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Dedicated to the memory of Sergey Godunov

Abstract: A numerical technique is proposed for modeling the
�ow of viscous polymer solutions and studying the phenomenon of
elastic turbulence. The method is a hybridization of the numerical
methods of two-dimensional linearized Godunov scheme and the
Kurganov-Tadmor method. Linearized Godunov scheme was used
to approximate the hydrodynamic part of the equations of a polymer
solution dynamics, and is a two-dimensional method of S.K. Godunov
with linear discontinuity decays, which provides guaranteed non-
decreasing entropy. The �ow of a Kolmogorov type polymer solution
in a periodic square cell, pumped by an external periodic force and
characterized by the Reynolds number Re ∼ 10−1, is investigated.
The instability of the �ow is obtained, the transition to the elastic
turbulence regime is investigated. The spectral characteristics of
the turbulent �ow are constructed, and the power-law slope of the
inertial interval is estimated.
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1 Introduction

The interaction of polymer molecules with �uid �ows leads to many intere-
sting phenomena observed in nature and laboratory experiments, namely,
a decrease in turbulent drag, elastic turbulence, and a change in the heat
transfer process during natural convection [1, 2]. Laboratory experiments
show that even a small concentration of polymers can signi�cantly change
the properties of laminar low-Reynolds (Re ≪ 1) �ows and generate a new
form of turbulence called elastic (polymer) turbulence. For a Newtonian �uid
�ow, the transition to turbulence is determined by the nonlinear inertial term
in the momentum equation or, more precisely, by the ratio of the inertial
forces described by this term to the dissipative forces due to the viscosity
of the medium. This ratio is characterized by a dimensionless parameter
� the Reynolds number Re. The higher Re, the more unstable the �ow
becomes, which leads to the emergence and development of a turbulent
�ow regime. However, in a �uid containing polymer molecules, the so-called
viscoelastic e�ect occurs due to the presence of another nonlinear term
characterizing the in�uence of polymer molecules on the �ow. The in�uence
of elastic forces on the �ow caused by the presence of polymers is described
by another dimensionless parameter � the Weissenberg number Wi = U

γ0L

determined by the ratio of the characteristic gradient of the �uid �ow velocity
U
L to the relaxation rate of the polymer molecule to its equilibrium state
γ0. As physical experiments show, the occurrence and development of �ow
instability at small Re occurs just because of the presence of these elastic
forces [1, 2]. The �ow of the polymer solution in the elastic turbulence mode is
characterized by its randomness, a wide spectral range and an increase in �ow
resistance at fairly small values of the number Re ≪ 1. The elastic turbulence
mode is widely used in practice, for example, to mix �ows characterized
by small numbers Re ≪ 1, such as �ows in curved microchannels, and,
accordingly, to enhance heat transfer in microchannels. Despite the huge
technological interest, elastic turbulence remains poorly studied theoretically.
The theoretical concepts are based on simpli�ed viscoelastic �ow models and
analogies with MHD equations.

Numerical modeling of the phenomenon of elastic turbulence is a rather
di�cult problem. Simpli�ed polymer models such as the Oldroyd-B model
[3] and the FENE-P model [4] are mainly used to describe the polymer
component. The occurrence of numerical instability is the main problem
in modeling elastic turbulence using any of these models [5]. In the elastic
turbulence regime, characterized by large values of the Weissenberg number
Wi > 1, polymer molecules are quite strongly stretched, which leads to large
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stress gradients in the polymer �eld, which are the cause of the instability
of the numerical calculation.

The prerequisite for this work was the problem of developing a numerical
model that could demonstrate the e�ects of elastic turbulence at a qualitative
level. In the process of solving this problem, a two-dimensional numerical
method of the second order of accuracy was constructed [6, 7], designed for
direct numerical simulation of the dynamics of weakly compressible viscous
�ows in the presence of structural components in it. The compressible model
makes it possible to apply the Godunov technique to approximate the hydro-
dynamic part of the de�ning system of equations, which makes it possible to
increase the stability of the �ow count in the presence of large gradients of
�ow parameters in them. Using this technique, the �ow of a model medium
at Re ∼ 10−1 is numerically studied in the presence of an external periodic
force, and the instability of such a �ow is obtained.

