLntjer + 10 Notjir + Tjn M ji1-

Where aj:”’ Bj,?h ’yjﬁb’ Uj’n’ lu’j»”’ ijn € C

Let us say ¢ = i1 The algebra so admits a Zo-grading. Namely,

2
sog = (s0j)jez and soy = <5Aoj+%>jez.

The mapping ¢ changes the grading components. It is known, that the

commutator of one derivation and one %—derivation gives a new %—derivation.

Hence, [p, ady ) ] is a 3-derivation which preserve the grading components.
nT2

Namely, it is a %—derivation, described in Lemma 4, i.e., [p, ady +1] = ay,ld.
nTry
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It is easy to see, that

onMy, = [@7 adYn+l](Mm) = @([va Yn+%]) - [()O(Mm)7yn+%]

= —’Yj,m[YmﬂJrl Yo ] —(m+7j = n)VjmMminij+1.

For fixed elements m and j, we can choose an element n, such that n #
m+j and n # —1 — j. The next observations give ; , = 0 for each (j,m) €
Z X Z. Hence, a,, = 0 for all n € Z. Then we consider

0= [pady, , }(Nm) = @([Nm, Y, 1]) = [0(Nm), ¥, 1]

m> ntl > it

= QO(Ym+n+ ) /Bj m[ m+j+1 > Yn+ } = 0j,m+an+n+j+l +Mj7m+nNm+n+j+l

+TjminMmintjt1 — Bj,m(m —n+ j)MernJer-
From this we have 0., = i;» = 0 and

Tjman = Bjm(m —n+j) =0 (8)
for all m € Z. Taking m = 0 in (8), then setting n = 0 we can get
Bjm = mﬁg 0, m#*—j.

By the relation (8) we obtain £;9 = 0, it gives 7j,, = Bjm = 0 for each
(j,m) € Z x Z.

0= [SO’ adYn+%](Lm) = @([Lma Yn+%]) - [@(Lm%YnJr%} =
(n + I_Tm)gp(YmMH-%) B O‘j’m[ym-ﬁ-J—i—l ) Y ]
_O[jam(m —n+ j)Mm+n+]+17

we can choose an element n, such that n # m + j. It shows that a;,, =0
for each (j,m) € Z x Z, summarizing, ¢ = 0. O

Summarizing the results from Lemmas 4 and 5, we conclude that so does
not have nontr1v1a1 -derivations.

Theorem 3. so has no nontrivial %—derivations.

Corollary 1. so has no nontrivial transposed Poisson algebra structures.

4 Transposed Poisson structures on original deformative
Schriédinger-Virasoro algebras

The infinite-dimensional original deformative Schrodinger-Witt algebras
were considered in the paper [20] and denoted by Ly ,, (A, u € C), possess the
basis {Ly,, M, n+1 | n € Z} with the following non-vanishing Lie brackets:

(L, L) = (0 —m) Ly yn, (L, Yn+l] =(n + 5 >‘+1m + M)Ym+n+%7
[L'rm Afn] = (TL —Am + QIL)MI'YL-‘:-’VL? [Y;rH- 1 a)/n-i- } (n - m)Mm-HH-l'
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From [20] it is known that the original deformative Schrédinger-Witt
algebras have central extensions and it can be formulated follows:

Lm; Ln] (’Il - m)LnL+n + mlg 5m+n,OCLa
L

[
Ij;/ul [ M7Yn+%] (’I’L+* - Mm+u)ym+n+%a
l [Lim, Mp] = (n — A+ 20) My i,
[Ym %7Yn+%] = (n - m)Mm+n+1>
[Lm; Ln] - (TL - m)Lern + 3151”1ém+n OCL;
mQ: [LmaYn-i-% :(n—|—% A+1m—|—,u)Ym+n+1 +5m+n+“+ OCLY7
' [Lm, Mn] = ( —Am + QN)Merm
[

