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Abstract: We study fragments of in�nitary action logic, the al-
gebraic logic of ∗-continuous residuated Kleene lattices, from the
point of view of entailment from (possibly in�nite) sets of hypothe-
ses. The contribution of this article is twofold. First, we show,
by establishing a cut normalisation result, that elementary frag-
ments obtained by restricting the set of connectives are strongly
conservative. This means that conservativity holds not just for
pure derivability, but also for derivability from sets of hypotheses.
This is proved in the presence of iterative divisions�compound
connectives of a division and Kleene iteration in the denominator.
Second, for the fragment with divisions, intersection, and iterative
divisions, we prove strong completeness w.r.t. natural classes of
models on language algebras and algebras of binary relations.
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1 Introduction

In�nitary action logic was introduced by Buszkowski and Palka [7, 25]
as an axiomatisation of the equational theory of ∗-continuous residuated
Kleene lattices, also called ∗-continuous action lattices. The de�nition of
action lattice was given in the works of Pratt [28] and Kozen [12], by adding
Kleene iteration [11] to residuated lattices de�ned by Krull [13] and Ward
and Dilworth [31]. In the ∗-continuous case, Kleene iteration is de�ned as
the supremum of powers of an element; a more general de�nition uses the
�xpoint construction. In whole, the de�nition of action lattice is as follows:

De�nition. An action lattice (residuated Kleene lattice, RKL) is a partially
ordered algebraic structure K = (K;≤, ·, \, /,∧,∨, ∗, 0, 1), where

(1) (K;≤,∧,∨) is a lattice;
(2) (K; ·,∨, 0, 1) is a semiring;
(3) \ and / are residuals of · w.r.t. the ≤ partial order:

b ≤ a \ c ⇐⇒ a · b ≤ c ⇐⇒ a ≤ c / b;

(4) a∗ = max{b | 1 ≤ b, a · b ≤ b}.

De�nition. An RKL is ∗-continuous, if a∗ = sup{an | n ≥ 0} for any a ∈ K.

The de�nition of residuated lattice is similar, but without Kleene iteration.
The equational theory of residuated lattices is axiomatized by a substructural
logical system called the multiplicative-additive Lambek calculus, MALC
(see the book by Galatos et al. [9]). In�nitary action logic ACTω extends
MALC with Kleene iteration, axiomatized by means of an omega-rule. The
calculus given by Palka [25], in a Gentzen-style sequent format, is presented
in the next section.

Completeness of ACTω w.r.t. the general algebraic semantics�models on
∗-continuous action lattices�is proved by the standard Lindenbaum�Tarski
construction. Moreover, the completeness result is strong. Namely, for an
arbitrary (possibly in�nite) set of inequations H and an inequation A ≤ B,
we have the following: A ≤ B is derivable from H in ACTω if and only
if the corresponding semantic entailment holds on the class of ∗-continuous
action lattices (i.e., any interpretation which validates all inequations from
H should also validate A ≤ B).

Notice that, being an in�nitary logic, ACTω does not enjoy compactness.
The counter-example is readily given by the in�nitary de�nition of Kleene
iteration: while the in�nite set H = {1 ≤ q, p ≤ q, p2 ≤ q, . . . , pn ≤ q, . . .}
entails p∗ ≤ q, no �nite subset H0 ⊂ H does. The lack of compactness
makes some of the arguments (see below) more involved. In particular, there
is no way of reducing entailment from sets of equations to pure derivability
(theoremhood).

This article consists of two parts, a syntactical and a semantical one, and
presents several results about the elementary fragments of ACTω. These
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results re�ne previously known ones and solve some of the open questions in
the area.

First, we address the issue of strong conservativity for elementary frag-
ments of ACTω. An elementary fragment of obtained by restricting the set
of connectives and constants. For derivability from hypotheses, however, cut
elimination does not hold, so it is not obvious that the connectives removed
will not be needed inside the derivations. In order to establish strong con-
servativity, we prove a cut normalisation theorem, which is closely related to
the free cut elimination technique (see [30, 3]).1 Buszkowski [6] sketches cut
normalisation proof for ACTω with hypotheses of a speci�c form. Before
proving strong conservativity results, we extend ACTω with extra connec-
tives called iterative divisions. These are composite connectives, expressible
in the language of ACTω: A \\B ↔ A∗ \B and B //A ↔ B /A∗. We shall
consider, however, fragments with iterative divisions, but without Kleene
star itself, as they will enjoy completeness properties which fail for ACTω in
whole (see below). Without Kleene star in the language, iterative divisions
become independent connectives. Iterative divisions were introduced, in a
non-associative setting, by Sedl�ar [29], and independently in [16]. In these
works, however, they appear in systems without the unit and without empty
left-hand sides of sequents, so they are based on positive iteration (Kleene
plus) rather than Kleene star. In our setting, we use Kleene star.

Second, we prove two strong completeness results on specialised subclasses
of algebraic models for fragments of ACTω. A general algebraic semantical
framework for in�nitary action logics is given by models on ∗-continuous
action lattices (residuated Kleene lattices), with standard (Lindenbaum�
Tarski) completeness arguments. Natural concrete examples of ∗-continuous
action lattices include lattices of formal languages (over an alphabet Σ) and
lattices of binary relations (on a given set W ). For models on these concrete
algebraic structures, however, the full ACTω logic fails to be complete: ob-
stacles against completeness are connected with distributivity for meet and
join, constants 0 and 1, and others. We consider the elementary fragment
of ACTω in the language with divisions, iterative divisions, and intersec-
tion, denoted by ACTω(\, /,∧, \\, //), and prove strong completeness of this
fragment w.r.t. both models on formal languages and on binary relations.

For the class of all action lattices, not necessarily ∗-continuous, the cor-
responding algebraic logic is action logic, denoted by ACT (this system
goes back to Pratt [28] and Kozen [12]). Since natural classes of action lat-
tices, like lattices of formal languages and lattices of binary relations, are
∗-continuous, there is no hope for ACT to be complete w.r.t. such concrete
classes of models, even in the weak sense. (For an example of a sequent deriv-
able inACTω, but not inACT, see [14].) As for strong conservativity,ACT

1Cut normalisation is a purely syntactic way towards strong conservativity results.
Another, semantic approach (via models on so-called syntactic concept lattices) is sketched
in the new paper [19], which was written and published after submission of the present
article.
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also di�ers from ACTω: the fragment of ACT with the following restricted
set of connectives: {\, /, ·, ∗} is not strongly conservative in ACT [15].

