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Abstract: In this paper, we are concerned with the Leray-Lions
type operator along with the singular terms in variable exponent
spaces. The existence of multiple solutions is established using
variational methods.
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1 Introduction

The Leray-Lions type operators are elliptic operators which are appropriate
for the study of the variable exponent problems of higher order. In general,
they are

u=20 on 01, (1)

where € is a bounded domain in RV with a Lipschitz boundary 99, a :
QxRN = RN and f: Q x R — R are Carathéodory functions and \ is
a positive parameter. The operator div (a (x, Vu)) generalizes a degenerate

{ —div(a(z, Vu)) = M (z,u) in Q,
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p(z)-Laplacian div(w(z)|Vu[P(*)=2Vw), where p € C(Q, (1,00)) and w is a
measurable positive function on €.
In 2013, Boureanu et al. [6] considered the problem

(2)

—div(a(z, Vu)) + [u[P@ 20 = M f(z,u) in Q,
u = constant on 012,

and studied the existence and multiplicity of solutions to (2) in the case
of both (p(-) — 1)-sublinear at infinity and (p(-) — 1)-superlinear at infinity
of nonlinearity. Moreover, they used several three solutions type theorems
to obtain at least three distinct solutions to (2) for the case of (p(-) — 1)-
sublinear at infinity.
In 2015, Kim et al. [17] considered problem (1) with a(z,&) = ¢(z,|£])€)
which is of type |£[P(*)=2¢ (non-degenerate cases) and proved the existence
and multiplicity of solutions using the Mountain Pass Theorem and Fountain
Theorem.
In 2017, Ky et al. [19] studied the existence and multiplicity of solutions to
degenerate p(z)-Laplace equations with Leray-Lions type operators (1) using
direct methods and critical point theories in Calculus of Variations
In 2021, Hai et al. 9] proved the existence of infinitely many solutions for
a generalized p(-)-Laplace equation involving Leray-Lions operators.
Heidari et al. [12]| proved the existence of three solutions in Orlicz-Sobolev
spaces for

M;([o ®i(Vug)da) (div(oi(Vug) Vug) = Ay, (z,u1, -, up) in ,
u; =0 on 0f,

for 1 < i < n, where Q is a bounded domain in RV, N > 3, with smooth
boundary 002 and A is a positive parameter, F' : 2 x R” — R is a measurable
function with respect to = € Q for every (t1,---,t,) € R® and is C! with
respect to (t1,ta, - ,t,) € R™ for almost everywhere = € Q.

On the other hand, problems with the singular terms have been intensively
studied. For instance, in [20] the existence and multiplicity of solutions for
the following problem has been established

—Ap)u + |‘ || = Af(z,u) in Q,
=0 on 0,

where 1 < s < p(z) < oo. The existence of the solutions to the following
weighted (p(z), ¢(x))-Laplace problem consisting of a singular term

—a(z)Ap@yu — b(@) Agzyu + |‘ ||S = Af(z,u) in Q,
u =20 on 0,

have been proved in [21], where  C R¥ is a bounded domain with smooth
boundary, a,b € L*°(Q2) are positive functions with a(z) > 1 almost every-
where on 2, A > 0 is a real parameter, f : 2 x R — R is a Carathéodory



LERAY-LIONS TYPE OPERATORS INCLUDING SINGULAR TERMS 27

function satisfying the following growth condition
f(a, )] < a+ Bl

for all (z,t) € Q x R, (see [2, 3, 5, 6, 13, 14, 17] and also |27, 28, 29, 30,
31, 32| for similar issues within the context of the alternative function space
framework).

