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ON INCREASING THE ACCURACY OF THE
GODUNOV SCHEME FOR GAS-DYNAMIC AND
ELASTOPLASTIC FLOWS

M.KH. ABUZIAROV'® A.V. KOCHETKOV

Dedicated to the memory of Sergey Godunov

Abstract: The contribution of Sergei Konstantinovich Godunov
to the development of numerical methods is difficult to overestimate.
One of the authors, Abuziarov M.H., participated in the work
of the international symposium "The Godunov Method in Gas
Dynamics"at the University of Michigan (An Arbor USA) in May
1997, organized by NASA USA in honor of Godunov. At this
symposium, Sergei Konstantinovich was presented as the most
outstanding applied mathematician of the 20th century, and a
special tour of NASA laboratories in the USA was organized for
him. The scheme originally proposed by Godunov for solving the
equations of gas dynamics has also found wide application for
solving elastic-plastic problems of continuum mechanics. This fini-
te-volume flow scheme of the predictor-corrector type is based on
solving the Riemann problem at the predictor step at the cell
boundaries under the assumption of a piece-wise constant distribu-
tion of parameters in these cells. The main advantages of the
scheme, such as monotonicity, the possibility of identifying impact
and contact discontinuities, the use of Lagrangian and Eulerian
approaches, and the simplicity of implementing boundary conditi-
ons are the consequences of solving this problem. At the same
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time, solving the Riemann problem using a piecewise constant
distribution of parameters in cells is the source of the main disad-
vantage of the scheme - significant scheme viscosity, while the
corrector step of the scheme is sufficient for the second-order of
approximation. In this paper, the authors proceed from the linear
distribution of flow parameters between the centers of neighboring
cells, and from the analysis of the differential approximation of the
scheme, by the appropriate choice of these parameters for solving
the Riemann problem, they increase the order of approximation of
the scheme to the second in the region of smooth solutions while
maintaining monotonicity on discontinuous ones. The appropriate
choice of these parameters increases the order of approximation of
the scheme to the second in space and time on a moving non-
uniform grid for both the Lagrangian and Eulerian cases on a
compact stencil, for both gas-dynamic and elastic-plastic flows.
Monotonicity near discontinuous solutions is ensured by switching
to the predictor step of the first-order accuracy scheme. The coor-
dinates of the interpolation points of the flow parameters have
an obvious physical meaning - these are the boundaries of the
dependence region of the Riemann problem solution for the moving
coordinate of the face center at half the time integration step. This
scheme modification is practically the same for both gas-dynamic
and elastic-plastic flows. In contrast to gas-dynamic problems,
for elastic-plastic flows, the corresponding Riemann invariants are
interpolated at the boundaries of the dependence regions. The
quality of the scheme is illustrated by test problems.

Keywords: Godunov scheme, high accuracy, differential approxi-
mation, three-dimensionality, gas dynamics, elastic-plastic flows,
finite volume method.

1 INTRODUCTION

A difference scheme based on the exact solution of the Riemann problem
(RP) was proposed by S.K. Godunov [1], [2] for the numerical solution of
multidimensional gas-fluid dynamics problems (CFD). It became the basis
for creating of a whole family of schemes called as finite volume methods
(FVM), including those for modeling nonlinear elastic-plastic processes in
continuum mechanics (computational solid dynamics - CSD). These methods
are based on the use of the RP solution, which determines the main advanta-
ges of this class of schemes: the ability to isolate and track shock waves
and contact discontinuities, the use of Lagrangian and Eulerian variables,
and monotonicity without introducing artificial viscosity. The solution of
the same RP, when using piecewise constant parameter values in adjacent
cells, is also the cause of the main drawback of the original Godunov scheme -
significant scheme viscosity. Accordingly, the aim of numerous modifications
of the Godunov scheme [3]-[10] and others was to reduce this viscosity. Since
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the corrector step of the Godunov scheme is sufficient for the second-order
of approximation, the predictor step was modified — the initial data for the
RP solution were changed. Several variants were also proposed where the
corrector step was additionally corrected, for example, the work [9]. The
Godunov scheme assumes a piecewise constant distribution of parameters in
the cells, and the calculation of the RP is performed at the boundary between
these discontinuous parameters. Almost all modifications of the Godunov
scheme also assume a discontinuity at the boundary between the cells, only
the values of the parameters to the left and right of the discontinuity change,
determined by different laws of parameter distribution inside the cells (linear
[3], [4], parabolic [6]). It is assumed that the discontinuity of the parameters
is at this boundary and a one-dimensional RP solution is used. Accordingly,
as a consequence: 1-the difference stencil increases from the original Godunov
scheme 3x3x3 to bxbxb, which complicates the algorithm, especially in the
case of unstructured grids, and leads to the loss of the hyperbolicity property
of the difference equations; 2-the problem of constructing a spatial distribu-
tion in cells in 2D and 3D cases arises; the stability conditions become more
stringent; different algorithms are required for sub- and supersonic flows, as
well as for Lagrangian and Eulerian variables. In this paper, an approach is
proposed for constructing Godunov-type difference schemes (development of
[10]-[12]) based on the analysis of the parametric differential approximation
of the scheme for linearized equations, which makes it possible to obtain
parameters for solving RP, providing the possibility of introducing adjustable
scheme viscosity with the possibility of continuous transition from a scheme
with zero viscosity (second-order) to a Godunov scheme of the first-order
of accuracy. A linear distribution of flow parameters between the centers
of neighboring cells is assumed, and the choice of these parameters for
solving RP, provides the second-order of approximation in the region of
smooth solutions and monotonicity on discontinuous ones. To implement
this approach, a parametric expression for the first differential approximation
for linearized equations for non-uniform difference grids is obtained, where
the coordinates of the interpolation points of the flow parameters vary. The
choice of the appropriate coordinates of these points makes it possible to
regulate the viscosity of the scheme for linearized equations; in fact, the
dependence of the RP solution on time and space is introduced. The RP
solution obtained in this way increases the order of approximation of the
scheme on a compact 3x3x3 template to the second in space and time
on orthogonal non-uniform moving grids for 3D linearized equations. This
approach has an obvious physical meaning - convergence of the influence
areas of the difference and differential problems. In this case, only the predic-
tor step of the scheme is changed.
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2 SYSTEM OF EQUATIONS FOR NUMERICAL
MODELING OF GAS-DYNAMIC AND
ELASTOPLASTIC FLOWS

