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Abstract: In this paper, we are concerned with the Leray-Lions
type operator along with the singular terms in variable exponent
spaces. The existence of multiple solutions is established using
variational methods.
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1 Introduction

The Leray-Lions type operators are elliptic operators which are appropriate
for the study of the variable exponent problems of higher order. In general,
they are {

−div
(
a(x,∇u)

)
= λf(x, u) in Ω,

u = 0 on ∂Ω,
(1)

where Ω is a bounded domain in RN with a Lipschitz boundary ∂Ω, a :
Ω × RN → RN and f : Ω × R → R are Carath�eodory functions and λ is
a positive parameter. The operator div (a (x,∇u)) generalizes a degenerate
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p(x)-Laplacian div(w(x)|∇u|p(x)−2∇u), where p ∈ C(Ω, (1,∞)) and w is a
measurable positive function on Ω.

In 2013, Boureanu et al. [6] considered the problem{
−div

(
a(x,∇u)

)
+ |u|p(x)−2u = λf(x, u) in Ω,

u = constant on ∂Ω,
(2)

and studied the existence and multiplicity of solutions to (2) in the case
of both (p(·) − 1)-sublinear at in�nity and (p(·) − 1)-superlinear at in�nity
of nonlinearity. Moreover, they used several three solutions type theorems
to obtain at least three distinct solutions to (2) for the case of (p(·) − 1)-
sublinear at in�nity.
In 2015, Kim et al. [17] considered problem (1) with a(x, ξ) = ϕ(x, |ξ|)ξ)
which is of type |ξ|p(x)−2ξ (non-degenerate cases) and proved the existence
and multiplicity of solutions using the Mountain Pass Theorem and Fountain
Theorem.
In 2017, Ky et al. [19] studied the existence and multiplicity of solutions to
degenerate p(x)-Laplace equations with Leray-Lions type operators (1) using
direct methods and critical point theories in Calculus of Variations

In 2021, Hai et al. [9] proved the existence of in�nitely many solutions for
a generalized p(·)-Laplace equation involving Leray-Lions operators.

Heidari et al. [12] proved the existence of three solutions in Orlicz-Sobolev
spaces for{

−Mi(
∫
ΩΦi(∇ui)dx)(div(αi(∇ui)∇ui) = λFui(x, u1, · · · , un) in Ω,

ui = 0 on ∂Ω,

for 1 ≤ i ≤ n, where Ω is a bounded domain in RN , N ≥ 3, with smooth
boundary ∂Ω and λ is a positive parameter, F : Ω×Rn → R is a measurable
function with respect to x ∈ Ω for every (t1, · · · , tn) ∈ Rn and is C1 with
respect to (t1, t2, · · · , tn) ∈ Rn for almost everywhere x ∈ Ω.

On the other hand, problems with the singular terms have been intensively
studied. For instance, in [20] the existence and multiplicity of solutions for
the following problem has been established{

−∆p(x)u+ u|u|s−2

|x|s = λf(x, u) in Ω,

u = 0 on ∂Ω,

where 1 < s < p(x) < ∞. The existence of the solutions to the following
weighted (p(x), q(x))-Laplace problem consisting of a singular term{

−a(x)∆p(x)u− b(x)∆q(x)u+ u|u|s−2

|x|s = λf(x, u) in Ω,

u = 0 on ∂Ω,

have been proved in [21], where Ω ⊂ RN is a bounded domain with smooth
boundary, a, b ∈ L∞(Ω) are positive functions with a(x) ≥ 1 almost every-
where on Ω, λ > 0 is a real parameter, f : Ω × R → R is a Carath�eodory
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function satisfying the following growth condition

|f(x, t)| ≤ α+ β|t|h(x)−1

for all (x, t) ∈ Ω × R, (see [2, 3, 5, 6, 13, 14, 17] and also [27, 28, 29, 30,
31, 32] for similar issues within the context of the alternative function space
framework).

Considering the above results, we shall consider the following degenerate
p(x)-Laplace equations with Leray-Lions type operators −div

(
ai(x,∇ui)

)
+

|ui|si−2ui
|x|si

= λFui(x, u1, · · · , un) in Ω,

ui = 0 on ∂Ω,
(3)

for i = 1, · · · , n, where Ω is a bounded domain in RN (N ≥ 2), with smooth
boundary, λ ∈ (0,+∞) is a parameter.