Considering the above results, we shall consider the following degenerate
p(z)-Laplace equations with Leray-Lions type operators

—div(a;(z, Vu;)) + M = Ay, (z,u, -+ up) in Q
1 ’ 1 ‘x‘% s ’ ’ » Un ’ (3)
u; =0 on 052,
for i = 1,--- ,n, where Q is a bounded domain in RY(N > 2), with smooth
boundary, A € (0,+00) is a parameter. B
Fori=1,---,n, we assume that 1 < s; < N and p; € C(f2) with

N < inf pi(z) < pi(z) < sup pi(x) < oo;

For each ¢ = 1,--- ,n, the potential
a; - QxR —R

is a Carathéodory function satisfying some suitable supplementary condi-
tions:

(A1) a; is a Carathéodory function such that a;(z,0) =0, for a.e. x € Q.
(A2) There exist C; > 0 such that

la;(z, t)| < Ci(1 + [¢|P@~1),

for almost everywhere x €  and all t € R.
(A3) For all s,t € R, the inequality

(ai(x,t) —a;(x,s))(t—s) >0

holds, for almost everywhere x € Q.
(A4) There exists ¢; > 1 such that

ciltPi®) < min{a; (x, £)t, pi(x) Ai(z, 1)},
for almost everywhere x € 2 and all s,t € R, where
Ai T OxR—R

represents the antiderivative of a;; that is

Ay ) = /0 iz, 5)ds.

The function F : Q2 x R™ — R is a measurable function with respect to x € Q)
for each (t1,---,t,) € R™ and is C' with respect to (t1,--- ,t,) € R" for
almost everywhere x € €.

The main result of the paper is as follows:
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Theorem 1. Assume that the conditions (A1) —(A4) hold and F : QxRN —
R satisfies the following conditions

(F1) F(z,0,---,0) =0, for almost everywhere x € Q;
(F2) There exist n € LY(Q) and n positive constants v;, 1 < i < n, with
vi(z) < pi(z) almost everywhere in Q0 such that

i=1

(F'3) There exist r >0, 0 >0 and 1 < i, <n such that
Ci, (20 D

s N _ (PN
S (pyemDY = (57 >,
N
where m = MWTQE) is the measure of unit ball of RN and T is the
Gamma funct%on.2
Such that
A, < Bs, (4)
where
17l —Dp T
A =—(1+M —Lr)ri)),
SRR IR
and
inf F(x,0,---,0)
e
RARwRY: 26 ’
A . K
C(=)Pi+ = (=)%) (2N -1
@-:1< (SV + (5 )@Y -1

Then for each A € A5 := B%;, A%), problem (3) possess at least three distinct
weak solutions in X.

Remark 1. The purpose of the main result is to establish multiplicity of
weak solutions for the system (3) by using three critical points theorem due
to Bonanno. The novelty of this paper is to consider the nonlinear functions
in the right-hand side of each equation which depend on all the functions
UL, ,Up, Not only on a certain u;. Moreover, we consider the singular
terms in (3). Up to our knowledge, this is the first time that (3) is considered
and the multiplicity of weak solutions is studied.

Remark 2. One can study the system (3) under the Steklov boundary condi-
tions [16] or on Heisenberg Sobolev spaces or on Orlicz Sobolev spaces. Inte-
rested reader can see details of these spaces in [11, 12, 23, 22, 25, 33, 34, 35]
and references therein.

The rest of the paper is organized as follows. In Section 2, we present a
brief survey of notions and results related to our problem. We also prove
some remarks which we shall need later. In Section 3, we sketch the main
result of the paper and its proof.
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2 Preliminaries

Variable exponent Lebesgue spaces appeared in the literature for the first
time by W. Orlicz 1931 and it began to be actively studied in 1990s. The
notion variable exponent Lebesgue and Sobolev spaces are directly related to
the classical Lebesgue and Sobolev spaces where the constant p is replaced
with the function p(-) which may depend on a variable. These kinds of spaces
of functions provide a useful tool for the description of non-linear phenomena
in elastic and fluid mechanics, and in image restoration, among other fields.
In this section we recall some facts which are necessary in the sequel (see
[7, 8, 10] and references therein).

Here € is a bounded domain in RY (N > 2), with smooth boundary. We
suppose that 1 < s; < N and p; € C(Q), i = 1,--- ,n, satisfy the following
condition

+

N <p; = inf pi(x) < p(x) < p;” == suppi(r) < +oo. (5)
zeN e

The variable exponent Lebesgue space LP(*)(Q) is defined by

LP@)(Q) = {u : Q — R: w is measurable and / u(z)|P @ da < oo} ,
Q

with the Luxemburg norm

p(x)
lullpey = inf{A AR T 1}.
Q
Following [26], for any 9 > 0, we put
P 0 <1,
Sl v 9> 1;
and
A 9" ¥ <1
9= '
{ 9" 9> 1;

forr € {p;i:1=1,--- ,n}. Then the well-known [15, Proposition 2.7] will be
rewritten as follows.