For modeling, integral equations are used in the form of the laws of
conservation of mass, momentum, and energy for an arbitrary moving volume,
describing the deformation of a continuous medium in the approximation of
a compressible elastic-plastic solid model [13], [14]. These equations can be
used to describe both smooth and discontinuous solutions. In a Cartesian
coordinate system, the corresponding differential equations have the following
form [14]:

pt+ (pPU;) z; =0
(pui) ¢ + (puivj — 0i5) 2; =0
€t + (6Uj — uiO'Z'j)ﬂ;]. =0
DSZ‘j/Dt + AiSij = 2pue;;
e =e(p,p), (1.5

Where ¢t is time, x;,¢ = 1,2,3 are the spatial Eulerian coordinates, wu;
are the components of the velocity vector along the axes x; respectively,
p is the density, e = p(e + u;u;/2) is the total energy per unit volume, &
is the internal energy of a unit mass given by the equation of state (1.5),
0;; is the stress tensor, which is represented as spherical and deviatoric parts
oij = —pdij+Sij,p = —04i/3, eij is the strain rate tensor deviator e;; = g5 —
1/3ekk0i;, where €55 = (u;j +u;;)/2, and the indices after the decimal point
refer to the corresponding differentiation (in the time or the corresponding
direction), 6;; is the Kronecker symbol. The symbol D/Dt indicates the
Jaumann derivative, taking into account the stress tensor rotation in Eulerian
variables (hypoelastic model). DS;; /Dt = Si; 1 +uy0S;;0x1, — Sirwir — SjkWik,
where w;; = (u;; —u;;)/2, and p is the material’s shear modulus. The von
Mises yield condition is used as a criterion for the transition from an elastic
to a plastic state S;;5;; = 2/30%, and og is the yield stress in the uniaxial
tension. The parameter A must remain positive during plastic deformation
when the von Mises yield condition is satisfied \; = 3/2SijS,-j/a§. Plastic
flow is described by maintaining the value of the deviator on the yield surface
[13]. In the absence of shear stresses, system (1.1)-(1.5) obviously transforms
into the Euler equations of motion of an ideal compressible liquid or gas.

3 MODIFICATION OF THE RIEMANN PROBLEM FOR
LINEARIZED EQUATIONS BASED ON THE
ANALYSIS OF DIFFERENTIAL APPROXIMATION

3.1. The Riemann problem for the Godunov scheme of increased
accuracy for one-dimensional Euler equations.

Let’s denote the components of the velocity vector along the axes asin 2],
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is the sound speed. After linearization near the vector for the one-dimensional
case, we have [2]:

Ut + UQUy —i—p;p/po =0 (2.1)
Pt + 0Pz + pochuz =0 (2.2)
dp/dt = dp/dt/ck (2.3)

For subsequent obtaining and analysis of the parametric differential ap-
proximation, it is sufficient to consider equations (2.1), (2.2). The goal is
to introduce into the Godunov scheme for equations (2.1) and (2.2) at the
predictor stage an explicit dependence on the choice of flow parameters used
to solve RP, to construct the first differential approximation of this scheme
depending on these parameters and to modify it to obtain the required
approximation. Let’s assume a linear distribution of flow parameters between
the cell centers and the absence of a discontinuity at the cell boundary. From
here on, parameters with integer index values will be related to the cell
centers, the integer index at the bottom will mean the parameter value on the
lower time layer, at the top - accordingly on the upper time layer, half-integer
indices will refer to the coordinates of the cell boundaries and the “breakup”
(at the intermediate time layer) values of the parameters at these boundaries.
In Cartesian coordinates for a cell centered at the point (z;,y;, 2x) and with
boundaries along the axis = (z;_1/2,Yj, 2k); (Tit1/2, Y5, 2x) for the time layer
t, this will be the following distribution of flow parameters U, where U
denotes parameters (p, p, u, v, w).