71/n+%] (Tl - m)M’m—i-n—i-h

3
Lma Ln] == (TL - m)Lm,+n + mlgm5m+n OCLa
(n+ 3 =2 m 4 )Y ngs +

[

[ _ m(m 1)
Law [Lin, My] = (n— Am + 2N)Mm+n,

[

[

5m+n+u+%,OCLY7

Ym+%7 n+%] (n —m)Mpmini1,

Lm7 Ln] = (n - m)Lm+n + n 1§m m+n,OCLa
L

[
I/:\/“Al . [ my Yn-&-% = (Tl + % - )\+1m + /u)}/m+n+% - m(m2 - 1)5m+n+u+%,OCLY7
’ [Lma Mn] = (Tl —Am+ 2M)Mm+n - m(m2 - 1)5m+n+2;L,OC]W7
Yo %7Yn+%] = (n = m)Mpini1 — (m+ p)(m+ 1)? = Dmint2u,0Cnm,
[Lims Ln] = (0 —m)Lmyn + m31;m5m+n,OCL>
f’;/u5 : [Lmvyn-i-%] = (n+ % )‘+1m + M)Ym*‘"*‘%’
’ [Lm7 MN} ( — Am + 2:U’)Mm+n7
[Ym+%7 n+%] (n —m)Mpgni1 — (M + p+ 3)0min+2u41,0Cy
where

ml: ,ugé{%Z} or i € %—I—Z and A # —3,—1,1or p € Z and X # —1;

L:;Q:ME%—FZand)\:—&

mg:ye%—i—Zand)\:—l;

m4:u6%+Zand)\:1;

Li:j: W EZ,and A = —1.

In this work, the algebras denoted by ITMZ (1 = 1,5) will be referred to
as the original deformative Schrodinger- Virasoro algebras. Now, we compute
%/—\d/efivations on E;f (i = 1,5). We begin by calculating %—derivations on
Ly, .

There is a %Z—grading on ml by

WO = <L07M07CL>7 Wn = <Ln7MTL>7 n 7é 07 Wn_t,_% = <Yn+%>7

then
1

LA):M = (®nez Wn) S (Ganez Wn+%) ‘
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Hence A(ml) has a natural $Z-grading, i.e.,
—~1 —~1 —1
ALay) = (Buez DnLrg ) D (Brcz Aury (L)) -

Lemma 6. (1) If p € 24+Z and X # —3,—1,1, then Aj(ml) is trivial;
(2) if p ¢ {3Z} or p € Z and X\ # —1, then Aj(ml) = (Id) for A #1
and Aj(L1, ) = (Id, ;) where 9j(Ly) = ojMysj for all n € Z.

—1
Proof. Suppose that ¢; € Aj(Ly, )) be ahomogeneous 3-derivation. In this
case, we have

©i(Wn) € Waij,  @j(W, 1) C Wn+j+%' (9)

1
2
—1
Note that Ly, contains a subalgebra (L,, | m € Z), which isomorphic to

the well-known algebra Vir and every %—derivation on Virasoro algebra is
trivial [6]. By (9), we can assume that
) =0jnY,

©i(Ln) = 65,0 M Ln + ajn My, @j(YnJr% STTEY
©j(My) = BjnLnyj + VjmMnyj + OonyjocnCr, ©;(CL) = 0;0MCL,

where Qjm, Bj,n, Yinms Ojn, Cn S C.
Now, we start with applying ¢; to both side of

[Ym+%7Yn+%} = (n - m)Mm+n+17
and we have
(n —m)Bjment1 =0, (10)
(n —m)dmtn+j+1,0Cmin+1 =0, (11)

2(” - m)’Yj,m-i—n-i—l = (n —-m— j)aj,m + (n +7 - m)aj,w (12)

Putting n = —1 in (10), we get 3;, = 0 for m # —1, then taking m = 0,
n = —2, we have 3; _1 = 0, which follows §;,, = 0 for all m € Z. From
(11), we deduce c_; = 0 for all j € Z. Next, applying ¢; to [Ly,, L,] =
(n - m)Lm—i—n + miigmfsm-‘rn,OCL and [Lma Mn] = (n — Am + 2M)Mm+n7 we
have equations