For i = 1, · · · , n, we assume that 1 < si < N and pi ∈ C(Ω) with

N < inf
x∈Ω

pi(x) ≤ pi(x) ≤ sup
x∈Ω

pi(x) < ∞;

For each i = 1, · · · , n, the potential

ai : Ω× R → R

is a Carath�eodory function satisfying some suitable supplementary condi-
tions:

(A1) ai is a Carath�eodory function such that ai(x, 0) = 0, for a.e. x ∈ Ω.
(A2) There exist Ci > 0 such that

|ai(x, t)| ≤ Ci(1 + |t|pi(x)−1),

for almost everywhere x ∈ Ω and all t ∈ R.
(A3) For all s, t ∈ R, the inequality

(ai(x, t)− ai(x, s))(t− s) ≥ 0

holds, for almost everywhere x ∈ Ω.
(A4) There exists ci ≥ 1 such that

ci|t|pi(x) ≤ min{ai(x, t)t, pi(x)Ai(x, t)},

for almost everywhere x ∈ Ω and all s, t ∈ R, where

Ai : Ω× R → R

represents the antiderivative of ai; that is

Ai(x, t) :=

∫ t

0
ai(x, s)ds.

The function F : Ω×Rn → R is a measurable function with respect to x ∈ Ω
for each (t1, · · · , tn) ∈ Rn and is C1 with respect to (t1, · · · , tn) ∈ Rn for
almost everywhere x ∈ Ω.

The main result of the paper is as follows:
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Theorem 1. Assume that the conditions (A1)−(A4) hold and F : Ω×RN →
R satis�es the following conditions

(F1) F (x, 0, · · · , 0) = 0, for almost everywhere x ∈ Ω;
(F2) There exist η ∈ L1(Ω) and n positive constants γi, 1 ≤ i ≤ n, with

γi(x) < pi(x) almost everywhere in Ω such that

0 ≤ F (x, u1, · · · , un) ≤ η(x)(1 +
n∑

i=1

|ui|γi(x))

(F3) There exist r > 0, δ > 0 and 1 ≤ i∗ ≤ n such that

ci∗
p+i∗

(
2δ

D
) ˇpi∗m(DN − (

D

2
)N ) > r,

where m := π
N
2

N
2
Γ(N

2
)
is the measure of unit ball of RN and Γ is the

Gamma function.

Such that

Ar < Bδ, (4)

where

Ar :=
∥η∥1
r

(
1 +M

n∑
i=1

(
p+i
ci

r
) γ̂i

p̌i )
)
,

and

Bδ :=
inf
x∈Ω

F (x, δ, · · · , δ)
n∑

i=1

(
Ĉ(

2δ

D
)p̂i +

κ

H
(
2δ

D
)si

)
(2N − 1)

.

Then for each λ ∈ Λr,δ := ( 1
Bδ

, 1
Ar

), problem (3) possess at least three distinct

weak solutions in X.

Remark 1. The purpose of the main result is to establish multiplicity of
weak solutions for the system (3) by using three critical points theorem due
to Bonanno. The novelty of this paper is to consider the nonlinear functions
in the right-hand side of each equation which depend on all the functions
u1, · · · , un, not only on a certain ui. Moreover, we consider the singular
terms in (3). Up to our knowledge, this is the �rst time that (3) is considered
and the multiplicity of weak solutions is studied.

Remark 2. One can study the system (3) under the Steklov boundary condi-
tions [16] or on Heisenberg Sobolev spaces or on Orlicz Sobolev spaces. Inte-
rested reader can see details of these spaces in [11, 12, 23, 22, 25, 33, 34, 35]
and references therein.

The rest of the paper is organized as follows. In Section 2, we present a
brief survey of notions and results related to our problem. We also prove
some remarks which we shall need later. In Section 3, we sketch the main
result of the paper and its proof.
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2 Preliminaries

Variable exponent Lebesgue spaces appeared in the literature for the �rst
time by W. Orlicz 1931 and it began to be actively studied in 1990s. The
notion variable exponent Lebesgue and Sobolev spaces are directly related to
the classical Lebesgue and Sobolev spaces where the constant p is replaced
with the function p(·) which may depend on a variable. These kinds of spaces
of functions provide a useful tool for the description of non-linear phenomena
in elastic and �uid mechanics, and in image restoration, among other �elds.
In this section we recall some facts which are necessary in the sequel (see
[7, 8, 10] and references therein).