Atz <z <
Uz, yj,21) = Ulwi1,yj, 26) + (U(zi, 95, 21) — Ul@io1, 95, 2))/(2; — zi—1)(z — z;—1) and

at 3 < v < x4

U@, y5, %) = Ui, 5, 2) + (U (@ir1, 95, 26) — Ui, 5, 2)) /(@i — 22) (@ — ), (fig.1)
Grid step along the axis  h; = x;;1/7 — x;_1/2. The same applies to the
directions y,z.  We will solve the Riemann problem for a cell-centered
at a point (x;,yj;, 21) at the border (z;_1/9,%;,2x) between the parameters
Uz} |,y;,2k) and U(x; ,yj, 2) , and at the border (Tit1/2,Yj, 2k) between
the parameters U(z],y;, 2) and U(z;,1,Yj> 2k)- The coordinates of the
points (27 1, y;, 2k), (z; , yj, 2x) and (a:j, Yj> 2k), (Ti4 1, Y5, 2) will be changed.
Similarly for other faces, the goal is to obtain a differential approximation
depending on these coordinates.

For 1D equations (2.1) and (2.2) Godunov’s scheme looks like this

(Ui —ug) /At + UO(U1+1/2 - Uif1/2)/A:E + (pi+1/2 —pz‘fl/z)/ﬂo/AfC =0

(P’ — pi)/ At + uo(Pit1/2 — Pic1/2)/ Az + POC(%(UH-I/Z —ui_12)/Az =0
For the first-order scheme (definition of the values u;_1/2, Pi—1/2, Uit1/2;
pi+1/2) RP is solved for the parameters at the cell centers, and its solution
for the subsonic case has the fol-lowing form [2]:
U192 = (Wi—1 +ui)/2 + (pic1 — pi)/(2poco);

pi—1/2 = (Pi-1 + i) /2 + poco(ui-1 — u;)/2;
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Fic 1. linear distribution of flow parameters between the
centers of adjacent cells.

Uiy1/2 = (Wi +uiv1)/2 + (pi — piv1)/(2poco);
Pit1/2 = (Pi + pis1)/2 + poco(wi — wit1)/2;

For the supersonic case, these relations are given in [2].

For the high-precision scheme, the parameters for the RP solution are

determined at the points xj_l, x;, mj, x;_; by linear interpolation from the

cell centers (here and below mj_l, x; coordinates relative to the boundary
+

7

Ti_1/2, and x?,xiﬂ relative to the boundary z; /s, u;-tl,ui_,pffl,pi_,u
Uiy pj,pi_ 11 (respectively, the values at these points), and the solution to
this problem, regardless of the flow regime, has the following form (Fig. 1):

Ui—1/2 = (w1 +u;)/2+ (- — p;)/(2poco);
Pi—1/2 = (p;_—l +p;)/2+ POCO(UTA —uy; )/2;
wivryo = (uf +ui1)/2+ (0 — piia)/(2p0c0);

Piv1/2 = (07 +piy1)/2 4 poco(uy —uiy)/2;
For this solution, we obtain the following first differential approximation (the
derivation is given in [14]):

Uy + ugly Aq erz/poBl = 711,11142/2 — pmx/(pOCO)BQ/Q + 5(h12, At27 Athz)
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Pi + UoPe AL + pocousB1 = —prsAa/2 — pocotizeBa/2 + o(h3, At? Ath;)
A = (szr +x,0 - x:r—l — T, 1+ CO/UO(%+ — T X — mj—l))/(th)

By = (¢} +a, —xf ) — x| +uo/cola] —x g +x; —xly))/(2h:)

Az = At(c§+ug) +uo/ (2h) ((himy +he) () +a7) + (hi +hi ) (2] +274)) /24
+ co/ (2hi) ((hicy + ha) (2 — 7)) + (hi + hag1) (2] — 2774))/2 (2.4)

By = 2ugcoAt + ug/(2hi)((hi—y + ha) (i) — 277) + (hi + hia) (2] —23,))/2+
+ co/(2hi) ((hiey + ha) () 4+ 27) + (hi + hag1) (2] +277,))/2 (2.5)

where At = tn11 — tn; hi = Tiy172 — Ti1/25 i1 = 172 — Ti—3)2; hit1 =
Tiy3/2 —Tiy1/2- For the first- order Godunov scheme [2] these coefficients are
Ay =1; By = 1; Ay = At(c2 +ud) — hico; B2 = 2Atugcy — hiug. It is obvious
that the second-order for this scheme is possible only if ug = 0, Atcy =
h; (acoustics, the Courant number is 1). The modified scheme at A; = 1;
By =1 (z;, =afm; = T, ;) approximates the linearized equations with
the first-order of accuracy. That is, for the first-order of approximation, the
left interpolation points = |, z;7 (x| to the left of the boundary T;_q1/2 and
l‘j_ to the left of the boundary x;4,/5) must be at the same distance from
the corresponding boundaries. Similarly, the same distances for the right
x; ,x; . Obviously, this condition will not be satisfied for the first-order
Godunov scheme on a non-uniform grid, and it will not even have a first-order
approximation on such a grid. In order to develop the modified scheme with
a second-order approximation, it is necessary to add the following conditions:
Ag = 0; By = 0. Accordingly, equations (2.4) and (2.5) yield:

wf ) = (At(—ug—co) /24 (hix1—hi—1)/8) /(14 (hiy1+hio1 —2h;) /(4hi)); 2 = a7,

vy = (At(~uo+co)/2+(hit1—hi—1)/8)/(1+(hiy1+hi—1—2h;)/(4h;)); 2 = 5‘('1‘_ )
2.6

Formulas (2.6) define the coordinates of the interpolation points. The
interpolation of the parameters from the cell centers to these points with
subsequent calculation in the standard RP manner provides the second-order
approximation of the 1D linearized Euler equations. In this case, the densities
at these points are determined from equation (2.3). The RP solution for these
parameters will depend on the integration step over time and the difference
grid. For a uniform grid or a grid changing according to the law of arithmetic
progression with a step h; — hj—1 = hjx1 — h; = A, we get the following:

vy = (At(~ug—co)/2+A/4) 0] = 507 = (At(—uoteo) /2+A/4); 27, = 2]