Linearized Godunov scheme, which was used in this work to approximate
the hydrodynamic part of the polymer solution dynamics equations, is a
method of S.K. Godunov with linear discontinuity decays, which provides
guaranteed non-decreasing entropy [6, 8]. The linear simpli�cations introduced
into the scheme are based on the use of symmetric hyperbolicity of the
linearized version of the equations being solved. This hyperbolicity signi�cantly
simpli�es the solution of linearized Riemann problems when �nding �uxes
at the boundaries of mesh cells. In addition, the calculation of each step is
completed by calculating the entropy from the law of energy conservation.
This scheme design ensures strict maintenance of non-decreasing entropy.

So far, we have not set the problem of obtaining results that could be
used as the basis for describing real experiments on elastic turbulence. This
formulation determined the choice of model relations in the development of
numerical methods, as well as the selection of modeling parameters. This
makes it possible to circumvent the di�culties described above that arise in
numerical modeling.

2 Model equations

The equations of the polymer solution �ow dynamics di�er from that of a
Newtonian �uid dynamics by the presence in the right part of the momentum
balance equation of terms which describe the forces acting from the side
of stretched polymer molecules. The proportionality coe�cient A for these
terms characterizes the degree of reverse in�uence of polymers on the �ow.

Let's consider the polymer component of the �ow as a structural compo-
nent to the hydrodynamic �ow in the form of deformable polymer molecules.
The deformation is characterized by a vector R (Rx, Ry are its components
on the OX and OY axes), which determines the direction in which the
boundary of the molecular phase changes. Let's write down a system of
model equations describing the dynamics of a weakly compressible viscous
�ow with a structural component. It consists of a system of Navier-Stokes
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equations for the hydrodynamic phase of the �ow and equations describing
the dynamics of polymer component stretching of the �ow R [1, 9]:

∂ρ

∂t
+∇(ρV) = 0,

∂ρu

∂t
+∇(ρuV) = −∂p

∂x
− ρG sin(ky) cos(kx) + µ∆u

+A
∂(γ(R)(Rx)2)

∂x
+A

∂(γ(R)RxRy)

∂y
,

∂ρv

∂t
+∇(ρvV) = −∂p

∂y
+ ρG sin(kx) cos(ky) + µ∆v

+A
∂(γ(R)(Ry)2)

∂y
+A

∂(γ(R)RxRy)

∂x
,

∂(ρV
2

2 + e)

∂t
+∇(V(

ρV 2

2
+ e+ p))

=
∂(µuρ(∂u∂x − ∂v

∂y ) +Auγ(R)(Rx)2 + vµρ( ∂v∂x + ∂u
∂y ) +Avγ(R)RxRy)

∂x

+
∂(µuρ(∂u∂y + ∂v

∂x) +Auγ(R)RxRy + vµρ(∂v∂y − ∂u
∂x) +Avγ(R)(Ry)2)

∂y

−uρG sin(ky) cos(kx) + vρG sin(kx) cos(ky),

∂Rx

∂t
+ u

∂Rx

∂x
+ v

∂Rx

∂y
−Rx∂u

∂x
−Ry ∂u

∂y
+ γ(R)Rx = Cd∆Rx,

∂Ry

∂t
+ u

∂Ry

∂x
+ v

∂Ry

∂y
−Rx ∂v

∂x
−Ry ∂v

∂y
+ γ(R)Ry = Cd∆Ry,

e =
3p

2ρ
,

γ(R) = γ0(1 +
R2

R2
m

),V = (u, v)T .

(1)

Here A is a coe�cient proportional to the concentration of polymer mole-
cules in solution which characterizes the degree of reverse in�uence of polymer
molecules on the �ow, Cd is the coe�cient of polymers arti�cial di�usion
introduced to stabilize the numerical solution, γ(R) is the relaxation model
of the polymer molecule, G is the intensity of the external force. A nonlinear

approximation is used as a model of polymer elasticity γ(R) = γ0(1 +
R2

R2
m
).

Here Rm is the maximum value of stretching of the polymer molecule.
Provided that R ≪ Rm we are dealing with a linear mode corresponding
to the Oldroyd-B model [3].

The system of equations is closed using the equation of state of an ideal
gas e = 3p

2ρ , where the volume density of the internal energy is e [10].