2(n —m)jmyn =+ 7 —Am+2p)on + (M +j — AIn+2p)0 m, (13)
2(n — Am+20)Yjm+n = 00 (0 —Am—+2p) + (n+ 75— Am+2u)yjn. (14)
Taking m = 0 in (13), we obtain (j —n +2u)aj, = (j — An + 2u)oy o for
all n € Z. If A =1, then we have o, = ;o for all n € Z. If A # 1, then it

follows
(J — An +2p)

(J—n+2p)
Then using (15) in (13), we can get
mn(A — 1)(n —m)(2p(A +2) — (m +n — j)A +2j)
(J—m+2p)( —n+2u)(F —m—n+2pu)

Qjp = o, 24 ¢ 7. (15)

Q50 = 0, 2M ¢ Z. (16)
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Due to arbitrary m in (16), it gives that oo = 0, and from (15) it follows
o = 0 for arbitrary n € Z. If 2 € Z, then it shows «;, = 0 for n # j+2pu.
Putting m # 0 and n = j + 2 in (13), it gives o j42, = 0, so we derive
ajn =0 for all n € Z.

(1) If j # 0, then letting m = 0 in (14), we obtain

(n = J+2p)7jn = 0. (17)
If 2u ¢ 7Z, then v;, = 0 for all n € Z, if 2 € Z, then v;, = 0 for
n # j—2pu. Setting m # 0 and n = j—2p in (17), it gives y; j—2, = 0,
which derive v, = 0 for all n € Z. Next letting m = n — j in (12),
we obtain 0;, = 0 for all n € Z.
(2) If j = 0, then using (12) and (14), we get Yo, = 00, = A1 for all

n € 2.
Hence,
@J(Ln) = Oéj70Mn+j, fOT )\ = 1,
(,OJZO,j#O, @O:)\l Id, for )\#1
O
—1
Lemma 7. (1) If p € 3+Z and X # —3,—1,1, then Ajpi(Lang ) =0
forallj €Z ;
. —~1
(2) if p ¢ {3Z} or p € Z and X # —1, then Aj+%(L,\,u )=0 for N\ # 1
and

—1
Ajpi(Lrp ) =Hej1 [ ojin) = a3, 1y @51 (V1) = aj Mg}
for alln € Z.

—1
Proof. Let PirL € Aj_%(L)\’M ) be a homogeneous %—derivation. Then we

have
¢j+%(Wn) C Wn+j+%) ¢j+%(Wn+%) C Watjt1- (18)

By (18), we can assume that
(Pj_;.%(Ln) = Oéj,nYn_;,_j_;.%a (Pj_;_%(Mn) = Bj,nYn_;,_j_;_%a

@j+%(Yn+%) = 'Yj,nLn+j+1 + Mj,nMn+j+1 + 5n+j+1,OCnCL-

. — 1, . . .
where &, Bjn, Vjin> Hjn, ¢n € C. Since Ann(L) ,, ) is invariant under any

$-derivation, it gives <pj+%(CL) =0 for all j € Z.

—~1
Let us say ¢ = ¢, 1. The algebra L), admits a Zs-grading. Namely,

2

—1 —1
Laug = Wijhjez. and Ly ug = (Wji1)jez
The mapping ¢ changes the grading components. It is known, that the
1

commutator of one derivation and one 3-derivation gives a new %—derivation.

Hence, [p,ady +1] isa %—derivation which preserve the grading components.
nTa
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Namely, it is a §—derlvat10n described in Lemma 6, i.e., [p, ady ] = ayld

for A # 1. Similarly to the proof of the Lemma 5, we deduce ¢ = 0 for A#£ 1
Now, we consider the case of A = 1. Using the Lemma 6, we can get these
relations [gp,adyn+%](Mm) = a,M,, and [go,adyn+%](Yn+%) = oaner%. It
gives 8jm = vjm = 0 for all m € Z. Next applying @ir1 to both side of
2
m3 —m

Srmn,0CL,
it implies
2Mn+jg)+1-2m+2u)on — (2m+j) +1—-2n+2p)ajm = 19)
4(n —m)oj mn-
Taking m = 0 in (19), we have o, = a;o for n € Z. Then applying T
0 [Lm,Yn+%] =(n+3— m+,u)Ym+n+%, we obtain