2 Sequent Calculus for ACTω

Let us recall Palka's [25] formulation of ACTω as a Gentzen-style sequent
calculus. Our formulation, however, will also include iterative divisions as
primary connectives. Namely, formulae are built from variables and con-
stants 0 and 1 using the following operations:

• unary: ∗ (Kleene iteration, written in post�x form: A∗);
• binary: · (product), ∧ (meet), ∨ (join), \ (left division), / (right
division), \\ (left iterative division), // (right iterative division).

In the presence of Kleene iteration and divisions, iterative divisions will be
expressible by the following equivalences: A \\B ↔ A∗ \B and B //A ↔
B /A∗. In the fragments without Kleene iteration iterative divisions become
independent operations. Such fragments will be interesting due to strong
completeness results, see Section 4 below.

Axioms and inference rules of ACTω are as follows:

A → A
Id

Γ,0,∆ → C
0L

Γ,∆ → C

Γ,1,∆ → C
1L → 1 1R

Π → A Γ, B,∆ → C

Γ,Π, A \B,∆ → C
\L A,Π → B

Π → A \B \R Γ, A,B,∆ → C

Γ, A ·B,∆ → C
·L

Π → A Γ, B,∆ → C

Γ, B /A,Π,∆ → C
/L

Π, A → B

Π → B /A
/R Γ → A ∆ → B

Γ,∆ → A ·B ·R

Γ, A,∆ → C

Γ, A ∧B,∆ → C

Γ, B,∆ → C

Γ, A ∧B,∆ → C
∧L Π → A Π → B

Π → A ∧B
∧R

Γ, A,∆ → C Γ, B,∆ → C

Γ, A ∨B,∆ → C
∨L Π → A

Π → A ∨B
Π → B

Π → A ∨B
∨R(

Γ, An,∆ → C
)∞
n=0

Γ, A∗,∆ → C
∗Lω

Π1 → A . . . Πn → A

Π1, . . . ,Πn → A∗ ∗Rn

Π1 → A . . . Πn → A Γ, B,∆ → C

Γ,Π1, . . . ,Πn, A \\B,∆ → C
\\Ln

(
An,Π → B

)∞
n=0

Π → A \\B \\Rω

Π1 → A . . . Πn → A Γ, B,∆ → C

Γ, B //A,Π1, . . . ,Πn,∆ → C
//Ln

(
Π, An → B

)∞
n=0

Π → B //A
//Rω

Π → A Γ, A,∆ → C

Γ,Π,∆ → C
Cut

Here ∗Rn, \\Ln, and //Ln are three series of rules, indexed by n ≥ 0.
The rules ∗Lω, \\Rω, and //Lω are omega-rules, each of them has in�nitely
many premises. In the presence of omega-rules, derivations are de�ned as
possibly in�nite, but well-founded proof trees. In�nite branching at omega-
rules is allowed, but each path going upwards from the goal sequent should
terminate (at an axiom or hypothesis) in a �nite number of steps.
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The original Lambek calculus, as introduced in [20], has a distinctive
feature called Lambek's non-emptiness restriction: in that version of the cal-
culus, all left-hand sides of sequents are required to be non-empty. This
speci�cally a�ects the division operations: in the \R and /R rules, Π should
be forced to be non-empty. Thus, there exist sequents which themselves
have a non-empty left-hand side, but still do not have derivations obeying
Lambek's restriction: e.g., (p \ p) \ q → q. Lambek's restriction is motivated
by linguistic applications (see [23, Sect. 2.5]); algebraically it corresponds to
considering structures without the unit. Lambek's restriction is obviously
incompatible with constant 1, so this constant is not used when Lambek's
restriction is imposed. Moreover, the same problem arises with Kleene star:
∗R0 is an axiom with an empty left-hand side. Therefore, in the presence
of Lambek's restriction Kleene star is replaced by Kleene plus (positive it-
eration), a+ = sup{an | n ≥ 1}, and the same applies to iterative divisions.
The right rules for iterative divisions also have Π forced to be non-empty.

In general, Lambek's restriction generates a parallel theory of extensions
of the Lambek calculus, which shares much with the original framework, but
some things there work di�erently. Throughout this article, we consider sys-
tems without Lambek's non-emptiness restriction. Moreover, the allowance
of empty left-hand sides of sequents is crucial for our argument in Section 3.
However, in some other works which we refer to this restriction is imposed,
and we shall make appropriate comments on such references.

3 Cut Normalisation and Strong Conservativity

For a given set of connectives and constants C ⊆ {0,1, ·,∧,∨, \, /, \\, //, ∗},
let ACTω(C ) denote the elementary fragment of ACTω in the language re-
stricted to C . Namely, the axioms and rules of ACTω(C ) are as follows:

(1) the Id axiom;
(2) the Cut rule;
(3) the logical rules operating connectives and constants from C .

For such elementary fragments, the following conservativity issues arise.

(1) Weak conservativity. Let Π → B be a sequent in the language re-
stricted to C . Is it true that if Π → B is derivable in ACTω, then
it is also derivable in ACTω(C )?

(2) Strong conservativity. Let H and Π → B be, resp., a set of sequents
and a sequent in the language restricted to C . Is it true that if
Π → B is derivable from the set of hypotheses H in ACTω, then the
same holds for ACTω(C )?

Similar questions may be asked for two fragments of ACTω which extend
one another: if C1 ⊂ C2, is ACTω(C2) conservative over ACTω(C1), in the
weak or strong sense?

The �rst issue is resolved using cut elimination. Indeed, as shown by
Palka [25], any sequent derivable in ACTω is derivable without using Cut.
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(Palka's argument did not cover iterative divisions, but they can be easily
handled in the same fashion.) In the cut-free proof, all rules obey the sub-
formula property: any formula in the premises is a subformula of the goal
sequent. Therefore, any connective occurring inside the proof also occurs
in the �nal sequent Π → B. Since the latter sequent is in the restricted
language, the proof is valid in the fragment ACTω(C ).

For derivability from hypotheses, however, cut elimination does not hold.
In order to obtain strong conservativity for �nitary fragments (i.e., where
C does not include Kleene iteration and iterative divisions), this can be
solved [18] by extending the calculus with the exponential modality from
linear logic, embedding the hypotheses into the goal sequent by means of
a modalised deduction theorem, and �nally applying cut elimination in the
extended system. For this method to work it is important that H is �nite.
The whole system ACTω, however, does not enjoy compactness (see Intro-
duction), therefore, in�nite sets of hypotheses cannot be reduced to �nite
ones, and the aforementioned argument does not do the job.