Proposition 1. For each u € LP®)(Q), we have
oy < [ )P <l

In the sequel, W'Pi®)(Q), i = 1,--- ,n, denote the variable exponent
Sobolev spaces.

Remark 3. As a consequence of [18, Theorem 3.8] we have

WOLQ(JL“)(Q) N WOLP(@(Q)’ (6)
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if p(z) < q(z) a.e. © € Q. In a special case, for p;,i = 1,--- ,n with the
condition (5),

Whri®)(Q) s Whe (Q)
is embedded continuously and since p; > N, WLPi (Q) is compactly embedded
in C°(Q). Then

WP (Q) e COQ).

So, in particular, there exist positive constants m; > 0, 1 = 1,--- ,n, such
that

oo < il Vullp, @),
for each u € WIP{®)(Q) where |u|oo = sup,cq |u(z)|.

Remark 4. Let 1 < s; < N and p; € C(Q) be as in relation (5), for
i=1,---,n. Then there exists k such that

|u(z)]*

]

K si
dr < TVl .

foru € W&’pi(m)(Q), where H s given by the classical Hardy’s inequality in
[1].
Next we define the suitable function space
n
X = [[wy 7@ ),
i=1

endowed with the norm
lull = s w)ll = Y 1Vt o),
i=1
for u = (ug, -+ ,u,) € X.
Remark 3 implies the embedding
X %) x---xC'Q)
is compact and if M := maxj<;<, m;, then M > 0 and one has
oo < M[Vllpy =10+ .. (7)
We set
0(z) =sup{d >0:B(x,0) CQ} and D := supend(x).

Obviously, there exists xg € ) such that

B(xg, D) C Q.

In the next section we study the existence of weak solution for system (3).
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3 Multiple weak solutions

The definition of weak solution for system (3) is as follows.

Definition 1. It is said that (u1,--- ,u,) € X \ {0} is a weak solution of
problem (3) if

u; =0 on 0N 1<i<n,

and
Z/QZ(QC Vu,; szdq;_g_Z/ ‘Uz|| ysuzvz
€T|°t
i=1
i=1 7%
for each v = (vy,--- ,v,) € X.

Applying a variational theorem from [4] or [24, Theorem 1.1], we can prove
Theorem 1. To this end, we need to bring some auxiliary remarks.

Remark 5. Assume conditions (Al) — (A4) are heldhold, then for i
1,---,n, we have

(I) Ai(z,t) is a C'-Carathéodory function; i.e. for every t € R,
Ai(~, t) Q=R

is measurable and for a.e. x € Q, A;(x,-) is C*(R).
(II) There exist constants CJ, i =1,--- ,n, such that

tpi(LB)S Ai(z,t SC'Z( t_i_tpi(”")’
pi(:r)H |Ai(z, 1)) (2] + [t[P7)

for a.e. x € Q and oll t € R, where fori=1,---

,n constants c; are
as in condition (A4).

We define the functional T : X — R as follows

T(ug, - ,u Z/ (x, Vu;) dx+z ’uz‘sz

Q Si \$|Sl

Remark 6. There exists positive constant C such that

p+||V will oy < Tlur, - yu <CZ||VUZH’” + ZHVUZHSZ

foreach 1 <i<mnandu= (uy, - ,u,) € X.
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Proof. From (6) and Remark 5, for every 1 < i < n, one has the following
estimate

+|\v o _p;/gwuﬂpm
< ’/ |Vui\pi(x)d$
;p;r Q
|ug| %
< Y(ug, - 5 un Z/A:I:Vuzd:c—i—Z/Smsl

- (z K s,
<3¢ /Q(Wzm + V) 4 7 Z IVl

<3 CUK+ )Vl + Z IVull
i=1
It is enough to set C' = max{C!(K; +1):1<i < n}. O

Remark 7. Remark 6 ensures that Y is coercive.