(2.7)
These coordinates have an obvious physical meaning. They limit the domain of
influence on the RP solution for the face of the integrated cell at the time instant
At/2, i.e. at At/2 when the flows through the corresponding face are determined
from the RP solution, disturbances can only be from the domain limited by the
extreme characteristics arriving at this face. The size of the domain of influence for
all cases is cgAt/2 and coincides with the domain of influence of the differential
problem. Figure 2 shows a geometric interpretation of (2.7) for the cell face z;_1 /o
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(special cases): l-acoustic case - the domain of influence oAt and, accordingly,
the interpolation points are symmetrical with respect to the boundary; 2- subsonic
case, upstream displacement of coAt; 3- supersonic case, upstream displacement by
one cell of ¢cyAt; 4- non-uniform grid, displacement of cyAt toward a larger cell; 5-
moving edge with velocity W, the interpolation points and the domain of influence
coAt are determined with respect to the position of the face at the moment coAt/2.
In the first-order accuracy scheme, this domain of influence does not depend on time
and is equal to the cell size h; > coAt .

3.2. Modification of the Riemann problem for three-dimensional linea-
rized Euler equations.

In the Godunov scheme [2] for 2D and 3D cases, splitting by spatial variables is
used. For each face in the normal direction, a one-dimensional Riemann problem
is solved for pressures, densities, and velocities normal to the face. The tangential
velocity components are selected from the centers of the corresponding donor cells.
The use of an algorithm that increases the accuracy of the scheme to the second-
order in the one-dimensional case is insufficient for 2D and 3D. From the analysis of
the parametric equations obtained for the spatial equations, an additional correction
is needed before solving the RP to increase the accuracy in space and time. Before
interpolation, it is necessary to additionally take into account the influence of the
tangential (y and z) components of the equations on the interpolated parameters,
including the y and z components of the velocities. In what follows, the RP solution
for CFD will be called the solution with y and z components of the velocities. Let’s
denote these refined parameters by symbols with asterisks U* = (p*, p*, u*, v*, w*) .
For the Riemann problem at the boundary i —1/2, 5, k (the cell 4, j, k is integrated),
these refined parameters are pf_;,u}_;,v; 1, w}_;,p;, ul,vf, w where
up = uy — At/2(vouy + wous);

P; = p1 — At/2(vouy + wop= + pocy(vy + w2));
v =1 — At/2(vovy + wov: + py/po);
w; = w1 — At/2(vowy + wow, + pz/po) (2.8)

Similarly, the refined parameters p;_,,u;_;,v;_;,w; ; for the cell ¢ — 1,5,k are
determined. The derivatives with respect to y and z on the right-hand sides of
(2.8) for the cells ¢ — 1,7,k and i,j,k are calculated with the second-order of
accuracy (by three points). For the y-axis, these are cells centered at the points
(i, —1,k), (4,4, k), (i,7+1,k), and for the z-axis respectively (i, 5,k —1), (i, 7, k1),
(4,7, k+1). Next, we perform interpolation of values p*(x;—1, y;, 2k), v*(Zi—1,Y;, 2k),
p*(zi,Yj, 2k), w* (i, yj, 21) at the points ;" | and x; . The densities at these points
are determined from equation (2.3). Next, for these parameters, the one-dimensional
Riemann problem is solved [2], from which we obtain p;_1 /2 j xs%i—1/2,5.kPi—1/2,5,k-
The tangential components of the velocities are determined as follows:

Vi—1/2,5,k = (U:—l,j,k + U;j,k)/2 - uOAt/Q(U;j,k - U?—l,j,k)/hw

w125k = (Wi_q j w5 5) /2 = wolAt/2(w; ;) —wi_y )/ ha
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In fact, they are determined from a solution of the transport equations in the x
direction for the equations of motion in the y and z directions (interpolation to a
point with coordinates ;1 /5 j  —uoAt/2) taking into account the influence of the
gradients in the x and y directions. The parameters obtained in this way are used
in further calculation of flows and integration according to the standard Godunov
scheme and provide an approximation of 3D linearized equations with the second-
order of accuracy in space and time. This approach is valid for both subsonic and
supersonic flow regimes.