We solve the strong conservativity issue by establishing the following cut
normalisation result. (As noticed in the Introduction, the idea of cut nor-
malisation goes back to the classical technique of free cut elimination.)

De�nition. A derivation in ACTω, from a set of hypotheses of the form
→ A, is called cut-normal, if for any application of Cut in this derivation
its left premise is a hypothesis:

∈H︷ ︸︸ ︷
→ A Γ, A,∆ → C

Γ,∆ → C
Cut

Theorem 1. Let a sequent Π → B be derivable from a (possibly in�nite)
set of hypotheses H in ACTω, where each hypothesis is of the form → A.
Then there exists a cut-normal derivation of Π → B from H in ACTω.

We shall proceed by trans�nite induction, using the following ordinal pa-
rameter, which generalises the derivation case used in the �nitary case.

De�nition. The rank of a derivation is de�ned as follows:

(1) if the derivation consists of only an axiom or a hypotheses, then its
rank is 1;

(2) otherwise, one takes the lowermost rule application and computes
the rank as the supremum of ranks of premises' derivations, plus 1.

The notion of derivation rank is very general, going back to the theory of
inductive de�nitions. It can be shown that if Π → B is derivable from H,
then there exists a derivation with rank less than ωCK

1 . (We shall not need
this upper bound in our arguments.) See [17] for details.

Another parameter we shall use is a natural number:

De�nition. The size of a formula, denoted by |A|, is the total number of
variable, constant, and connective occurrences in A.
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Let us start by normalising one cut.

Lemma 2. Let Π → A and Γ, A,∆ → C have cut-normal derivations from
a set of hypotheses H, where each hypotheses is of the form → B. Then
Γ,Π,∆ → C also has such a derivation.

Proof. The proof resembles much of the original Palka's argument for cut
elimination in ACTω (without hypotheses). Thus, we shall give details only
for the cases which are essentially new.

We proceed by induction on lexicographical order on triples (|A|, ρ1, ρ2),
where ρ1 and ρ2 are ranks of the derivations of Π → A and Γ, A,∆ → C
respectively. In what follows, we call these sequents cut premises.

As usual, we call a logical rule (not Cut) application principal, if it in-
troduces the cut formula A. For this de�nition, the 0L and 1R axioms are
considered as logical rules introducing the corresponding constants.

Consider several cases:
Case 1. At least one of the cut premises was introduced by a non-principal

logical rule application. In this case Cut gets propagated upwards. Now it is
applied to the same formula A, but one of ρ1, ρ2 became smaller, while the
other did not change. We apply the induction hypothesis, and now the goal
formula of each new Cut has a cut-normal derivation. Then the original non-
principal rule is applied, yielding a cut-normal derivation of Γ,Π,∆ → C.

For a detailed case analysis, see Palka's proof. The only case not covered
there is the case of iterative divisions. In this case, we have the following
three possibilities (we consider only \\, since // is symmetric).

First, there could be an non-principal application of \\Ln introducing
Π → A (an application of \\Rω to derive this cut premise is always principal):

Π1 → E . . . Πn → E Φ, F,Ψ → A

Φ,Π1, . . . ,Πn, E \\F,Ψ → A
\\Ln

Γ, A,∆ → C

Γ,Φ,Π1, . . . ,Πn, E \\F,Ψ,∆ → C
Cut

This gets rebuilt as follows:

Π1 → E . . . Πn → E

Φ, F,Ψ → A Γ, A,∆ → C

Γ,Φ, F,Ψ,∆ → C
Cut

Γ,Φ,Π1, . . . ,Πn, E \\F,Ψ,∆ → C
\\L

The new Cut has the same |A| and ρ2, but a smaller ρ1. By induction
hypothesis, Γ,Φ, F,Ψ,∆ → C has a cut-normal derivation, thus so does the
goal sequent.

Second, the second cut premise could be introduced by a non-principal rule
application involving \\. The interesting case here is the right rule \\Rω; the
left rule \\Ln is considered exactly as above. Thus, we have the following:

Π → A

(
En,Γ, A,∆ → F

)∞
n=0

Γ, A,∆ → E \\F \\Rω

Γ,Π,∆ → E \\F Cut
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For each n, we consider the following application of Cut:

Π → A En,Γ, A,∆ → F

En,Γ,Π,∆ → F
Cut

These new applications have the same |A| and ρ1 parameters; ρ2 got de-
creased. Thus, each sequent En,Γ,Π,∆ → F has a cut-normal derivation,
by induction hypothesis. We conclude by applying the omega-rule:(

En,Γ,Π,∆ → F
)∞
n=0

Γ,Π,∆ → E \\F \\Rω

Case 2. Both cut premises were introduced by principal logical rule ap-
plications. Again, we consider only iterative division, for other connectives
see Palka's proof.

We have the following:(
En,Π → F

)∞
n=0

Π → E \\F \\Rω
Φ1 → E . . . Φm → E Γ, F,∆ → C

Γ,Φ1, . . . ,Φm, E \\F,∆ → C
\\Lm

Γ,Φ1, . . . ,Φm,Π,∆ → C
Cut

Out of the premises of \\Rω we take the one with n = m, and consider the
following Cut applications:

Φ1 → E
Φ2 → E

Em,Π → F Γ, F,∆ → C

Γ, Em,Π,∆ → C
Cut

. .
.

Γ, E,Φ2, . . . ,Φm,Π,∆ → C
Cut

Γ,Φ1,Φ2, . . . ,Φm,Π,∆ → C
Cut

Each Cut has a smaller parameter |A|, thus we may gradually apply the
induction hypothesis and conclude that each sequent in the derivation frag-
ment above, including the goal one, has a cut-normal derivation.

Case 3. One of the cut premises is the Id axiom. Then Cut disappears:
the other premise coincides with the goal, and it readily has a cut-normal
derivation.

Case 4. One of the cut premises is a hypothesis. Since all hypotheses
have the form → B, it is the left cut premise. In this case, since the other
premise's derivation is cut-normal, it can be extended, by adding Cut with
this hypothesis, to a cut-normal derivation of the goal sequent.