The initial and boundary conditions were chosen based on considerations
of the stability of the numerical experiment and the possibility of observing
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the elastic turbulence regime. The values of the velocity components at the
initial moment of time u, v were assumed to be zero, which corresponds to
an undisturbed �ow. The values of density and pressure were assumed to be
equal:

ρ(x, y, t = 0) = 10
kg

m3
;

p(x, y, t = 0) = 103Pa

The initial values of the components of the stretching vector of polymer
molecules were:

Rx(x, y, t = 0) = 0.2 cos(axx)m;

Ry(x, y, t = 0) = 0.2 cos(ayy)m;

ax = 1m−1;

ay = 1m−1.

The arti�cial di�usion coe�cient Cd was selected empirically, based on the

requirements of a stable numerical calculation and the ratio
√

Cd
γ0

∼ h where

the characteristic cell size of the computational grid is h. The intensity of the
external periodic force was assumed to be equal G = 10−2 N

kg , the frequency

of the force was k = 2m−1. The relaxation coe�cient of the polymer molecule
was assumed to be γ0 = 10−6s−1 the coe�cient of arti�cial di�usion Cd =

10−9m2

s . The value of the dynamic viscosity was equal to µ = 0.5Pa s. The

value of the parameter A = 5 × 106 kg
m3 s

. The computational domain was a
square with sides L×L = 2π×2πm×m, with periodic boundary conditions
set on its edges, and was covered with a uniform computational grid of
250× 250 cell dimensions.

3 Numerical method

To numerically approximate the system 1, a combination of two numerical
methods was used � the linearized Godunov method [6] and the Kurganov-
Tadmor method [7]. The linearized Godunov method approximated the hydro-
dynamic part of the computational model � the Navier-Stokes system of
equations, and the equations describing the polymer component of the �ow
were approximated by the Kurganov-Tadmor method. It should be noted
that the choice of the linearized Godunov scheme for calculating the hydro-
dynamic part of the �ow is due to the existence of large gradients of �ow
parameters when an elastic turbulence regime occurs. We describe a two-
dimensional linearization of the Godunov method.
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Let's write down the system of Navier-Stokes equations in a divergent
form:

Ut + (Fc)x + (Gc)y = (Fv)x + (Fp)x + (Gv)y + (Gp)y;

U =


ρ
ρu
ρv

ρV2

2 + e

 ;Fc =


ρu

ρu2 + p
ρuv

u(ρV
2

2 + p+ e)

 ;Gc =


ρv
ρuv

ρv2 + p

v(ρV
2

2 + p+ e)

 ;

Fv = µ


0
∂u
∂x
∂v
∂x

uρ(∂u∂x − ∂v
∂y ) + vρ( ∂v∂x + ∂u

∂y )

 ;Gv = µ


0
∂u
∂y
∂v
∂y

uρ(∂u∂y + ∂v
∂x ) + vρ(∂v∂y − ∂u

∂x )

 ;

Fp = Aγ(R)


0

(Rx)2

RxRy

u(Rx)2 + vRxRy

 ;Gp = Aγ(R)


0

RxRy

(Ry)2

v(Ry)2 + uRxRy

 .

Viscous Fv, Gv and "polymer"Fp, Gp �uxes through the faces of the cells
of the computational grid are calculated by the usual averaging Fp,v

i+1
2 ,j

=

1
2(Fp,vi,j +Fp,vi+1,j

), Gp,v
i+1

2 ,j
= 1

2(Gp,vi,j +Gp,vi+1,j
). Convective �ows Fc, Gc

are calculated using the linearized Godunov method as follows. The subscripts
x, y denote the di�erential operators ∂

∂x ,
∂
∂y respectively.