3.3. Modification of the Riemann problem for a deformable solid.

To simulate the dynamics of a compressible elastic-plastic medium, the method
of splitting elastic-plastic equations proposed by V.N. Kukudzhanov [14] is used.
This method allows to significantly simplify the process of calculating elastic-
plastic flows and reduces the calculation of plastic behavior to the correction of
the elastic solution while maintaining the second- order of approximation. Within
the framework of the Godunov scheme, this means that it is sufficient to integrate
the elastic equations - the elastic Riemann problem is solved, the calculation and
integration of elastic flows and components of the stress tensor deviator with subse-
quent correction of elastic stresses at the corrector stage depending on the plasticity
model are used [14]. For the case of ideal plasticity, the correction of the elastic
solution coincides with that proposed by Wilkins [16] S;; = S;;/v/ A, where A\, =
3/25;;Si;/c%. The system of equations (1.1)-(1.5) for elastic case ( Ax = 0 )
in expanded form is given in the authors’ work in [17]. To solve the equations
of the dynamics of an elastic-plastic medium according to the Godunov scheme,
the Riemann problem solution in the elastic approximation is used. Let’s denote
2 = (0p/0p)s; [ = 1/(p(0e/p),). After linearization of the energy equation,
the linearized system of equations can be rewritten in the form of 11 transport
equations [14],[17], using the Riemann invariants R;, which remain constant on the
corresponding characteristic ¢;, where

a=utae=u—age=utfictd=u—PFyc=utfic=u—p;

C7 = C8 = Cg = C10 = C11 = U;

a® = P+(4/3u—f511)/p, B2 = \/(u +3/4811)/p - 0.5\/(0.25(822 — S33)2 4 53;)/p?

Ps = \/(u +3/4511)/p + 0.5\/(0-25(522 = S33)% + 533)/ p*

The relationships on these characteristics are given in [14], [17]. For the
first-order scheme, in the zone where the solution is sought (where the
corresponding cell face is located), the corresponding invariants are determi-
ned and the parameters P, Ul.Uu2,uU3,p, 511, SQQ, 533, 512, 513, 823 needed to
calculate the flows are determined from them. To obtain a second-order
approximation scheme, it is also necessary to interpolate the parameters, in
this case the invariants. The parameters U(p, u.usz,us, p, S11, S22, S33, S12,
S13, S23) at the cell centers before calculating the invariants must be additio-
nally corrected for the time layer At/2 | taking into account the influence
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x, =05*At*(w—u—a);x, =0.5% At*(w—u—f, );x; =05* At*(w—u-3,);
x,=05*At*¥*(w—u+a)x, =05%At*(w—u+ ,[)’_1,);.\'<s =05*%At*(w—u+f.);

=x,, =X, =05 At*(w—u);

A\ 4

X, =X =X
Fic 3. Coordinates of the interpolation points of the
Riemann invariants for the second-order approximation
scheme for an elastic system.

of the tangential (y and z) components of the equations, similar to the
case for the Euler equations; the derivatives with respect to y and z in
the right-hand sides for cells ¢ — 1,4,k and 4, j, k are calculated with the
second-order of accuracy (over three points). For example, for the equation
of motion of an elastic-plastic flow for the face i — 1/2,j, k(the cell 4,7,k
is integrated), this correction will have the following form (the notations
for the velocities are taken as in the formulas for the Euler equations)
ui = ui—1 = At/2(vouy + wou, — Si2y/p — Si32/p). Let’s denote the
invariants determined by these refined parameters U also by symbols with
asterisks Ry ,n = 1,..,11. The coordinates of the interpolation points are
defined as the boundaries of the regions of influence of the corresponding
invariants on the position of the face at the moment of time At/2, where W
the velocity of the face (indicated by the dotted line in Fig. 3), as follows:

=05z +2;) + (W —cp)At/2,n=1,..,11 (2.9)

Let’s denote the points for interpolation as , and the invariants that are
interpolated at these points with index “m”, respectively:

an = RZ’i_l + (R;kl’l — R:’i_l)/(l’i — ‘”L‘ifl)(l’n — l‘ifl),n = 1, . 11

The flow parameters obtained from these invariants provide a second-
order approximation of the scheme for the linearized equations. As a
result, the approach providing the second-order of approximation of the
linearized equations (1.1)-(1.5) in space and time consists of the following
three steps (the boundary ¢ — 1/2, j, k separating the cell (i — 1, 7, k) and the
cell (i,7,k). The first step is the determination of the interpolation points
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:Ef_l and x:r for the Euler equations and the points z,,n = 1,..,11 for

the elastic-plastic flow, respectively, according to formulas (2.7) and (2.9).
The second step is the correction of the parameters U(z;—1,y;,2;) and
U(xi,yj, z1) at the cell centers taking into account the tangential (y and z)
gradients at time At/2 (definition of U*(x;—1,y;, 2z,) and U*(x;,y;, 2,) and
calculation of R:’i_l, Ry',m=1,..,11. The third step is the interpolation for
the Euler equations of values U*(z;—1, y;, 2x) and U*(z;, y;, 2) at points :c;r_l
and z;” and RP for U*(z] |,y;,2x) and U*(x; ,yj, 2) with the appropriate
choice of U(x;_1 2, ¥j, zk)- For elastic-plastic flows, this is the interpolation of

Ry RE into points z,,m = 1, .., 11 and the definition of U(Ti—1/2:Yj» 2k)
from invariants R]',n = 1,..,11 and from the corresponding material cons-
tants and flow parameters interpolated to the point 7 = (x;—14z;)/2+(W —
c7)At/2 [17]. The corrector step of the modified scheme (flow calculation
and integration) coincides with the first-order scheme for 3D equations. For
elastic-plastic flows, the stress tensor correction is performed in accordance
with [14].