Case 5. The left cut premise is itself derived using Cut. Since its derivation
is cut-normal, one of the premises of this Cut is a hypothesis. Since each
hypothesis is of the form → B, this hypothesis should be the left premise.
Thus, we have the following:

∈H︷ ︸︸ ︷
→ B Π1, B,Π2 → A

Π1,Π2 → A
Cut

Γ, A,∆ → C

Γ,Π1,Π2,∆ → C
Cut
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Let us reconstruct the derivation:

∈H︷ ︸︸ ︷
→ B

Π1, B,Π2 → A Γ, A,∆ → C

Γ,Π1, B,Π2,∆ → C
Cut

Γ,Π1,Π2,∆ → C
Cut

Here the upper Cut has the same parameters |A| and ρ2 and a smaller ρ1.
By induction hypothesis, Γ,Π1, B,Π2,∆ → C has a cut-normal derivation.
Augmenting it with the lower Cut, which is itself cut-normal, yields a cut-
normal derivation of the goal sequent.

Case 6. The right cut premise is derived using Cut, whose left premises
is a hypothesis of the form → B:

Π → A

∈H︷ ︸︸ ︷
→ B Γ, A,∆1, B,∆2 → C

Γ, A,∆1,∆2 → C
Cut

Γ,Π,∆1,∆2 → C
Cut

(The case where B occurs to the left of A is considered similarly.) The
transformation here is as follows:

∈H︷ ︸︸ ︷
→ B

Π → A Γ, A,∆1, B,∆2 → C

Γ,Π,∆1, B,∆2 → C
Cut

Γ,Π,∆1,∆2 → C
Cut

Here the upper Cut has a smaller ρ2 with the same |A| and ρ1. By induction
hypothesis, Γ,Π,∆1, B,∆2 → C has a cut-normal derivation, and adding
the lower Cut yields a cut-normal derivation of the goal sequent. □

Notice that it is crucial for the argument above that our hypotheses have
a speci�c form. If hypotheses with non-empty left-hand sides were allowed,
the following problematic case could have arisen:

principal

Π → B

∈H︷ ︸︸ ︷
Φ, B,Ψ → A

Φ,Π,Ψ → A
Cut

principal

Γ, A,∆ → C

Γ,Φ,Π,Ψ,∆ → C
Cut

Here both Π → B and Γ, A,∆ → C are derived using principal rule applica-
tions (introducing, respectively, B and A). This prevents from propagating
cuts through these premises. The only transformation we could have applied
is swapping cuts, but it does not help, as the cut with the hypothesis keeps
on top:

Π → B

∈H︷ ︸︸ ︷
Φ, B,Ψ → A Γ, A,∆ → C

Γ,Φ, B,Ψ,∆ → C
Cut

Γ,Φ,Π,Ψ,∆ → C
Cut

Now we are ready to prove the main theorem of this section.
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Proof of Theorem 1. Proceed by induction on the rank of the derivation and
consider the lowermost rule. If this rule is Cut, then we may apply the in-
duction hypothesis to its premises (they have derivations of smaller ranks).
Therefore, these premises, Π → A and Γ, A,∆ → C, have cut-normal deriva-
tions. By Lemma 2, the goal sequent Γ,Π,∆ → C also has a cut-normal
derivation.

If the lowermost rule is not Cut, then, again, its premises have cut-normal
derivations. Combining these derivations and appending the original lower-
most rule yields a cut-normal derivation of the goal sequent. □

Finally, let us prove the desired strong conservativity result:

Theorem 3. If C1 and C2 are sets of connectives and constants such that \ ∈
C1 ⊆ C2, then ACTω(C1) is a strongly conservative fragment of ACTω(C2)
(and, in particular, of the full system ACTω). In other words, if a set of
sequents H (possibly in�nite) and a sequent Π → C are in the language of
C1, and Π → C is derivable from H in ACTω(C2), then Π → B is derivable
from H already in the smaller system ACTω(C1).

Proof. Let us replace each sequent of the form A1, . . . , An → B in H by
→ An \(An−1 \ . . . \(A1 \B) . . .), and denote the new set of hypotheses by
H′. (Sequents of the form → B remain unchanged.) If Π → C is derivable
from H in ACTω(C2), then the same holds for H′. Indeed, \ ∈ C2, and
new hypotheses are derivable from old ones as follows. First one applies \L
several times:

An → An

A1 → A1 B → B

A1, A1 \B → B
\L

. .
.

A1, . . . , An−1, An−1 \ . . . \(A1 \B) → B

A1, . . . , An, An \(An−1 \ . . . \(A1 \B) . . .) → B
\L

Next, by Cut with the new hypothesis → An \(An−1 \ . . . \(A1 \B) . . .), one
obtains the desired old hypothesis A1, . . . , An → B.

Moreover, since \ ∈ C1 and all hypotheses from H were in the language
of C1, hypotheses from H′ also belong to the language of C1.

The new derivation is a derivation in ACTω (even in ACTω(C2)), where
all hypotheses have empty left-hand sides. Thus, Theorem 1 is applicable,
and we may suppose that the derivation is cut-normal. Now let us take any
formula inside this derivation, and track its occurrence down. There are
two possibilities: either this formula gets tracked down to the goal sequent
Π → C, or it gets cut. We claim that in both cases this formula belongs to
the language of C1. Indeed, in the �rst case it is a subformula of Π → C,
which is in this restricted language. In the second case, since the derivation
is cut-normal, our formula is a subformula of B, where ( → B) ∈ H′. Again,
any sequent in H′ is in the restricted language.
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Hence, all connectives and constants in the derivation belong to C1, and we
have a valid derivation of Π → C from H′ in ACTω(C1). Now we return to
the original set of hypothesesH: each sequent → An \(An−1 \ . . . \(A1 \B) . . .)
can be derived from A1, . . . , An → B by \R (recall that \ ∈ C1). □

The condition \ ∈ C1 is essentially used in our argument. Symmetrically,
it can also be replaced by / ∈ C1, but strong conservativity for the case
where C1 does not include any of the two divisions is still an open problem.
The interest to this question, however, is limited, since division is the central
operation of the Lambek calculus and therefore of ACTω.

4 Strong Relational and Language Completeness

In this section, we turn from syntax to semantics of ACTω and its frag-
ments. Let us �rst recall the general framework of algebraic semantics. The
natural class of algebraic models for ACTω are models on ∗-continuous
RKLs.

De�nition. A model on an RKL is a pair M = (K, w), where K is an
RKL on a set K and w : Var → K is the valuation function on variables.
The valuation function is propagated to the interpretation function w̄ on
formulae (w̄ : Fm → K), commuting with all operations and constants:

w̄(p) = w(p) for p ∈ Var;

w̄(0) = 0;

w̄(1) = 1;

w̄(A⊙B) = w̄(A)⊙ w̄(B); for ⊙ ⊆ {·,∧,∨, \, /};
w̄(A \\B) = (w̄(A)∗) \ w̄(B);

w̄(B //A) = w̄(B) /(w̄(A)∗);

w̄(A∗) = w̄(A)∗.