P
n+ 1

2

i+ 1
2
,j
=

pni,j
ρni,jc

n
i,j

+
pni+1,j

ρni+1,jc
n
i+1,j

+ uni,j − uni+1,j

1
ρni,jc

n
i,j

+ 1
ρni+1,jc

n
i+1,j

;

P
n+ 1

2

i,j+ 1
2

=

pni,j
ρni,jc

n
i,j

+
pni,j+1

ρni,j+1c
n
i,j+1

+ uni,j − uni,j+1

1
ρni,jc

n
i,j

+ 1
ρni,j+1c

n
i,j+1

;

U
n+ 1

2

i+ 1
2
,j
=

ρni,jc
n
i,ju

n
i,j + ρni+1,jc

n
i+1,ju

n
i+1,j + pni,j − pni+1,j

1
ρni,jc

n
i,j

+ 1
ρni+1,jc

n
i+1,j

;

U
n+ 1

2

i,j+ 1
2

=


uni,j , V

n+ 1
2

i,j+ 1
2

≥ 0

uni,j+1, V
n+ 1

2

i,j+ 1
2

< 0
;

V
n+ 1

2

i+ 1
2
,j
=


vni,j , U

n+ 1
2

i+ 1
2
,j
≥ 0

vni+1,j , U
n+ 1

2

i+ 1
2
,j
< 0

;
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V
n+ 1

2

i,j+ 1
2

=
ρni,jc

n
i,jv

n
i,j + ρni,j+1c

n
i,j+1v

n
i,j+1 + pni,j − pni,j+1

1
ρni,jc

n
i,j

+ 1
ρni,j+1c

n
i,j+1

;

R
n+ 1

2

i+ 1
2
,j
=


ρni,j(1−

U
n+1

2

i+1
2 ,j

−un
i,j

cni,j
), U

n+ 1
2

i+ 1
2
,j
≥ 0

ρni+1,j(1−
un
i+1,j−U

n+1
2

i+1
2 ,j

cni+1,j
), U

n+ 1
2

i+ 1
2
,j
< 0

;

R
n+ 1

2

i,j+ 1
2

=


ρni,j(1−

V
n+1

2

i,j+1
2

−vni,j

cni,j
), V

n+ 1
2

i,j+ 1
2

≥ 0

ρni,j+1(1−
vni,j+1−V

n+1
2

i,j+1
2

cni,j+1
), V

n+ 1
2

i,j+ 1
2

< 0

.

Here P,U, V,R are the �uxes of pressure, velocity and density components,
respectively. Half�integer indexes refer to �uxes on the faces of cells, integers
refer to the values in the center of the cell. These formulas are a consequence
of the constancy at the considered time step of Riemann invariants in cells
adjacent to the boundaries i+ 1

2 , j +
1
2 . This constancy is approximated by

the equalities

un
i,j +

pni,j
ρni,jc

n
i,j

= U
n+ 1

2

i+ 1
2 ,j

+
P

n+ 1
2

i+ 1
2 ,j

ρni,jc
n
i,j

;un
i+1,j +

pni+1,j

ρni+1,jc
n
i+1,j

= U
n+ 1

2

i+ 1
2 ,j

−
P

n+ 1
2

i+ 1
2 ,j

ρni+1,jc
n
i+1,j

;

vni,j +
pni,j

ρni,jc
n
i,j

= V
n+ 1

2

i,j+ 1
2

+
P

n+ 1
2

i,j+ 1
2

ρni,jc
n
i,j

; vni,j+1 +
pni,j+1

ρni,j+1c
n
i,j+1

= V
n+ 1

2

i,j+ 1
2

−
P

n+ 1
2

i,j+ 1
2

ρni,j+1c
n
i,j+1

.

which are equivalent to the above formulas.
Next, we describe the approximation of the equations to the polymer

stretching vector R. Let's write down the equations of system 1 for the
components of the polymer molecules stretching vector in a divergent form:

(
Rx

Ry

)
t

+

(
uRx

uRy

)
x

−
(
Cd

∂Rx

∂x
Cd

∂Ry

∂x

)
x

+

(
vRx

vRy

)
y

−

(
Cd

∂Rx

∂y

Cd
∂Ry

∂y

)
y

=(
2Rx ∂u

∂x +Ry ∂u
∂y +Rx ∂v

∂x − γ(R)Rx

2Ry ∂v
∂y +Ry ∂u

∂x +Rx ∂v
∂x − γ(R)Ry

)

The essence of the Kurganov-Tadmor technique is to calculate convective

�uxes on the faces of the calculated cells

(
uRx

uRy

)
,

(
vRx

vRy

)
. To approximate

the remaining terms (di�usion and source), the usual averaging is used on
the calculated grid cells faces. Let's denote the convective �ow along the axes

x, y : F =

(
uRx

uRy

)
, G =

(
vRx

vRy

)
, the vector column of unknown R =

(
Rx

Ry

)
.
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Convective �ows are calculated as follows:

Fn
i+ 1

2
,j
=

F ((R+
i+ 1

2
,j
)n) + F ((R−

i− 1
2
,j
)n)

2
−

(ax
i+ 1

2
,j
)n

2
((R+

i+ 1
2
,j
)n − (R−

i− 1
2
,j
)n);

Gn
i,j+ 1

2

=
G((R+

i,j+ 1
2

)n) +G((R−
i,j− 1

2

)n)

2
−

(ay
i,j+ 1

2

)n

2
((R+

i,j+ 1
2

)n − (R−
i,j− 1

2

)n);

(R±
i+ 1

2
,j
)n = Rn

i+1,j ∓
∆x

2
(Rx)

n
i+ 1

2
± 1

2
,j
; (R±

i,j+ 1
2

)n = Rn
i,j+1 ∓

∆y

2
(Ry)

n
i,j+ 1

2
± 1

2

;

(ax
i+ 1

2
,j
)n = max

±

∂F

∂R
((R±

i+ 1
2
,j
)n) =

∣∣∣ui+ 1
2
,j

∣∣∣ ;
(ay

i,j+ 1
2

)n = max
±

∂G

∂R
((R±

i,j+ 1
2

)n) =
∣∣∣vi,j+ 1

2

∣∣∣ ;
ui+ 1

2
,j =

1

2
(ui,j + ui+1,j); vi,j+ 1

2
=

1

2
(vi,j + vi,j+1);

(Rx)
n
i,j = minmod(θ

(Rx)
n
i,j − (Rx)

n
i−1,j

∆x
,
(Rx)

n
i+1,j − (Rx)

n
i−1,j

2∆x
,

θ
(Rx)

n
i+1,j − (Rx)

n
i,j

∆x
);

(Ry)
n
i,j = minmod(θ

(Ry)
n
i,j − (Ry)

n
i,j−1

∆y
,
(Ry)

n
i,j+1 − (Rx)

n
i,j−1

2∆y
,

θ
(Ry)

n
i,j+1 − (Ry)

n
i,j

∆y
);

θ = 1.5.

Here, half�integer indices refer to �uxes on the cell faces, integers refer to
the values in the center of the cell, u, v are the x, y components of the �ow
velocity, and a is the local velocity of disturbances propagation. To limit the
slopes of the reconstructed solution, a minmod limiter was used in the cell.

4 Numerical experiment results

Figure 1 shows the vorticity �elds of the �ow for di�erent time points t,
which allow us to trace how elastic turbulence arises and develops. The value
of the Reynolds number is Re ∼ 10−1, the Weissenberg number Wi ∼ 103.
The �ow gradually loses its laminar character and by the time t ∼ 200s it
becomes chaotic. Figures 2-3 demonstrate �ow velocity �elds with current
lines superimposed on them and patterns of the tensile modulus of polymer
molecules R =

√
(Rx)2 + (Ry)2, respectively. In Fig. 3 it can be seen that in

the chaotic mode, there are areas with large gradients of polymer molecules

stretching in the �ow ∂Ri

∂xi
≫ 1, which generate chaos.

Figure 4 shows a graph of the �ow kinetic energy E = ρV2

2 dependence
on time t. It can be seen that by the time t ∼ 200s the �ow is in a statistical
stationary state. The presence of a maximum on this graph means that the
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Fig. 1. The vorticity of the viscous polymer solution �ow
under the in�uence of an external periodic force in a periodic
cell shows the transition to a chaotic regime.

transition to the elastic turbulence mode is accompanied by a signi�cant
transfer of the �ow energy into the polymer part.

To better understand the structure of a chaotic �ow, consider its spectral
characteristics. Figure 5 shows the spectra of velocity Ev and stretching
of polymer molecules Er on a doubly logarithmic scale. The spectra were
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Fig. 2. Velocity �elds with superimposed �ow lines of a
viscous polymer solution under the in�uence of an external
periodic force in a periodic cell, a transition to a chaotic
regime is shown.

calculated as a sine-cosine expansion averaged over the angles in space kx, ky.