Proof. Let u = (u1,--- ,uy) € X and |lu| — oo. Thanks to definition of || - ||,
there exists 1 < g < n such that ||Vu,||p, () — 00. Then Remark 6 deduce
that YT(u) — oo. O

Notice that T is sequentially weakly lower semicontinuous and it is known
that T is continuously Géteaux differentiable functional; moreover,

T/(uh'” ,Un)('l)l,"‘ » U Z/ az z, Vul V'Ul M)d%,

||

for each (v1,---,vy) € X. And we define A : R” — R with

Alug, - uy) = / F(z,uy, - ,uy)de.
Q

The functional A is well defined, continuously Gateaux differentiable with
compact derivative, whose Gateaux derivative at point © € X is as follows

AN(ug, - up) (v, yon) = Zz;/QFuz(x,ul(x), s Un () v (x)d,

for every (vi,---,v,) € X. The energy functional corresponding to the
problem is

Ga(u) = T(u) — AA(u),

for each u = (uy,- -+ ,uy); or equivalently, weak solutions of (3) are exactly
the critical points of G,.
Therefore, the functional Y,A : RY — R defined as above satisfy the
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regularity assumptions of [24, Theorem 1.1|. From definition of Y, A and
condition (F'1), it is clear that

inf T = Y(0) = A(0) = 0.
rzeX

For 6 > 0 and D defined as above, we denote by w, a function of W1Pi(#)(Q),
1 <1 < n, defined by

0 I‘EQ\B(.’EO,D),
D
w(z) == (;5 x € B(wo, 5)5 .
5(D—\x—xo\) :UGB(xO,D)\B(xO,E),

where | - | denotes the Euclidean norm on RY. By Remark 6, for 1 < i, < n,
we have

%25

. D
ZNem(DN — (2
Sy moN - 5

D )N)<T(w7"'vw)

<3 (OB B (DY — ()
=1

Then by assumption (F'3), we gain Y (w,--- ,w) > r. On the other hand, we
have the following estimate

A(w’7w)2/ F(x’w’...7w)daj
B(107%)

. D \n
>
;ggF(l‘,é, ,0)m( 2) )

where m is the measure of unit ball of RV and so,

D
inf F Z\N
inf Fz,0,---,0)m(3)

(42005 K20 D
> (CHP + 151 )mDN = (5)N)

Aw, - ,w)
Y(w, - ,w)

>

inf F(x,0,---,0)

(G + w2y )eN 1)

i=1

Now, let u = (u1,--- ,u,) € Y1 (—o00,7), from Remark 6, we gain

p; Y
Hvuzupl(z) S (?T(ula T ’un))Pi S <7T) P, (9)
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for each i = 1,--- ,n. Then, for every u = (u1,--- ,uy,) € X, using condition
(F'2), Holder inequality and (7) , we have

/ F(xz,uy, - ,up)der < / SUPyeT 1 (—oor) F (T, U1, - -+ Uy )d
Q Q
< [ @)+ 3 s
Q i=1
<l (1+ ) uil%)
i=1

<l 1+ 2 3 Va7 )
=1

Therefore,

1 1
;supuey-l(,oovr)/\(u) = rsupueyq(oo,r)/QF(:L‘,ul, cee Uy )dx

Ji

" pt 4
< 1y ) -,

From assumption (4), relation (8) and the last inequality, one has

1 A(wa o ,’lU)
L SUpueT-1(-oom M) < Fr )

)

(w’... 7w)

Now, we prove that, for each A > 0, G, is coercive.
With the same arguments as used before, we have

N = [ i s < (0401 Y [l

i=1

The last inequality and Remark 6 lead to

G i 3 i
Ga(u) 2 -Vl oy = Malla (1 4+ M 37 Vil ),
i =1

for each i = 1,--- ,n. Now, imagine that v € X and |u|]| — oo. So, there
exists 1 < ig < n such that [V, @) — oo. Since according to our

assumptions 7;,(x) < pi,(x) a.e. in Q, coercivity of Gy is obtained.
Taking into account that

1 1 T(w, - ,w) r
As,ri=(—=—,—) C
S,r (357 Ar) = (A(w’ e ’w) ’ SupueTl(—OO,T‘)A(ui)>’

Thus |24, Theorem 1.1 ensures that for each A € A, s, the functional Gy
admits at least three critical points in X that are weak solutions of the
problem (3).
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