A sequent A1, . . . , An → B is true in M, denoted by M ⊨ A1, . . . , An → B,
if w̄(A1) · . . . · w̄(An) ≤ w̄(B), and M ⊨ → B if 1 ≤ w̄(B).

De�nition. A sequent Π → B is semantically entailed by a set of sequents
H on the class of all ∗-continuous RKLs (notation: H ⊨ Π → B), if for any
model M on a ∗-continuous RKL if M ⊨ Γ → A for any (Γ → A) ∈ H, then
M ⊨ Π → B.

As mentioned in the Introduction, strong soundness and completeness
hold. Strong completeness is proved by the Lindenbaum � Tarski argument.

Proposition 4. A sequent is semantically entailed by a set of sequents on
the class of all ∗-continuous RKLs if and only if the given sequent is derivable
from the given set of sequents in ACTω:

H ⊨ Π → B ⇐⇒ H ⊢ Π → B.
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For the special case of empty H, we obtain weak completeness.
As noticed in the Introduction, there are two natural classes of models

for ACTω, namely, relational and language models (or R- and L-models for
short). These models are algebraic models on speci�c classes of algebras.

De�nition. For a given non-empty set W the corresponding algebra of bi-
nary relations is the RKL with K = P(W ×W ) and the operations de�ned
as follows:

(1) the lattice structure is set-theoretic: ∧ is intersection, ∨ is union, ≤
is the subset relation;

(2) product is relational composition:

R · S = R ◦ S = {(x, z) | ∃y ∈ W (x, y) ∈ R, (y, z) ∈ S};
(3) divisions are de�ned as follows (in the unique way to satisfy the

de�nition):

R \S = {(y, z) ∈ W ×W | ∀x ∈ W ((x, y) ∈ R ⇒ (x, z) ∈ S)};
S /R = {(x, y) ∈ W ×W | ∀z ∈ W ((y, z) ∈ R ⇒ (x, z) ∈ S)};

(4) Kleene star is the re�exive-transitive closure.

An R-model is a model on an algebra of binary relations.

Accurately speaking, this is the de�nition of so-called �square� R-models;
there is also a relativised variant of R-models which is used when Lambek's
non-emptiness restriction is imposed. In relativised R-models, all relations
are required to be subsets of a �xed transitive relation U ⊆ W × W , and
this requirement alters the de�nition of divisions.

De�nition. For a given alphabet Σ the corresponding algebra of formal
languages is the RKL with K = P(Σ∗) and the operations de�ned as follows:

(1) the lattice structure is set-theoretic;
(2) product is pairwise concatenation:

M ·N = {uv | u ∈ M,v ∈ N};
(3) divisions are de�ned in the unique way to satisfy the residuation

conditions:

M \N = {v ∈ Σ∗ | ∀u ∈ M uv ∈ N};
N/M = {v ∈ Σ∗ | ∀u ∈ M vu ∈ N};

(4) Kleene star is de�ned in the ∗-continuous way:
M∗ = {u1 . . . un | i ≥ 0;u1, . . . , un ∈ M}.

There is also a variant of L-models with Lambek's restriction, which disal-
lows the empty word (use P(Σ+) instead of P(Σ∗)). Divisions are modi�ed
accordingly, and Kleene star is replaced by Kleene plus.

Unlike abstract algebraic models, for L- and R-models there are obstacles
against completeness of the whole system ACTω, even in the weak sense.
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First, one of the distributivity laws,

(A ∨B) ∧ C → (A ∧ C) ∨ (B ∧ C),

is not derivable in ACTω, but is obviously true under set-theoretic inter-
pretation of ∨ and ∧. (Non-derivability of this law in substructural logics
without contraction was noticed by Ono and Komori [24].)

There also exist corollaries of the distributivity law in narrower languages,
which are not derivable in ACTω. Namely, ACTω(\, /,∨) is incomplete,
even in the weak sense, w.r.t. any class of distributive models (in particular,
L- or R-models) [10], and the same for ACTω(\, ·,∧, ∗) [14]. Thus, distribu-
tivity causes problems with completeness in the presence of disjunction or
Kleene star. This motivates replacing Kleene star with iterative divisions.

Second, constants 0 and 1 also block completeness, even in the weak sense.
Namely, the following sequents are true in all L- and R-models, but are not
derivable in ACTω (see [5, 2, 18] for R-models; for L-models, their validity
is checked directly):

0 /(0 / p),0 /(0 / q) → (0 /(0 / q)) · (0 /(0 / p));
1 ∧ p ∧ q → (1 ∧ p) · (1 ∧ q);

1 /(p / p) → (1 /(p / p)) · (1 /(p / p)).

Third, there are more sophisticated issues with strong completeness in the
presence of product. For R-models, the counter-example is as follows. Take
H = {a \ a → b · c} and the sequent d → d · b · ((c · b) ∧ (a \ a)) · c. This
sequent is semantically entailed byH on the class of R-models [22], but is not
derivable from H in MALC (and, by strong conservativity, in ACTω) [18].

2

For L-models, we give the following counter-example, based on an idea of
Buszkowski [8]. (Buszkowski showed the failure of strong completeness w.r.t.
L-models when Lambek's restriction is imposed.)

Proposition 5. Let H = {p → p · p}. The sequent (p \ q) · p → q · p is not
derivable from H in MALC (and therefore in ACTω), but this sequent is
semantically entailed by H on the class of L-models.

Proof. Consider an L-model M = (P(Σ∗), w). We claim that if M ⊨ p →
p · p, then either w(p) = ∅ or ε ∈ w(p) (here and further ε denotes the
empty word). Indeed, if neither holds, take the shortest word u ∈ w(p); let
its length be k. Since w(p) ⊆ w(p) · w(p), this word should also belong to
w(p) · w(p). However, the shortest word in w(p) · w(p) has length 2k. Since
k > 0 (u ̸= ε), we have 2k > k. Contradiction.