Here Ω is a bounded domain in RN (N ≥ 2), with smooth boundary. We
suppose that 1 < si < N and pi ∈ C(Ω), i = 1, · · · , n, satisfy the following
condition

N < p−i := inf
x∈Ω

pi(x) ⩽ p(x) ⩽ p+i := sup
x∈Ω

pi(x) < +∞. (5)

The variable exponent Lebesgue space Lp(x)(Ω) is de�ned by

Lp(x)(Ω) :=

{
u : Ω → R : u is measurable and

∫
Ω
|u(x)|p(x)dx < ∞

}
,

with the Luxemburg norm

∥u∥p(x) := inf

{
λ > 0 :

∫
Ω

∣∣∣∣u(x)λ

∣∣∣∣p(x) dx < 1

}
.

Following [26], for any ϑ > 0, we put

ϑř :=

{
ϑr+ ϑ < 1,

ϑr− ϑ ≥ 1;

and

ϑr̂ :=

{
ϑr− ϑ < 1,

ϑr+ ϑ ≥ 1;

for r ∈ {pi : i = 1, · · · , n}. Then the well-known [15, Proposition 2.7] will be
rewritten as follows.

Proposition 1. For each u ∈ Lp(x)(Ω), we have

∥u∥p̌p(x) ≤
∫
Ω
|u(x)|p(x)dx ≤ ∥u∥p̂p(x).

In the sequel, W 1,pi(x)(Ω), i = 1, · · · , n, denote the variable exponent
Sobolev spaces.

Remark 3. As a consequence of [18, Theorem 3.8] we have

W
1,q(x)
0 (Ω) ↪→ W

1,p(x)
0 (Ω), (6)
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if p(x) ≤ q(x) a.e. x ∈ Ω. In a special case, for pi, i = 1, · · · , n with the
condition (5),

W 1,pi(x)(Ω) ↪→ W 1,p−i (Ω)

is embedded continuously and since p−i > N ,W 1,p−i (Ω) is compactly embedded

in C0(Ω). Then

W 1,pi(x)(Ω) ↪→↪→ C0(Ω).

So, in particular, there exist positive constants mi > 0, i = 1, · · · , n, such
that

|u|∞ ⩽ mi∥∇u∥pi(x),

for each u ∈ W 1,pi(x)(Ω) where |u|∞ := supx∈Ω |u(x)|.

Remark 4. Let 1 < si < N and pi ∈ C(Ω) be as in relation (5), for
i = 1, · · · , n. Then there exists κ such that∫

Ω

|u(x)|si
|x|si

dx ≤ κ

H
∥∇u∥sipi(x),

for u ∈ W
1,pi(x)
0 (Ω), where H is given by the classical Hardy's inequality in

[1].

Next we de�ne the suitable function space

X :=

n∏
i=1

W
1,pi(x)
0 (Ω),

endowed with the norm

∥u∥ = ∥(u1, · · · , un)∥ =

n∑
i=1

∥∇ui∥pi(x),

for u = (u1, · · · , un) ∈ X.
Remark 3 implies the embedding

X ↪→ C0(Ω)× · · · × C0(Ω)

is compact and if M := max1≤i≤nmi, then M > 0 and one has

|u|∞ ⩽ M∥∇u∥pi(x) i = 1, · · · , n. (7)

We set

δ(x) = sup {δ > 0 : B(x, δ) ⊆ Ω} and D := supx∈Ωδ(x).

Obviously, there exists x0 ∈ Ω such that

B(x0, D) ⊆ Ω.

In the next section we study the existence of weak solution for system (3).
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3 Multiple weak solutions

The de�nition of weak solution for system (3) is as follows.

De�nition 1. It is said that (u1, · · · , un) ∈ X \ {0} is a weak solution of
problem (3) if

ui = 0 on ∂Ω 1 ≤ i ≤ n,

and

n∑
i=1

∫
Ω
ai(x,∇ui)∇vidx+

n∑
i=1

∫
Ω

|ui|si−2uivi
|x|si

dx

− λ
n∑

i=1

∫
Ω
Fui(x, u1, · · · , un)vidx = 0,

for each v = (v1, · · · , vn) ∈ X.