Ev(kx, ky, t) =

1∑
i=0

4∑
j=1

u2i(j)(kx, ky, t)+

+2
1∑

i=0

[ui(1)(kx, ky, t)ui(2)(kx, ky, t) + ui(3)(kx, ky, t)ui(4)(kx, ky, t)],

ui(1)(kx, ky, t) =
1

π

∫ 2π

0
ui(x, y, t) cos(kxx) cos(kyy)dxdy,

ui(2)(kx, ky, t) =
1

π

∫ 2π

0
ui(x, y, t) cos(kxx) sin(kyy)dxdy,

ui(3)(kx, ky, t) =
1

π

∫ 2π

0
ui(x, y, t) sin(kxx) cos(kyy)dxdy,

ui(4)(kx, ky, t) =
1

π

∫ 2π

0
ui(x, y, t) sin(kxx) sin(kyy)dxdy.
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Fig. 3. The pictures of the polymer molecules stretching
magnitude R =

√
(Rx)2 + (Ry)2 of the viscous polymer

solution �ow under the in�uence of an external periodic force
in a periodic cell. The transition to a chaotic regime is shown.

Here the index i is entered for numbering the axial components of the
velocity u, v. The wave vector k was averaged along the directions in the ring
width δ = 0.5 : E(k, t) =

∑
kx,ky :|k−

√
k2x+k2y |<δ

E(kx, ky, t). The stretching

spectrum Er(k) was calculated similarly by substitution u → Rx, v → Ry.
Due to the chaotic nature of the �ow, the spectra were additionally averaged

(smoothed) also in time E(k) = 1
T

∫ tet+T
t=tet

E(k, t)dt, tet = 200s, T = 212s,
where tet denotes the time when the chaotic regime of elastic turbulence
has already developed. Fig. 5 shows that the structure of the chaotic �ow is
such that the energy pumped by an external periodic force in the long-wave
region kf ∼ 2 is transferred to the small-scale part of the �ow (generation of
a small-scale chaotic structure) through an inertial subrange characterized
by a power slope ∼ −3. The presence of a "shelf"in the spectra in the region
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Fig. 4. Graph of the kinetic energy dependence of the �ow

E = ρV2

2 on time t.

k ∼ 102, which may be caused by the presence of compressibility in the
system of model equations 1, requires a separate study.

Fig. 5. Velocity spectra Ev averaged over the angles of the
wave vector k and time T = 212s (left) and stretching of
polymer molecules Er (right).
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5 Conclusion

The paper describes a hybrid numerical method of the Godunov type,
designed to approximate the model equations of the �ow of a weakly compres-
sible viscous polymer solution. The model qualitatively demonstrates the
emergence and development of an elastic turbulence regime � a chaotic �ow
of a medium containing a polymer component. Using the example of the �ow
of a viscous weakly compressible polymer solution in a periodic square cell
pumped by an external force, a �ow with a low Reynolds number Re ∼ 10−1

and a high Weissenberg number Wi ∼ 103 is studied. Using the developed
numerical technique, model parameters and initial conditions under which
elastic turbulence occurs were selected. Elastic instabilities arise from areas
of strong stretching of polymer molecules, the development of instabilities
of this type leads to the emergence of an elastic turbulence regime. The
parameter characterizing the stability of polymer solution �ows is the ratio
between inertial forces characterized by the Reynolds number Re and elastic
forces characterized by the Weissenberg number Wi. The smaller the inertia
forces (Re ≪ 1) and the greater the e�ect of elastic forces/ones on the �ow
(Wi > 1), the more unstable the �ow of a viscous polymer solution [1].

The numerical technique developed to study the elastic instability of �ows
of viscous weakly compressible polymer solutions is a hybrid method of the
second order accuracy approximating the equations of dynamics of a polymer
solution 1. The hydrodynamic part of the system 1 is the Navier�Stokes
equations, approximated by the two-dimensional linearized Godunov method
[6], the polymer part is approximated by the Kurganov-Tadmor method
[7]. The Godunov scheme makes it possible to improve the stability of the
account due to the ability to perform calculations in areas of high gradients
of hydrodynamic parameters.

In the spectral characteristics of the �ow � the velocity spectrum Ev, there
is an inertial range of the energy cascade with an indicator ∼ −3.3. For
the stretching spectrum of polymer molecules Er, this indicator practically
coincides with the indicator for Ev ∼ −3.
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