If w(p) = ∅, we have w̄((p \ q) ·p) = w̄(p \ q) ·∅ = ∅ = w̄(q) ·∅ = w̄(q ·p).
If ε ∈ w(p), then M ⊨ → p, and we apply the following derivation to show

2This example may be simpli�ed, taking H = { → b · c} and → b · ((c · b) ∧ (a \ a)) · c.
This example works only for systems without Lambek's non-emptiness restriction. The
fragment of MALC in the language of {\, /, ·,∧}, with Lambek's restriction imposed, is
strongly complete w.r.t. relativised R-models [1].
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that M ⊨ (p \ q) · p → q · p (using strong soundness):

→ p q → q

p \ q → q
\L

p → p

p \ q, p → q · p ·R

(p \ q) · p → q · p ·L

Thus, in both cases M ⊨ (p \ q) · p → q · p.
In order to show that p → p · p ̸⊢ (p \ q) · p → q · p, let us construct an

R-model satisfying p → p · p and falsifying (p \ q) · p → q · p. Our hypothesis
semantically means w(p) ⊆ w(p) ◦ w(p), i.e., it holds for any dense relation.
Let W = Q be the set of all rational numbers, and consider the R-model
M = (P(Q×Q), w) de�ned as follows:

w(p) = {(x, y) | x < y},
w(q) = {(x, y) | x < 0}.

Here w(p) is the < relation on Q, it is dense, therefore M ⊨ p → p · p.
By de�nition,

w̄(p \ q) = {(y, z) | ∀x ((x, y) ∈ w(p) ⇒ (x, z) ∈ w(q))} =

{(y, z) | ∀x < y (x < 0)} = {(y, z) | y ≤ 0}.
Now we have

w̄((p \ q) · p) = {(x, z) | ∃y (x ≤ 0 and y < z)} = {(x, z) | x ≤ 0};
w̄(q · p) = {(x, z) | ∃y (x < 0 and y < z)} = {(x, z) | x < 0}.

(Here we use the fact that ∃y(y < z) is true on Q for any y.) Having,
for example, (0, 0) ∈ w̄((p \ q) · p) and (0, 0) /∈ w̄(q · p), we conclude that
M ⊭ (p \ q) ·p → q ·p. By strong soundness, p → p ·p ̸⊢ (p \ q) ·p → q ·p. □

The presence of product, however, does not block weak completeness.
Namely, as shown by Mikul�as [21, 22], the fragment of MALC in the lan-
guage of {\, /, ·,∧} is weakly complete w.r.t. R-models; later this result was
extended to ACTω(\, /, ·,∧, \\, //) by the author [18].

For L-models, weak completeness in the multiplicative-only Lambek lan-
guage (\, /, ·) was proved by Pentus, both with and without Lambek's re-
striction [26, 27]. Weak completeness for the fragment of MALC in the
language of {\, /, ·,∧} is an open problem.

Given the obstacles listed above, we shall now carve out the fragment
for which we shall prove strong completeness results (Theorems 6 and 8
below). This fragment is ACTω(\, /,∧, \\, //). Our strong completeness
results generalise the ones of Andr�eka and Mikul�as [1] and Buszkowski [4],
for R-models and L-models respectively. Namely, strong completeness w.r.t.
L-models was previously known for the {\, /,∧}-fragment; thus, the novel
part is adding iterative divisions. For R-models, besides adding iterative
divisions, we replace product with intersection (as having them both makes
strong completeness fail).
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Theorem 6. ACTω(\, /,∧, \\, //) is strongly complete w.r.t. R-models.

The proof follows the original idea of Andr�eka and Mikul�as [1]: construct
a labelled in�nite graph of a speci�c form. In the absence of product, this
construction works without Lambek's restriction, yielding strong complete-
ness. A similar idea was used in [18] for proving strong completeness in the
\, /,∧ fragment. However, the construction in [18] internally used product,
and therefore needed strong conservativity. That is why it was not extended
to the in�nitary system with iterative divisions. Now (see the previous sec-
tion) we have strong completeness, but we also provide a proof for Theorem 6
which does not need it. The trick is to use sequences of formulae as labels,
instead of individual formulae.

Throughout this section, Fm denotes the set of formulae in the language
of \, /,∧, \\, //. As usual, Fm∗ denotes the set of sequences of such formulae,
including the empty sequence Λ.

Lemma 7. There exists a directed labelled graph G = (V,E,L), where V is
countable, E ⊆ V × V , and L : E → Fm∗ (for brevity, we shall write L(x, y)
instead of L((x, y))), such that the following holds:

(1) E is transitive, and L(x, z) = L(x, y),L(y, z) for (x, y), (y, z) ∈ E;
(2) E is re�exive, and L(x, y) = Λ (the empty sequence) for each vertex

x ∈ V ;
(3) E is antisymmetric (if (x, y), (y, x) ∈ E, then x = y);
(4) for each vertex y ∈ V and each formula A ∈ Fm there exists a vertex

x ∈ V such that (x, y) ∈ E, L(x, y) = A, and for each z ∈ V we have
(x, z) ∈ E if and only if (y, z) ∈ E;

(5) for each vertex y ∈ V and each formula A ∈ Fm there exists a vertex
z ∈ V such that (y, z) ∈ E, L(y, z) = A, and for each x ∈ V we have
(x, z) ∈ E if and only if (x, y) ∈ E.

Proof. Let us �x a countable set of vertices V . The graph G will be con-
structed as the limit of a sequence of graphs Gn = (Vn, En,Ln):

(1) each Gn is an induced subgraph of Gn+1;
(2) G is the limit: V =

⋃∞
n=0 Vn, E =

⋃∞
n=0En, L =

⋃∞
n=0 Ln (a map-

ping is considered as a set of pairs).

Each of the graphs Gn will satisfy properties 1�3; properties 4 and 5 will
be achieved in the limit.

Let the elements of V be enumerated: V = {v0, v1, . . .}; let ⋆ = v0.
The starting graph consists of one vertex: G0 = ({⋆}, {(⋆, ⋆)}, (⋆, ⋆) 7→ Λ).

Next, the graph is extended by transitions of one of two types: t = 0, 1. A
transition of type t is the step from G2i+t to G2i+t+1.

In order to control the transition, we introduce a bijective schedule func-
tion σ : N → (V × Fm)× N. The function �visits� pairs (y,A), where y is a
(potential) vertex and A is a formula. The third element in the output of σ
guarantees that each pair is �visited� in�nitely many times.



804 S.L. KUZNETSOV

Transition of type 0, from G2i to G2i+1. Let σ(i) = ((y,A), k). If y /∈ V2i,
then we skip and let G2i+1 = G2i. In this case, the pair (y,A) will be visited
on a later stage, when y becomes a vertex in some G2j .