Applying a variational theorem from [4] or [24, Theorem 1.1], we can prove
Theorem 1. To this end, we need to bring some auxiliary remarks.

Remark 5. Assume conditions (A1) − (A4) are heldhold, then for i =
1, · · · , n, we have

(I) Ai(x, t) is a C1-Carath�eodory function; i.e. for every t ∈ R,

Ai(·, t) : Ω → R

is measurable and for a.e. x ∈ Ω, Ai(x, ·) is C1(R).
(II) There exist constants C ′

i, i = 1, · · · , n, such that

ci
pi(x)

|t|pi(x) ≤ |Ai(x, t)| ≤ C ′
i(|t|+ |t|pi(x)),

for a.e. x ∈ Ω and all t ∈ R, where for i = 1, · · · , n constants ci are
as in condition (A4).

We de�ne the functional Υ : X −→ R as follows

Υ(u1, · · · , un) :=
n∑

i=1

∫
Ω
Ai(x,∇ui)dx+

n∑
i=1

∫
Ω

|ui|si
si|x|si

dx.

Remark 6. There exists positive constant Ĉ such that

ci

p+i
∥∇ui∥p̌ipi(x) ≤ Υ(u1, · · · , un) ≤ Ĉ

n∑
i=1

∥∇ui∥p̂ipi(x) +
κ

H

n∑
i=1

∥∇ui∥sipi(x),

for each 1 ≤ i ≤ n and u = (u1, · · · , un) ∈ X.
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Proof. From (6) and Remark 5, for every 1 ≤ i ≤ n, one has the following
estimate

ci

p+i
∥∇ui∥p̌ipi(x) ≤

ci

p+i

∫
Ω
|∇ui|pi(x)dx

≤
n∑

i=1

ci

p+i

∫
Ω
|∇ui|pi(x)dx

≤ Υ(u1, · · · , un) =
n∑

i=1

∫
Ω
Ai(x,∇ui)dx+

n∑
i=1

∫
Ω

|ui|si
si|x|si

dx

≤
n∑

i=1

C ′
i

∫
Ω
(|∇ui|+ |∇ui|pi(x))dx+

κ

H

n∑
i=1

∥∇ui∥sipi(x)

≤
n∑

i=1

C ′
i(Ki + 1)∥∇ui∥p̂ipi(x) +

κ

H

n∑
i=1

∥∇ui∥sipi(x).

It is enough to set Ĉ = max{C ′
i(K1 + 1) : 1 ≤ i ≤ n}. □

Remark 7. Remark 6 ensures that Υ is coercive.

Proof. Let u = (u1, · · · , un) ∈ X and ∥u∥ → ∞. Thanks to de�nition of ∥ ·∥,
there exists 1 ≤ i0 ≤ n such that ∥∇ui0∥pi0 (x) → ∞. Then Remark 6 deduce

that Υ(u) → ∞. □

Notice that Υ is sequentially weakly lower semicontinuous and it is known
that Υ is continuously G�ateaux di�erentiable functional; moreover,

Υ′(u1, · · · , un)(v1, · · · , vn) =
n∑

i=1

∫
Ω

(
ai(x,∇ui)∇vi +

|ui|si−2uivi
|x|si

)
dx,

for each (v1, · · · , vn) ∈ X. And we de�ne Λ : Rn → R with

Λ(u1, · · · , un) :=
∫
Ω
F (x, u1, · · · , un)dx.

The functional Λ is well de�ned, continuously G�ateaux di�erentiable with
compact derivative, whose G�ateaux derivative at point u ∈ X is as follows

Λ′(u1, · · · , un)(v1, · · · , vn) =
n∑

i=1

∫
Ω
Fui(x, u1(x), · · · , un(x))vi(x)dx,

for every (v1, · · · , vn) ∈ X. The energy functional corresponding to the
problem is

Gλ(u) = Υ(u)− λΛ(u),

for each u = (u1, · · · , un); or equivalently, weak solutions of (3) are exactly
the critical points of Gλ.
Therefore, the functional Υ,Λ : RN → R de�ned as above satisfy the
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regularity assumptions of [24, Theorem 1.1]. From de�nition of Υ,Λ and
condition (F1), it is clear that

inf
x∈X

Υ = Υ(0) = Λ(0) = 0.