3.4. Generalization to the nonlinear case, stability, implementation
of boundary conditions with increased accuracy.

For generalization to the nonlinear case, the following approach is used.
The linearization parameters should be chosen individually for each cell. For
CFD we additionally consider the mass conservation equation with interpola-
tion of densities similar to pressures. When determining the interpolation
points, the influence of the gradients of sound and transport velocities, as well
as the influence of the tangential gradients of the flow parameters, are taken
into account, i.e., the coordinates of the interpolation points are determined
after taking these gradients into account at At¢/2. For the stability of the
modified scheme for 3D equations, the same criteria can be used as for the
first-order 3D scheme. Analysis of the second-order 3D scheme for linearized
equations shows that this modification is more stable than the first-order
scheme. The stability criteria coincide with the Lax-Wendroff scheme. That
is, for the 2D case on square grids the step will be in /2, and for 3D
on cubic grids it will be v/3 times larger than the step of the first-order
scheme. Greater stability is achieved due to a more accurate approximation
of the tangent components. Due to the compactness of the template, this
modification also allows for an effective increase in accuracy when implemen-
ting various types of boundary conditions and contact interactions, in parti-
cular, when solving problems of interaction between gas-liquid media and
elastic-plastic structures [18]. In this case, to solve RP at the boundary, the
flow parameters for the Euler equations or the Riemann invariants for elastic-
plastic bodies are extrapolated from the boundary cells to the corresponding
points (boundaries of the influence regions).
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3.5. Monotony, adjustable viscosity of the scheme.

In the area of discontinuous solutions, this modification has the disadvan-
tages inherent in second-order approximation schemes - it is non-monotone.
One of the advantages of this modification is the existence of an algorithm
for eliminating the disadvantages in the area of discontinuous solutions by
switching to the RP solution for the Godunov scheme of the first- order
of accuracy. The problem is how to localize these discontinuous areas. One
of the options for gas dynamics is to switch to the first-order RP in the
compression region and this region is determined by comparing the pressure
from the acoustic decay with the pressure in the lower time layer [10]. In
this case, a significant viscosity is introduced into the scheme in the area of
monotonic compression. Another method has also been tested - with a lower
viscosity. In [12], a quadratic spline applied to pressure and density was used
to determine a criterion for switching to the first-order RP. With a monotonic
discrete solution, the spline constructed on this solution can already be
non-monotonic, and the non-monotonicity of the spline is the criterion for
switching to the RP of the first-order accuracy scheme. For example, when
calculating the RP at an edge x;_; /5, a left quadratic spline is constructed
in pressures p;_2, p;—1, p; and a right one in pressures p;_1, p;, pi+1. If the left
spline has an extremum, and this extremum is located between the centers of
cells with the coordinates x;_s and z;, or the right spline has an extremum
located between the centers of cells with the coordinates x;—1 and ;1
then the parameters from the cell centers are taken to solve RP. For elastic-
plastic flows, in contrast to gas dynamics problems, where it is necessary
to analyze pressure and density fields, to obtain monotonic solutions, it
is sufficient to analyze the normal stress field [13]. From the analysis of
the parametric differential approximation, it follows that it is possible to
regulate the scheme viscosity of the resulting 3D scheme due to the modified
3D Riemann problem from a second-order scheme with zero viscosity to the
viscosity of the Godunov scheme. By combining the viscosity terms due to the
interpolation points and the viscosity from the tangential spatial corrections,
one can obtain volume and shear viscosity terms for the linearized equations
that are equal to the physical values.

4 TEST EXAMPLES

4.1. Interaction of two shock waves (Woodward test).

A collision of two strong shock waves is simulated [19]. The calculation
was per-formed using uniform Eulerian grids. The computational domain
is bounded by rigid walls, the initial parameters at z < 0.1p = 1000, at
0.1 <z < 09p = 0.01, at > 0.9p = 100, the density, velocity and
adiabatic index are the same for the entire domain: p = 1,u = 0,7 = 1.4.
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FiG 4. Deunsity distributions, t=0.026, grids 200, 48000 and
1200, 48000 on the right.

The calculation was performed up to time t=0.038. At this time instant,
a rather complex picture of the distribution of gas-dynamic parameters is
formed, which is widely used to check the quality of schemes. Figures 4,
5, 6 show the density distributions along the x axis at times 0.026, 0.030
and 0.038, respectively, for grids 200 and 1200 (left) and 1200 and 48000
(right) ac-cording to the modified scheme. The results for 48000 cells are
close to the solution [19]. The results for 1200 cells are marked with crosses
and are close to the calculations for 48000 cells (squares). In this figure,
each symbol (cross, square, circle) corresponds to one calculation cell. At
the time 0.028, when the waves collide, the maximum pressure of 1020.9 and
the maximum density of 28.5 are observed at the coordinate x=0.6941. The
solution obtained by the modified scheme demonstrates good resolution in
the region of contact discontinuities on the Eulerian grids. The region of
smearing of contact discontinuities for the used grids is no more than three
cells.