Otherwise, we take the minimal j such that vj /∈ V2i and add x = vj as a
new vertex to G2i. We also add the following new edges:

(1) the loop (x, x) with L(x, x) = Λ;
(2) for each �old� edge (y, z) ∈ E2i (for the given y), the edge (x, z) with

L(x, z) = A,L(y, z).
(In particular, we add (x, y) with label A, since (y, y) ∈ E2i and L(y, y) = Λ.)
Here we have used the same letter L for both L2i and its extension L2i+1.

Transition of type 1, from G2i+1 to G2i+2. Similarly, let σ(i) = ((y,A), k).
If y ∈ V2i, we add the fresh vertex z = vj with the following edges:

(1) the loop (z, z) with L(z, z) = Λ;
(2) for each �old� edge (x, y) ∈ E2i, the edge (x, z) with L(x, z) =

L(x, y), A.
If y /∈ V2i, we skip.

Each transition obviously preserves properties 2 and 3. Let us check prop-
erty 1 for transition of type 0 (type 1 is symmetric). Let (x′, y′), (y′, z′) ∈
E2i+1. The only interesting case is when x′ = x is the new added vertex and
y′, z′ ∈ E2i are old ones. Then we get the following picture:

x

y y′

z′

A

Γ

∆

A,Γ,∆

Γ,∆A,
Γ

Λ Λ

Λ Λ

Here new edges are drawn in dashed lines, old are sold ones. The edge
(x, z′), which is needed for transitivity, indeed exists and has the correct
label A,Γ,∆ = L(x, y′),L(y′, z′).

The sequence of Vn exhausts the whole set V . Indeed, at least each pair
of the form (⋆,A) yields an in�nite sequence of non-trivial transitions.

Now it remains to prove that the limit graph G satis�es properties 4 and 5.
Let us check only property 4, as property 5 is symmetric. For each vertex
y ∈ Vn and a formula A there exist such i and k that σ(i) = ((y,A), k) and
2i ≥ k. The transition of type 0 from G2i to G2i+1 adds a vertex x with the
desired properties. □

Now we prove strong completeness ofACTω(\, /,∧, \\, //) w.r.t. R-models.
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Proof of Theorem 6. For a given set of hypotheses H we construct the H-
universal R-model MH = (P(W ×W ), wH) using the graph from Lemma 7.
By H ⊢ Π → A we denote the fact that Π → A is derivable from H in
ACTω(\, /,∧, \\, //). Let W = V and let

wH(p) = {(x, y) ∈ E | H ⊢ L(x, y) → p}

for each variable p. Now let us prove that

w̄H(A) = {(x, y) ∈ E | H ⊢ L(x, y) → A}

for each A ∈ Fm. Proceed by induction on the structure of A.
Divisions. Let (y, z) ∈ w̄H(A \B), i.e., H ⊢ L(y, z) → A \B. Take an

arbitrary (x, y) ∈ w̄H(A), i.e., such that H ⊢ L(x, y) → A. By property 1
we have (x, z) ∈ E and L(x, z) = L(x, y),L(y, z). The following derivation
establishes H ⊢ L(x, y),L(y, z) → B.

L(x, y) → A

L(y, z) → A \B
A → A B → B
A,A \B → B

\L

A,L(y, z) → B
Cut

L(x, y),L(y, z) → B
Cut

Thus, (x, z) ∈ w̄H(B), and therefore (y, z) ∈ w̄H(A) \ w̄H(B).
Now let (y, z) ∈ w̄H(A) \ w̄H(B). By property 4 of graph G, there exists

a vertex x such that L(x, y) = A and (x, z′) ∈ E if and only if (y, z′) ∈
E. In particular, since (x, y) ∈ w̄H(A) and (y, z) ∈ w̄H(A) \ w̄H(B), we
get (x, z) ∈ w̄H(B) ⊆ E. Hence, (y, z) ∈ E, and by property 1 we have
L(x, z) = L(x, y),L(y, z) = A,L(y, z). Since (x, z) ∈ w̄H(B), we have H ⊢
A,L(y, z) → B, and by \R we derive H ⊢ L(y, z) → A \B. Therefore,
(y, z) ∈ w̄H(A \B).

The case of B /A is considered similarly.
Iterative divisions. Let (y, z) ∈ w̄H(A \\B), i.e., H ⊢ L(y, z) → A \\B.

Take an arbitrary (x, y) such that (x, y) ∈ (w̄H(A))∗. In other words, there
exists a chain x0, x1, . . . , xn ∈ V , such that n ≥ 0, x0 = x, xn = y, and
(xi−1, xi) belongs to w̄H(A) for each i from 1 to n. By property 1 of G,
we have L(x, z) = L(x0, x1), . . . ,L(xn−1, xn),L(y, z). Using Cut, we derive
L(x, z) → B from the following sequents: L(xi−1, xi) → A (i = 1, . . . , n),
L(y, z) → A \\B, and An, A \\B → B. (The latter is derivable by applica-
tion of \\Ln.) This concludes the proof of (y, z) ∈ (w̄H(A))∗ \ w̄H(B).

Now let (y, z) ∈ (w̄H(A))∗ \ w̄H(B). We have to prove H ⊢ L(y, z) →
A \\B. Let us use the omega-rule:(

An,L(y, z) → B
)∞
n=0

L(y, z) → A \\B \\Rω

Iterating property 4, let us construct a chain of vertices x0, x1, . . . , xn, such
that x0 = y, (xi+1, xi) ∈ E, and L(xi+1, xi) = A for each i from 0 to
n − 1. (Here the numeration is inverted.) By property 1, L(xn, z) =
L(xn, xn+1), . . . ,L(x1, x0),L(y, z) = An,L(y, z).
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On the other hand, (xn, y) ∈ (w̄H(A))
∗ and (y, z) ∈ (w̄H(A))∗ \ w̄H(B),

whence (xn, z) ∈ w̄H(B), i.e., H ⊢ L(xn, z) → B. This means exactly
that the premises of our omega-rule are derivable from H. Therefore, H ⊢
L(y, z) → A \\B, i.e., (y, z) ∈ w̄H(A \\B).

Intersection. The sequent L(x, y) → A∧B is derivable from H if and only
if so are sequents L(x, y) → A and L(x, y) → B. This is established via ∧R
and its inversion using Cut:

L(x, y) → A ∧B
A → A

A ∧B → A
∧L

L(x, y) → A
Cut

This yields the desired equality w̄H(A ∧B) = w̄H(A) ∩ w̄H(B).