(2n 4+ 1 = 2m + 20)6mintj+1,06mnCr = 0, (20)
(n—=m—jlajo+ n+j+1—m+2u)pjn=2n+1-2m+2u)tjmin. (21)
)

From (20), we derive c_j_1 = 0 and similarly to the previous case from (21
we imply ;. = ajo for all n € Z. ([l

Summarizing the results from Lemmas 6 and 7, we conclude that if A\ #
1, then L::f does not have nontrivial %—derivations. On the other side,
Theorem 4 gives the full description of nontrivial %—derivations of ml.
Theorem 4. Let ¢ be a 5 L _derivation of the algebra L, Ml, then there are two
sets of elements from the basic field {ou }iez and {Bi}iez such that
©(Lm) = ML + Z ar Myt + Z BiY, mAt+1 ©(Mpm) = A\ Mp,

teZ
P(Vnp1) = MY 1+ 3 BiMimgita, ©(CL) = MCL.
teZ
Proof. The proof follows directly from the lemmas 6 and 7. O

In the following, we aim to classify all transposed Poisson structures on
—1
Ly, .
—1
Theorem 5. Let (L1, ,-,[,]) be a transposed Poisson algebra structure

1
defined on the Lie algebm Ly, . Then the commutative associative

multiplication on (Llu ,+) has the following form:

Ly, - Ly, = Z o Mgt + Z BiY, m+n+t+ )
teZ
Ly, - Yn+l Z Bt m+n+t+1,
2 tez

where oy, By € C for all t € Z.
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Proof. We aim to describe the multiplication -. By Lemma 2, for every
element X € {L;, M, H_ 1, Cr | i € Z}, there is a related i derlvatlon ox

—1
of Ly, , such that px (Y) = X -Y. Then by Theorem 4, we have that

<)OX( m) — A1 XL’m + Z Q. XMrrL+t + Z ﬁt X 7n+t+2 QDX(CL) - )\I,XOLa
tez teZ

ex(Yiny1) =AxYo 1 + > Bex Myyi41, ox (M) = A, x Mp,.
ez

Now we consider px(Y) = X Y =Y - X = py(X) for XY €
{L;, M, 2+ 1,Cp | i € Z}. Firstly, by ox(Cr) = A\ xCf, it follows
CL-X=X-Cp=0.
Similarly, we can get
M;-X =X M;=0
for X € {L;, M, H_,CL‘ZEZ}

(1) Let X = L, and Y = Lg. Then the equality ¢, (Lo) = Ly, - Lo =
Lo- Ly, = ¢r,(Lm), gives

E o, 1, My + E Bt,LthJr% = E ot ro Myt + E /Bt,LOYm+t+%~
teZ teZ teZ teZ

Hence, we obtain oy 1,, = Qx—m,r, and Br.r,., = Bk—m,Lo-
(2) Let X = Lo and Y =Y, 1, then from ¢, (Y, 1) = ¢v 1 (Lo), we
2 2 ntg

get
ZﬁtLo ntt+l = ZatY+1Mt+ZﬁtY t+,.
tez, teZ ez
Thus, we obtain Sy 1= 0, oy = Br—n—1,Lo-
n+5 n+g
Summarizing all the above parts, we have that the multiplication table of

—1
(L1, ,-) is given by following non-trivial relations.

Lm : Ln - z 0% LOMm+n+t + Z ﬁt Lo m+n+t+ )
teZ teZ
Lm : Yn+l Z Bt ,Lo m—i—n—i—t—i—l’
2 tez
It gives the complete statement of the theorem. ([

In the following theorem we give a description %—derivations on the original
—2 ——3 —~—5

deformative Schrodinger-Virasoro algebras L3, , L1, and L_1, .

Theorem 6. FEvery f—derwatzon on L_3, , L_1,, L1 pu ond L_q, 1is
trivial.

Proof. The proof is similar to the proof of Lemmas 6 and 7. O

By Theorem 6, the following is straightforward.
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2 —~—3 — 4

Corollary 2. The infinite-dimensional Lie algebras L/_\; sy Loy, Ly

—~——5

and L_1, have no nontrivial transposed Poisson algebra structures.
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