4.2. Forced elastic vibrations of a clamped plate.

A two-dimensional problem of deformation of an elastic plate OABC with
a thickness of 5 cm and a length of 50 cm under the action of a suddenly
applied load is considered (Fig. 7). The density of the material is 7.88 g/cm3,
the bulk modulus is 166 GPa, the shear modulus is 81.4 GPa. At t> 0,
a constant pressure P — 1 MPa acts at the boundary AB, P — 0.1 MPa
at the boundary BSO. The velocities at the boundary OA are u = 0 and
w = 0, respectively, along the x and z axes (rigid fixation conditions).
Figure 8 shows the results of calculations carried out using the Godunov
scheme of the first and second-orders of accuracy with a safety factor for the
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Fic 5. Density distributions, t=0.030, grids 200, 1200 and
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FiG 6. Density distributions, t=0.038, grids 200, 1200 and
1200, 48000 on the right.

integration step of K = 0.5. Numbers 1, 2, 3 mark the beam velocity time
histories along the z axis at point B using the first-order scheme versus time
for the 50x5, 100x10, and 200x20 computational grids, respectively, which
required 50, 100, and 200 thousand computational steps. Numbers 4 and
5 mark the solution for 50x5 discretization using the second-order scheme.
Number 4 marks the solution without refinement of parameters in the RP
solution (invariants for RP are taken from the center of the boundary cell)
at the boundary, Number 5 is the solution with refinement (the invariants
are extrapolated from the boundary and preboundary cells). The first-order
scheme yields a strongly damped solution. In the modified scheme, the refined
implementation of the boundary conditions significantly improves the quality
of the numerical solution; these results are virtually independent of the
Courant number. Solution 5 virtually coincides with the solution using LS



ON INCREASING THE ACCURACY OF THE GODUNOV SCHEME B27

c

b

I

O

AAHATLARTR TR RSN RS-

w, mfc
0,50
0,40
0,30
0,20
0,10

0,00

0,10

-0,20

-0,30
0,40

-0,50

DYNA in the ANSYS soft-ware suite.

(@]
<

FiG 7. The problem statement.

=
7),
|

d,hﬁ

10

20
t, mc

Fic 8. Vertical velocities time histories at point B.

Based on the proposed methodology
and multigrid algorithms, an effective software package has been developed
for solving three-dimensional dynamic problems of interaction of gas-liquid
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media with elastic-plastic solids. Different problems of explosive and impact
interaction of structural elements with compressible media were solved [14],
[15], [17], [18], [20].

5 CONCLUSIONS

A parametric differential approximation for the linearized spatial Fuler
equations and the equations of dynamics of elastoplastic media is constructed
as applied to the Godunov scheme. Based on the analysis of this differential
approximation, a 3D difference scheme is proposed that has the second-order
of accuracy in space and time on smooth solutions and monotonic behavior
on discontinuities on a compact template for gas-dynamic and elasto-plastic
flows in Eulerian variables. The accuracy is increased by modifying only the
predictor step of the first-order scheme. The resulting modification of the
scheme has an obvious phys-ical meaning - it brings together the areas of
influence of the differential and difference problems. The main advantage of
the modified scheme for CSD, which has the second-order of approximation
in time and space for elastoplastic flows in Eulerian variables, is the use of
only an elastic solution to the Riemann problem at the predictor stage, which
significantly simplifies the solution of elastoplastic problems. The compact
template of this modification simplifies the implementation of boundary
conditions and allows increasing the accuracy at the boundary to the second-
order of approximation, which is especially important for CSD. The imple-
mentation of this modification, unified for gas-liquid and elastic-plastic media,
into existing software packages based on Godunov-type schemes, does not
require significant software changes and allows solving different three-dimen-
sional dynamic problems of interaction of gas-liquid media with elastic-
plastic solids within the framework of one method.

References

[1] S.K. Godunov, A difference method for numerical calculation of discontinuous
solutions of the equations of hydrodynamics, Mat. Sb., N. Ser., 47 (1959) 271-306.
Zbl 0171.46204

[2] S.K. Godunov, A.V. Zabrodin, M.YA. Ivanov, et al., Numerical solution of
multidimensional problems of gas dynamics, Nauka, Moscow, 1976. MR0468609

[3] V.P. Kolgan, Application of the principle of minimizing the derivative to the
construction of finite-difference schemes for computing discontinuous solutions of gas
dynamics, J. Comput. Phys., 230:7 (2011), 2384-2390. Zbl 1316.76063

[4] B. van Leer, Towards the ultimate conservative difference scheme. V. A second-order
sequel to Godunov’s method, J. Comput. Phys., 32 (1979), 101-136. Zbl 1364.65223

[6] V.I. Kopchénov, A.N. Kraiko, A monotone second order difference scheme for
hyperbolic systems with two independent variables, Zh. Vychisl. Mat. Mat. Fiz., 23:4
(1983), 848-859. Zbl 0538.65052

[6] P. Colella, P. Woodward, The piecewise parabolic method (PPM) for gas-dynamical
sitmulations, J. Comp. Phys., 54 (1984), 174-201. Zbl 0531.76082



ON INCREASING THE ACCURACY OF THE GODUNOV SCHEME B29

[7] G. Miller, P. Colella, A high-order Eulerian Godunov method for elastic—plastic flow
in solids, J. Comput. Phys. 167:1 (2001), 131-176. Zbl 0997.74078

[8] A.N. Kraiko, N.I. Tillyaeva, S.A. Shcherbakov , Comparison of the integral
characteristics and shape of the profiled contours of Laval nozzles with "smooth"and
"sudden "constriction, Izv. AN SSSR. MZhG. 1986:4 (1986), 129-137.