Now let us show that a sequent is true in MH if and only if it is derivable
from H. We start with the empty left-hand side case, i.e., a sequent of the
form → B. If H ⊢ → B, we have (x, x) ∈ w̄H(B) for any x, since L(x, x)
is the empty sequence. The unit element of the algebra of binary relations
is the diagonal relation δ = {(x, x) | x ∈ W}. We have δ ⊆ w̄H(B), whence
MH ⊨ → B. A sequent A1, . . . , An → B with a non-empty left-hand side
is equiderivable with → An \ . . . (A1 \B). Thus, we have

H ⊢ A1, . . . , An → B ⇐⇒ H ⊢ → An \ . . . (A1 \B) ⇐⇒
MH ⊨ → An \ . . . (A1 \B) ⇐⇒ MH ⊨ A1, . . . , An → B,

where the last equivalence is due to strong soundness: A1, . . . , An is derivable
from → An \ . . . (A1 \B), and therefore semantically entailed.

Now let a sequent Π → B be semantically entailed by H on the class of all
algebras of binary relations. In particular, sinceMH makes all sequents from
H true (as they are derivable from H), we have MH ⊨ Π → B. Therefore,
H ⊢ Π → B, q.e.d. □

Completeness w.r.t. L-models is easier, and proved by the canonical model
construction going back to Buszkowski [4]. We adapt the argument from [16]
to the system without Lambek's non-emptiness restriction.

Theorem 8. ACTω(\, /,∧, \\, //) is strongly complete w.r.t. L-models.

Proof. For a given set of hypotheses H let us construct a universal model.
Let Σ = Fm and let us de�ne the interpretation of variables as follows:

wH(p) = {Γ ∈ Fm∗ | H ⊢ Γ → p}.

Next, we routinely check that

w̄H(A) = {Γ ∈ Fm∗ | H ⊢ Γ → A}.

In particular, we shall always have A ∈ w̄H(A). Formally, we proceed by
induction on the structure of A.

Division. If Γ ∈ w̄H(A \B), then for any ∆ ∈ w̄H(A) we have both
H ⊢ Γ → A \B and H ⊢ ∆ → A, and the following derivation establishes
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the fact that ∆Γ ∈ w̄H(B):

Γ → A \B
∆ → A B → B
∆, A \B → B

\L

∆,Γ → B
Cut

Hence, Γ ∈ w̄H(A) \ w̄H(B). On the other hand, if Γ ∈ w̄H(A) \ w̄H(B),
take A ∈ w̄H(A) (by induction hypothesis). We have AΓ ∈ w̄H(B), i.e.,
H ⊢ A,Γ → B. By \R, we get H ⊢ Γ → A \B, that is, Γ ∈ w̄H(A \B). The
case of / is analogous.

Intersection. The sequent Γ → A ∧ B is derivable if and only if so are
Γ → A and Γ → B. Hence, w̄H(A ∧B) = w̄H(A) ∩ w̄H(B).

Iterative division. Let Γ ∈ w̄H(A \\B), and let ∆1, . . . ,∆n ∈ w̄H(A)�
thus, ∆ = ∆1 . . .∆n is an arbitrary element of w̄H(A)∗. The following
derivation yields ∆Γ ∈ w̄H(B):

Γ → A \\B
∆1 → A . . . ∆n → A B → B

∆1, . . . ,∆n, A \\B → B
\\Ln

∆1, . . . ,∆n,Γ → B
Cut

In particular, n could be zero. In this case we take the empty sequence as
an element of w̄H(A)∗, and ∆Γ = Γ ∈ w̄H(B):

Γ → A \\B
B → B

A \\B → B
\\L0

Γ → B
Cut

We have proved that Γ ∈ w̄H(A)∗ \\ w̄H(B). Now let us prove the other
inclusion. Take an arbitrary n ≥ 0 and An ∈ w̄H(A)∗. We have H ⊢
An,Γ → B for each n, and by application of \\Rω we get H ⊢ Γ → A \\B.
Hence, Γ ∈ w̄H(A \\B). The case of // is analogous.

We claim that the L-model MH = (P(Fm∗), w) constructed above vali-
dates exactly the sequents derivable fromH. LetH ⊢ A1, . . . , An → B. Take
∆1 ∈ w̄H(A1), . . .∆n ∈ w̄H(An). By de�nition, H ⊢ ∆i → Ai for each i. Ap-
plying Cut, we get H ⊢ ∆1, . . . ,∆n → B, whence ∆ = ∆1 . . .∆n ∈ w̄H(B).
Therefore, w̄H(A1) · . . . · w̄H(An) ⊆ w̄H(B). In the other direction: if
w̄H(A1) · . . . · w̄H(An) ⊆ w̄H(B), take A1 ∈ w̄H(A1), . . . , An ∈ w̄H(An).
We have A1 . . . An ∈ w̄H(B), whence H ⊢ A1, . . . , An → B.

In particular, each sequent from H is true in MH, and if Π → B semanti-
cally follows from H, then it is true in MH. The latter means H ⊢ Π → B,
q.e.d. □

Theorem 8 provides strong completeness w.r.t. L-models over in�nite al-
phabets (Σ = Fm). However, this can be reduced to �nite alphabets, more-
over, to a two-letter alphabet Σ2 = {b, c}. (For a one-letter alphabet, com-
mutativity becomes valid, which blocks completeness even in the weak sense.)
The reduction is due to Pentus [27]: each letter aj from a countable alpha-
bet Σ = {a1, a2, . . .} is replaced by g(aj) = bcjb. This homomorphism g
commutes with w̄, provided that w̄(A) ̸= ∅ for each A ∈ Fm [27, Th. 11.2].
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For the model constructed above, this is indeed the case, as we always have
A ∈ w̄(A).

Due to strong conservativity (Theorem 3), both strong completeness re-
sults (Theorems 6 and 8) get inherited by elementary fragments, provided
their language includes division:

Corollary 9. If \ ∈ C ⊆ {\, /,∧, \\, //}, then ACTω(C ) is strongly com-
plete w.r.t. L-models and w.r.t. R-models.

We conclude with formulating an open question for future work. Is the
fragment ACTω(\, /, ·, \\, //) strongly complete w.r.t. R-models? On one
hand, here we do not have simultaneously ∧ and ·, so the aforementioned
counter-example does not work. However, iterative divisions may be con-
sidered as special kinds of in�nite intersections, so they could give rise to
similar issues.
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