For δ > 0 and D de�ned as above, we denote by w, a function of W 1,pi(x)(Ω),
1 ≤ i ≤ n, de�ned by

w(x) :=


0 x ∈ Ω \B(x0, D),

δ x ∈ B(x0,
D

2
),

2δ

D
(D − |x− x0|) x ∈ B(x0, D) \B(x0,

D

2
),

where | · | denotes the Euclidean norm on RN . By Remark 6, for 1 ≤ i∗ ≤ n,
we have

ci∗
p+i∗

(
2δ

D
) ˇpi∗m(DN − (

D

2
)N ) ≤ Υ(w, · · · , w)

≤
n∑

i=1

(
Ĉ(

2δ

D
)p̂i +

κ

H
(
2δ

D
)si

)
m(DN − (

D

2
)N ).

Then by assumption (F3), we gain Υ(w, · · · , w) > r. On the other hand, we
have the following estimate

Λ(w, · · · , w) ≥
∫
B(x0,

D
2
)
F (x,w, · · · , w)dx

≥ inf
x∈Ω

F (x, δ, · · · , δ)m(
D

2
)N ,

where m is the measure of unit ball of RN and so,

Λ(w, · · · , w)
Υ(w, · · · , w)

≥
inf
x∈Ω

F (x, δ, · · · , δ)m(
D

2
)N

n∑
i=1

(
Ĉ(

2δ

D
)p̂i +

κ

H
(
2δ

D
)si

)
m(DN − (

D

2
)N )

=
inf
x∈Ω

F (x, δ, · · · , δ)
n∑

i=1

(
Ĉ(

2δ

D
)p̂i +

κ

H
(
2δ

D
)si

)
(2N − 1)

= Bδ. (8)

Now, let u = (u1, · · · , un) ∈ Υ−1(−∞, r), from Remark 6, we gain

∥∇ui∥pi(x) ≤
(p+i
ci

Υ(u1, · · · , un)
) 1

p̌i ≤ (
p+i
ci

r
) 1

p̌i , (9)
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for each i = 1, · · · , n. Then, for every u = (u1, · · · , un) ∈ X, using condition
(F2), H�older inequality and (7) , we have∫

Ω
F (x, u1, · · · , un)dx ≤

∫
Ω
supu∈Υ−1(−∞,r)F (x, u1, · · · , un)dx

≤
∫
Ω
η(x)(1 +

n∑
i=1

|ui|γi(x))dx

≤ ∥η∥1(1 +
n∑

i=1

|ui|γ̂i∞)

≤ ∥η∥1(1 +M
n∑

i=1

∥∇ui∥γ̂ipi(x)).

Therefore,

1

r
supu∈Υ−1(−∞,r)Λ(u) =

1

r
supu∈Υ−1(−∞,r)

∫
Ω
F (x, u1, · · · , un)dx

≤ ∥η∥1
r

(
1 +M

n∑
i=1

(
p+i
ci

r
) γ̂i

p̌i

)
= Ar.

From assumption (4), relation (8) and the last inequality, one has

1

r
supu∈Υ−1(−∞,r)Λ(ui) <

Λ(w, · · · , w)
Υ(w, · · · , w)

,

Now, we prove that, for each λ > 0, Gλ is coercive.
With the same arguments as used before, we have

Λ(u) =

∫
Ω
F (x, u1, · · · , un)dx ≤ ∥η∥1(1 +M

n∑
i=1

∥∇ui∥γ̂ipi(x)).

The last inequality and Remark 6 lead to

Gλ(u) ≥
ci

p+i
∥∇ui∥p̌ipi(x) − λ∥η∥1(1 +M

n∑
i=1

∥∇ui∥γ̂ipi(x)),

for each i = 1, · · · , n. Now, imagine that u ∈ X and ∥u∥ → ∞. So, there
exists 1 ≤ i0 ≤ n such that ∥∇ui0∥pi0 (x) → ∞. Since according to our

assumptions γi0(x) < pi0(x) a.e. in Ω, coercivity of Gλ is obtained.
Taking into account that

Λδ,r := (
1

Bδ
,
1

Ar
) ⊆

(Υ(w, · · · , w)
Λ(w, · · · , w)

,
r

supu∈Υ−1(−∞,r)Λ(ui)

)
,

Thus [24, Theorem 1.1] ensures that for each λ ∈ Λr,δ, the functional Gλ

admits at least three critical points in X that are weak solutions of the
problem (3).
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