[9] N.Ya. Moiseev, About one way to increase the accuracy of solutions in difference
schemes constructed on the basis of the method of K. Godunov, Vopr. At. Nauki
Tekh., Ser. Methods and Programs Num. Problem Solving Mat. Physics. 1 (1988),
38-45.

[10] M.Kh. Abuzyarov, V.G. Bazhenov, A.V. Kochetkov, About a new effective approach
to improving the accuracy of the Godunov scheme, Applied Problems of Strength and
Plasticity, 1 (1987), 43-49.

[11] M.Kh. Abuzyarov, V.G. Bazhenov, A.V. Kochetkov, On the monotonization of the
Godunov scheme of the second order of accuracy by introducing scheme viscosity,
Applied Problems of Strength and Plasticity, 1 (1987), 85-90.

[12] M. Abouziarov, H. Aiso, An application of retroactive characteristic method to
conservative scheme for structure problems (elastic-plastic flows), in Asakura, F. (ed.)
et al., Hyperbolic problems. Theory, numerics and applications. I., Proceedings of
the 10th international conference, Osaka, Japan, September 13-17, 2004, Yokohama
Publishers, Yokohama, 2006, 223-230. Zbl 1101.74057

[13] V.N. Kukudzhanov, Decomposition method for elastoplastic equations, Mech. Solids.,
39:1 (2004), 73-80.

[14] M.H. Abuziarov, E.G. Glazova, A.V. Kochetkov, S.V. Krylov, On New Method and
38D codes for shock wave simulation in fluids and solids in Euler variables based on
a modified Godunov scheme, WSEAS Transactions Fluid Mechanics, 18 (2023), 173—
192.

[15] K.M. Abuzyarov, The method of rupture decay in the three-dimensional dynamics of
elastoplastic media, Problems Strength Ductility. 82:3 2020, 377-389.

[16] M.L. Wilkins, Calculation of elastic-plastic flow, in B. Alder, ed., Methods in
Computational physics, 3, Academic Press, New York, 1964, 211-263.

[17] K.M. Abuzyarov, M.Kh. Abuziarov, A.V. Kochetkov, S.V. Krylov, A.A. Lisitsyn,
I.A. Modin. Application of the Godunov scheme to solve three-dimensional problems
of high-speed interactions of elastic-plastic bodies, Mat. Model., 35:8 (2023), 97-115.
Zbl 1535.74658

[18] M.H. Abuziarov, E.G. Glazova, A.V. Kochetkov, S.V. Krylov, A numerical method
for solving three-dimensional problems of interaction between high-speed gas jets and
elastoplastic obstacles, Vopr. At. Nauki Tekh., Ser. Mat. Model. Fiz. Prots., 4 (2021),
24-40.

[19] P.R. Woodward, P. Colella, The numerical simulation of two-dimensional fluid flow
with strong shocks, J. Comput. Phys. 54 (1984), 115-173. Zbl 0573.76057

[20] M.H. Abuziarov, E.G. Glazova, A.V. Kochetkov, S.V. Krylov, A.A. Lisitsyn, LA.
Modin, Numerical solution of three-dimensional problems of impact interaction of
elastic-plastic bodies in Euler variables based on the modified Godunov scheme, Vopr.
At. Nauki Tekh., Ser. Mat. Model. Fiz. Prots., 3 (2023), 16-29.

MusTAFA KHASANOVICH ABUZIAROV

RESEARCH INSTITUTE OF MECHANICS, NATIONAL RESEARCH LOBACHEVSKY STATE
UNIVERSITY OF NIZHNY NOVGOROD,

PR. GAGARINA, 23, KORP.6

603950, N1izuNy NOVGOROD, Russia

Email address: abouziar@mech.unn.ru



B30 M.KH. ABUZIAROV, A.V.KOCHETKOV

ANATOLY VASILYEVICH KOCHETKOV

RESEARCH INSTITUTE OF MECHANICS, NATIONAL RESEARCH LOBACHEVSKY STATE
UNIVERSITY OF NI1ZHNY NOVGOROD,

PR. GAGARINA, 23, KORP.6

603950, N1izuNYy NovGoroD, Russia

Email address: kochetkov@mech.unn.ru



	INTRODUCTION
	SYSTEM OF EQUATIONS FOR NUMERICAL MODELING OF GAS-DYNAMIC AND ELASTOPLASTIC FLOWS
	MODIFICATION OF THE RIEMANN PROBLEM FOR LINEARIZED EQUATIONS BASED ON THE ANALYSIS OF DIFFERENTIAL APPROXIMATION 
	The Riemann problem for the Godunov scheme of increased accuracy for one-dimensional Euler equations
	Modification of the Riemann problem for three-dimensional linearized Euler equations
	Modification of the Riemann problem for a deformable solid
	Generalization to the nonlinear case, stability, implementation of boundary conditions with increased accuracy
	Monotony, adjustable viscosity of the scheme

	TEST EXAMPLES
	Interaction of two shock waves (Woodward test)
	Forced elastic vibrations of a clamped plate

	CONCLUSIONS

